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PROCEEDINGS 
AT THE 
MEETINGS OF THE PHYSICAL SOCIETY 
OF LONDON. 


SESSION 1916-1917. 


October 27, 1916. 
Meeting held at Imperial College of Science. 
Mr. F. E. Smitu, A.R.C.S., Vice-President, in the Chair. 
The following Papers were read :— 


1. “The Application of the Kerr Effect to the Determination 
of the Saturation Values for Magnetism of Ferromagnetic Metals, 
Compounds and Alloys.” By 8. G. Barker, D.I.C., Ph.D. 


2. ** The Influence of the Time Element on the Resistance of a 
Solid Rectifying Contact.” By D. Owen, B.A., B.Sc. 


November 10, 1916. 
Meeting held at the Imperial College of Science. 
Prof. C. V. Boys, F.R.S., President, in the Chair. 
The following Papers were read :— 


1. “ On Diffusion in Liquids.” By B. W. Ciack, M.Sc. 


2. “On the Regularity in the Distribution of the Satellites of 
Spectrum Lines, with a Note on the Structure of the Green Line 
of Mercury ; and Terms of Correction in using a Concave Grating.” 
By Prof. H. Nagaoka. 


PROCEEDINGS OF THE PHYSICAL SOCIETY. vil. 
November 24. 1916. 
Meeting held at the Imperial College of Science. 
Prof. C. V. Boys, F.R.S., President, in the Chair. 
The following Papers were read :— 


1. “ On the Measurement of the Thomson Effect in Wires.” By 
H. REDMAYNE NETTLETON, M.Sc. 


2. ‘On the Thermo-electric Properties of Fused Metals.” By 
C. R. Daruine, A.R.C.S., F.1.C., and A. W. GRace. 


January 26, 1917. 
Meeting held at the Imperial College of Science. 
Prof. C. V. Boys, F.R.S., President, in the Chair. 
The following Papers were read :— 


1. “ A Clock of Precision.”” By C. O. Bartrum, B.Sc. 
2. *** The Effect of Water-vapour in the Atmosphere on the 


Propagation of Electromagnetic Waves.” By Dr. FREDERICK 
SCHWERS. 


* Taken as read on account of lateness of hour. 


Annual General Meeting. 
February 9, 1917. 
Meeting held at the Imperial College of Science. 
Prof. C. V. Boys, F.R.S., President, in the Chair. 


The Report of the Council was read by the Secretary. 


In the year 1916 twelve ordinary meetings have been held. The 
average attendance at the meetings was 24. 


The second Guthrie Lecture, which was to have been delivered iu 
October, 1915, was delivered at the meeting of Jan. 28, 1916, by Mr. W. 
B. Hardy, M.A. The subject of the lecture was, ‘‘ Some Properties 
of Living Matter.” 


Vill. PROCEEDINGS OF THE PHYSICAL SOCIETY. 


The Annual Exhibition of Apparatus was again suspended owing to 
the war. 


The Board of Invention and Research of the Admiralty have made 
considerable use of the organisation of the Society. About a dozen 
Fellows of the Society, apart from those who are permanent members 
of the panels of the Board, have undertaken tasks and submitted reports. 
The Board has sent letters of thanks for the work done. 


The number of Honorary Fellows on the roll on Dec. 31, 1916, was 11, 
and the number of Ordinary Fellows was 425. Eight new Fellows and 
one Student have been elected and there have been three resignations. 


The Society has to mourn the loss of one Honorary Fellow, namely 
Prince Boris Galitzin, and of nine Ordinary Fellows, namely, Mr. C. F. 
Casella, Dr. W. H. Coffin, Lieut. G. B. Dyke (killed in action), 2nd Lieut. 
F. G. B. Gardner (killed in action), Prof. J. W. Judd, Sir W. Ramsay, 
Prof. S. P. Thompson (past President), and Prof. A. M. Worthington. 
The decease of Dr. H. Muller, who died in 1915, but was not mentioned 
in the last report, must also be recorded. 


The Treasurer presented his Report and Balance-sheet. 

The total income of the Society is practically the same as last year. 
There is a slight decrease in subscriptions ; on the other hand, the sum 
of £38. 17s. 3d. is recovered income tax. 

The expenditure for the year is £88. 4s. 8d. less than in 1915. The 
income of the Society exceeds the expenditure by a little over £300, 
which shows that the Society is still sound financially. 

I purchased £400 5 per cent. Exchequer Bonds in July, 1916. 

There has been a further depreciation in the value of Securities. 


Arrears in subscriptions are very serious this year. 


The liabilities on account of the Life Compositions Fund are lower 
by £110, owing to the decease of eleven Life Fellows. 


The balance of the General Fund has decreased £200, mainly owing 
to the reduction in the value of Securities. 


Both Reports were put to the meeting and unanimously adopted. 
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Xl, PROCEEDINGS OF THE PHYSICAL SOCIETY. 


After the customary votes of thanks, the election of Officers and 
Council took place the new Council being constituted as follows :— 


President.—Prof. C. VERNON Boys, F.R.S. 


Vice-Presidents, who have filled the Office of President.—Prof. 
G..C. Foster, D.Sc., LL.D., F.R.S.; Prof. R. B. Ciirron, M.A., 
E.R.S. ; Prof: A. W. Retnoip,’C.B. MA. PRS: iy oe 
W. Apney,-R.E., K.C.B., D.C.L., F.R.S.: Prins Sir OLivare 
Lopagz, D.Sc., LE.D., F.R.S.; R. T. -Guazesrook, C.B. Dose, 
E.R.S. ; Prof.'J. Perry, D.Sc. F.R.8:; CACHREE se. Dil 
F.R.S. ; Prof. H. L. Cantenpéar; MAY LDF Rie eae 
ScuustER, Ph.D., Sc.D., F.R.S.; Sir J. J. Toomson, O.M., 
D.Sc., F.R.S. 


Vice-Presidents—W. R. Cooper, M.A., B.Sc.; Sir Napier 
SHaw, F.R.S.; S. W. J. Smrrx, M.A., D.Sc., F.R.S.; W. H. 
SuMPNER, D.Sc. 


Secretaries.—Prof. W. Eccies, D.Sc.; R. 8. Witiows, M.A., 
D.Sc. 


Foreign Secretary—R. T. GLAzeBRooK, C.B., D.Sc., F.R.S. 
Treasurer.—W. DuUDDELL, F.R.S. | 
Inbrarian.—S. W. J. Smits, M.A., D.Sc., F.RB.S. 


Other Members of Council—H. 8. Attn, M.A., D.Sc. ; Prof. 
EK. H. Barton, D.Sc., F.R.S.; Prof. G. W. O. Howe, D.Sc. ; 
Prof. J. W. Nicnotson, M.A., D.Sc.; C. C. Paterson; C. E. S. 
Puiuures, F.R.S.E.; Prof. O. W. Ricnwarpson, M.A., D-Sc., 
FR:S.; 8. Ross, M.A. iD Se Te Suira, BAC KR ieee 
WHIPPLE, M.A. 


After the conclusion of the General Business the following 
Papers were read :— 


1. ** Note on the Calculation of the Coefficient of Diffusion of a 
Salt at a Definite Concentration.” By A. Grirritss, D.Sc. 


2. “ A Special Test on the Gravitation Temperature Effect.” 
By Dr. P. E. SHaw and Mr. C. Hayes. 


PROCEEDINGS OF THE PHYSICAL SOCIETY. xiii, 
March 9, 1917. 
Meeting held at the Imperial College of Science. 
Prof. C. V. Boys, F.R.S., President, in the Chair. 
The following Papert were read :— 


1. ““ To Measure the Pressure in a High Vacuum by Observa- 

tion of Logarithmic Decrement.” By P. E. Suaw, B.A., D.Sc. 
2. “ A Diffraction Colour Box.” By A. W. CuaypEn, M.A. 

Mr. CLAYDEN also showed an arrangement for projecting on a 
screen the fringes obtained when a Thorpe grating is laid with its 
ruled face against a plane mirror. 

Prof. W. M. CoLEMAN exhibited an apparatus for studying the 
effect of Hertzian waves on the heart. 


March 28, 1917. 
Meeting held at the Imperial College of Science. 
Prof. C. V. Boys, F.R.S., President, in the Chair. 


The THIRD GUTHRIE LECTURE was delivered by Prof. P. 
LANGEVIN, who took as his subject ‘‘ Molecular Orientation.” 


April 27, 1917. 
Meets held at the Imperial College of Science. 
Prof. C. V. Boys, F.R.S., President, in the Chair. 
The following Papers were read :— 


1. ‘A Note on the Derivation of the General Equation of 
Wave Motion in an Elastic Medium.” By Prof. J. A. FLEMING, 
MeAve Dene, HRS: 

2. ‘The Effect of Stretching on the Thermal Conductivity of 
Wires.” By A. JoHNSTONE, B.Sc. 

3. ** Cohesion ”’ (Third Paper). By Prof. H. Cuattey, D.Sc. 


* Taken as read in absence of author. 


XIV. PROCEEDINGS OF THE PHYSICAL SOCIETY, 
May 25, 1917. 
Meeting held at the Imperial College of Science. 
Mr. W. R. Cooprr, M.A., Vice-President, in the Chair. 
The following Papers were read :— 


1. “ An Investigation of Radium Luminous Compound.” By 
C. C. Paterson, J. W. T. WaAusH and W. F. Hicarns. 

2. “* The Resistance to the Motion of a Lamina Cylinder or 
Sphere in a Rarefied Gas.”” By F. J. W. WHIPPLE. 

3. ** The Effect of Stretching on the Thermal and Electrical 
Conductivities of Wires.”” By Prof. C. H. Lzss, F.R:S. 


* Taken as read on account of lateness of the hour. 


June 8, 1917. 
Meeting held at the Imperial College of Science. 
Prof. C. V. Boys, F.R.S., President, in the Chair. 
The following Papers were read :— 


1. ‘‘ An alternating-current Bridge Method of Comparing Two 
Fixed Inductances at Commercial Frequencies.” By T. Par- 


NELL, M.A. 

2. “On the Wave-lengths and Radiation of Loaded Antenne.”’ 
By BALTH, VAN DER POL, Junr. 

Dr. A. GRIFFITHS gave a demonstration of a method of pre- 
venting sparking at a rapid make and break, which incidentally 
produces colloidal platinum. 


June 22, 1917, 
Meeting held at the Imperial College of Science. 
Mr. W. R. Cooper, M.A., Vice-President, in the Chair. 
The following Papers were read :— 
1. “ The Determination of Coma from a Central Ray.” By 
T. Suitu, B.A. 


2. ‘‘ Chromatic Parallax and its Influence on Optical Measure- 
ments.” By J. Guiup, A.R.C.S.,°D.1.C., F.R.A.S. 


PROCEEDINGS OF THE PHYSICAL SOCIETY. xv. 


3. “A Note on the Graphs of Bessel Functions.” By B. 
Hague, B.Sc.,.D.1.C. 

Mr. 8. D. CHALMERS gave a demonstration of the measurement 
of differences of curvature by means of monochromatic inter- 
ference rings, and the use of steel spheres as reference standards. 


The following Papers, received too late for reading, were 
included in the August number of the “ Proceedings ”’ :— 


“The Capacity of an Inverted Cone andl the Distribution of 
its Charge.” By Prof. G. W. O. Hown, D.Sc. 


*“On the Measurement of Small Inductances and on Power 
Losses in Condensers.”” By ALBERT CAMPBELL, B.A. 


‘The Mechanism of Colour Vision.”” By J. Guitp, A.R.CS., 
Dec HE RAS. 


‘* The Use of Monochromatic Interference Rings for the Measure- 
ment of Curvature.” By S. D:. Caaumers, M.A. 


THE KERR EFFECT. l 


I—The Application of the Kerr Effect to the Determination 

_ of the Saturation Values for Magnetism of Ferro-magnetic 
Metals, Compounds and Alloys. By S. G. Barker, 
DIC., Ph.D., King Edward VIT. Research Scholar. 


RECEIVED SEPTEMBER 4, 1916. 


_In the year 1876 Kerr! observed that the direction of vibration 
of plane polarised light was altered when the polarised ray was 
reflected from a ferro-magnetic mirror placed in a magnetic 
field. Further work on this phenomenon was done later 
by Gordon,? Fitzgerald,? Hal!,4 Kaz,> Righi,® Kundt,’? Du 
Bois,® Sissingh,® Zeeman,}° Ingersoll, SU ehOOte.seee Doria. 
Martin, 14 and many others. It has been conclusively shown 
that the Kerr effect is only possible in the case of ferro-magnetic 
bodies such as iron, nickel, cobalt, iron oxides, &c., whilst 
diamagnetic bodies like bismuth have shown no appreciable 
effect. As well as the change of the plane of polarisation, yet 
another change is evident—namely, if the incident light is 
plane polarised, the reflected ray is elliptically polarised. The 
major axis of the ellipse corresponds to the new plane of 
vibration of the plane polarised light. In the simplest case 
of nearly vertical reflection either perpendicular or parallel 
to the plane of incidence of the polarised light, and with normal 
magnetisation, the rotation is dependent only on the wave- 
length and the strength of the magnetic field. This simple 
case is used exclusively throughout this work. 

The dispersion curves throughout the spectrum have been 
investigated for the Kerr effect by a large number of observers, 
amongst whom Du Bois was one of the earliest, followed later 


Kerr c. ebil. Mag. BI GieBs P. 321, 1877; 5, p. 161, 1878. 

_ E. H. Gordon, “ Phil. Mag.” (5), 4, p. 104, 1877. 

. F. Fitzgerald, ‘‘ Proc.”’ Roy. Soc., 25, p. 447, 1876, 

. H. Hall, “* Phil. Mag.” (5), 12, p. ‘171, 1881. 

i, IGS Diss. Amsterdam,” 1871. 

Righi, ‘‘ Ann. d, Chem, u. Phys. ” (6) 4, p. 443, 1885. 

. Kundt, “‘ Wied. Ann.,”’ 23, p. 228, 1884 : 27, p. 199, 1886. 
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by Ingersoll, Loria, Martin and others. . Ingersoll has confined 
his attention to the infra-red part of the spectrum and used 
wave-lengths between lu and 3u. He accomplished this by 
means of a bolometer method. Du Bois investigated the 
curves for iron, nickel, cobalt and magnetite over the whole 
visible spectrum. In the present work the curves of Du Bois 
have been more accurately re-determined, and the number of 
points taken considerably amplified. These will be discussed 
later. Du Bois found that iron gave a negative rotation from 
the violet to the red with a probable minimum in the ultra- 
violet. Nickel gave a minimum in the yellow, and cobalt a 
minimum in the blue-green. Magnetite ‘exhibited a positive 
maximum rotation in the yellow, and a zero value in the violet. 
Ingersoll prolonged these curves into the infra-red. He 
showed that for iron and cobalt there are well-defined negative 
maxima near 4=1u, and then quick decreases in numerical 
value. Nickei showed a more remarkable phenomenon in that 
between the wave-lengths A=1u and A=1-5y the value passed 
through zero. Magnetite exhibited two inversion points. 
Du Bois has closely investigated the relation between the 
magnetic field strength and the Kerr rotation, and established 
the Kerr constant for various metals. Foote* examined the 
curves for ellipticity and dispersion. Loria and von Zak- 
rzewskit attenipted to find a relation between the Kerr effect 
and the optical constants of the metals. Chemists and 
metallurgists have placed us to-day in possession of many 
prepared ferro-magnetic substances. Hilpert{ has produced 
metaferrites by combinations of different oxides with iron 
oxide. In all cases in this series he has maintained the 
identical structure of magnetite, FeO, Fe,O3, using the latter 
part as the acid radicle and simply substituting CuO, &c., for 
FeO. The iron parts of the compounds evidently carry the 
magnetic properties. 

The object of the present work is to demonstrate the theory 
of du Bois§ that in the case of ferro-magnetic substances there 
exists a proportionality between the rotation (¢) and the 
intensity of magnetisation (J). When the maximum mag- 


* P. D. Foote, “ Phys. Review ” (2), 34, p. 96, 1912. F 

+ St. Loria and C. Zakzrewski, ‘‘ Bull.” de Académie des Sciences de 
Cracovie (A), 22, p. 275, 1910: 

+ S. Hilpert, ‘‘ Ber. Deutsch. Chem. Ges.,”’ 42, p. 2248, 1909. 

§ H. du Bois, ‘Wied. Ann.,”’, 31,’ p. 952, 1887; ‘Phil. Mag,,”?* 29. 
p. 301, 1890. 
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netisation is reached (J,,), the rotation (em) will become con- 
stant. According to Du Bois, if the rotation be plotted as a 
funetion of the magnetising field—-.e., e=F(H), then the value 
of J, can be found. In the case of an infinite homogeneous 
plate, with normal magnetisation, the point of intersection of 
the straight line 

e=K1.=K.f./4n 


and the asymptote e€=constant 


gives an abscissa (7) whose value is 4z/,, where [,, is the 
saturation value. Loria began preliminary investigations of 
this point, but his results “obtained with samples of quite 
irregular configuration were not at all concordant. In the 
present work specimens of iron, nickel and cobalt, and many 
other substances whose saturation values had been carefully 
determined, were taken as the groundwork on which to base 
the efficiency of the method. These specimens were all of the 
standard shape discussed later, and were investigated first of 
all. The values so obtained were in exceilent agreement with 
those found by other methods. Later in the work various 
other materials of unknown saturation values were examined. 
The great advantage of this method is that the saturation 
value of a substance can be tound when only a very small 
quantity is available. The mirrors used in all the tests were 
of the uniform size 2-5 mm. in radius and 0-5 mm. thick. The 
method ot procedure and the description of the apparatus is 
set out below. The curves plotted show ¢ as F(H), and the 
sign of the rotation is noted in every case. Loria found in his 
work that wave-length had an influence on the saturation value 
obtained. With the same material, using light of different 
wave-lengths, he obtained different saturation values from the 
different curves obtained. This work shows, as would be 
expected, that he was wrong, and that wave-length has no 
influence on the values obtained. His error was probably due 
to the irregular shape of his mirrors and the very few and 
insufficient number of points taken. 


Description of Apparatus Used. 


2 
The apparatus used is illustrated in the accompanying 
diagram. The light from an arc lamp (in exceptional cases 
from the sun) was focussed on the slit of a Du Bois* mono- 


* H. du Bois, “‘Zeitshr. f. Instrumenten.,”’ 31, p. 1, 1911. 
B2 
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chromator, the slit of which was altered in width according 
to the intensity of illumination desired for any particular wave- 
length. In the extreme blue and red regions the slit was, with 
safety, made much wider, but in the green 4=—530-0uu the 
width was uniformly kept at 0-15mm. The light passed 
through the monochromator and emerged from the same 
through a slit of equal width to the one on which the light was 
incident. It was then immediately focussed on to a Du Bois 
half-shade polarimeter.* In this imstrument the beam is 
reflected through an angle of 90 deg. by a mirror. It next 
passes through two Nicol’s prisms and emerges as plane 
polarised light. The polarised beam passes onwards through a 
hole in the arm of a large Du Bois ring magnet, and emerges 
through the pole-piece by a vertical rectangular slit. From 
this it is incident on a small metallic mirror placed on the other 
pole-piece a small distance away. The return beam is received 
in the analyser, and the rotation is measured on the vertical 
scale by an optical arrangement as shown in the diagram. This 
system of taking readings enabled extremely small differences 
in the rotation to be measured with considerable accuracy. 
The light from an illuminated scale was reflected by a plane 
mirror on to another plane mirror attached to the analyser, 
and which rotated with it. From this it was reflected through 
a right-angled prism into a large magnifying telescope, by 
means of which the readings could easily be taken with great 
accuracy. The angle between the Nicol’s prisms was 0-4 of a 
degree, and the mean error of reading about 0-01 of a minute. 
In certain exceptional cases the light was slightly elliptically 
polarised, but in no case to an extent sufficient to cause 
annoyance orerror. The field was obtained by a large Du Bois 
ring magnet of resistance 1-5 ohms. After applying strong 
currents 1t was found necessary to open the magnetic circuit 
and demagnetise the instrument by knocking. ‘The intensitv 
of the magnetic field was measured primarily by a ballistic 
methcd, and subsequently by means of a thin glass etalon with 
silvered back surface. The etalon was placed between the 
poles and the rotation of the plane of polarisation, when 
different fields were existing was measured as before. The 
etalon was always placed close to the metallic mirror—z.e., 
the back pole. Owing to the reflection from the silvered back 


* H. du Bois ‘“‘ Wied. Ann.,” 46, p. 545, 1892. 
+ H: du Bois, “ Wied. Ann., ” 51, p. 549, 1894. 
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surface, the light passed twice through the glass, and therefore 
the rotation observed was double the proper value. On com- 
mutating the current in the magnet coils the resultant rotation 
was four times the simple rotation, and for wave-length 
=530-0uu was 43-26 minutes per kilogauss. The etalon 
had a mean thickness of 0-35 mm. and an angle of slightly less 
than 20 minutes. According to the theory of polar arma- 
tures,* using a vertical slit and with a polar distance of 1-6 mm. 
the field in the back part of the air space should be practically 
uniform. This uniformity was tested for all mirrors used, and 
the results for cobalt and nickel are appended below. A 


Slit. 


Field in Kilogauss. 


) 0:2 0:4 Ose OS Oke nee GN hos 
Distance from Sli1in mm. 


Fig. 1.—ConstTancy oF Fretp Copatt Mrrror. 


steady current of 20 amperes was maintained in the magnet, 
and light of wave-length 530-Ouy was used. The etalon was 
placed in various positions across the air space and the rotation 
determined in eachcase. Inall] the experiments performed the 
field was found to increase rapidly from the slit towards the. 
mid-point of the pole space, and then became constant in the 
neighbourhood of the metallic mirror. By this means it was 
experimentally determined that the field immediately in front 
of the mirror was uniform and capable of measurement to 
within | per cent. by the etalon. The correction applied by 
Foote in his work was therefore unnecessary. Tables I. and LI. 
give the results of experiment with cobalt and nickel mirrors 
to show the increase in the value of the intensity of the mag- 
netic field across the air space and the constancy of the same in 
the back half of that space. 


* H. du Bois; “ Ann. d. Physik.,” 42, p. 911, 1913. 
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TasLes I. anp IT. 


Distance of etalon Cobalt mirror. Nickel mirror. 
from slit. Field in kilogauss. Field in kilogauss. 
0-17 mm. 32-48 30-65 
0-60 mm. 33°01 31-88 
| 0-80 mm. 33-89 32-30 
1-05 mm. ; 33°94 32-48 
1-25 mm. 33-94 32-48 
1-43 mm. 33-94 32-48 


All distances were measured to centre of etalon, 


The mirrors for the measurement of the Kerr effect were 
mounted on cones of iron and inserted in a conical space in the 
pole-piece. The mirror itself consisted of a plane disc of 
circular dimensions, 2-5 mm. in radius and 0-5 mm. thick. This 
was the same in all cases. The mirrors were soldered on to 
the cones and then polished to give a plane and highly reflecting 
surface. In order to obtain uniformity of field (by Du Bois 
theory), the mirror was always placed at a distance of 1-6 mm. 


Field in Ktlogauss. 
Slit 
Mirror. 


30 
0 OF 2 O74 OO O'S. GO > gee, 4m 6 
Distance from Slit in mm. 
Fig. 2.—Constancy oF Fretp Nickext Mrrror. 


from the slit. It was thought that the air in the space between 
the pole-pieces might be a possible source of error in enhancing 
the rotation, so a silver mirror was inserted between the poles. 
As the result of 100 independent readings of the rotation by 
commutating the current in the magnet coils, it was found that 
for the highest fields, using hight 2=506 yuu, the rotation was 
0-015’, and consequently within the limits of experimental 
error. After each set of readings for the saturation curve the 
etalon calibration was immediately taken and the field strengths 
calculated. There was no visible increase in the rotation due 
to the etalon for currents above 20 amperes. 
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Throughout the whole Paper the following notation will be 
used for the various quantities :— 
H = Field intensity in kilogauss. 
T,=Saturation value in (.G.S. 
=:Maximum rotation. 
K == Kerr’s constant. 
I==Magnetisation. 
e= Rotation in minutes of arc. 
4=Wave-length used in 10-§ mm. 
Sm= Specific magnetisation. 


The sign of the rotation is taken according to the usual 
convention that in the case of iron it is negative. Pelow are 
appended :— 

1. The results of the determination of saturation values 
of materials which have been tested by other methods. This 
was done to justify the method. 

2. Determinations of saturation values . ferro-magnetic 
metals and alloys. 

3. 3. Dispersion curves of these substances maith have been 
more accurately determined than before. 


EXPERIMENTS WITH Metrats or KNown VALUES. 


Electrolytic Iron.—(1) This material was kindly given to me 
by Dr. Gumlich, of the Physische Technische Reichsanstalt, 
Berlin, in 1914, and was a piece of iron the saturation value 
of which he had determined by the isthmus method. He gave 
the value as 1,705 C.G.S. units. The results are set out in 
Table III. 


TABLE III. 
Saturation curve. Tron (1). A=530-0 uu. 

Field in Rotation in || Field in Rotation in | 
kilogauss. minutes. kilogauss. minutes. t 
2-34 2-54 | 21-74 21-77 
4-00 4.20 23-19 22-20 
5-68 6-00 24-81 22.26 | 
7-60 8-20 26-51 92-30 
9.13 9.80 32-30 22-68 | 
10-80 | 11-80 35-83 22-68 | 

12-28 13-30 36-56 22-68 

14:52 15-90 39-44. 2-68 

17-51 19-00 40-42 22.68 

19-86 | 20-70 Aig: aaite: 


Rotation was negative throughout. 
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The results were plotted in Fig. 3, and it is easily seen that 
the value of «, the abscissa of the point of intersection of the 
asymptote and the saturation curve horizontal produced 

r=41,,=21-00 kilogauss. 
Therefore f= 1,681C.G.8: units, 
This agrees very well with the value given by Gumlich, the 
difference being 24, or 1-5 per cent. 
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Fig. 3.—Iron (1). Saturation Curve. 


Dispersion Curve.—The dispersion curve for the Kerr effect 
was also found for this specimen of iron. There is nothing 
unusual or extraordinary in it. The curve shows a rapid rise 
from the blue to the red end of the spectrum. The field used 
was 36-56 kilogauss, and it is evident from the curve, Fig. 3, 
that this is above the saturation value. The observations are 
in agreement with those of Martin and Foote. 

Table IV. shows the figures obtained for the dispersion. 


Tasie [V. rau) 
Wave length Rotation in Wave length Rotation in 
in py. minutes. in wm. minutes. 
| 442-5 16-70 546-1 93-73 
457-4 17-40 557-5 24-57 
| 474-0 18-27 57155 25-34. 
492-5 19-32 599-0 26-33 
515-5 20-79 628-0 27-20 
531-5 22-54. 650-0 27-65 
538-5 23-31 690-0 28-56 


Rotation was always negative and the field saturated. 
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Iron.—(2) For this piece of material I have to thank Prof. 
Weiss,* of Zurich, who had determined its saturation value as 
s,—216-1. The density of the material was 7-86, giving us 


Rotation in Minutes. 


400 450 500 550 600 650 700 
Wave-length in jm. 


Fig. 4.—Ikon (1). Dispersion Curve. SPECIMEN SATURATED. 


as value for I,=1,690 C.G.8. The specimen was free from 
sulphur, silicon or manganese, and had been melted in an 
atmosphere of nitrogen. The same process as in the previous 
case was gone through and the curve drawn. The results gave 
as the value of the abscissa of the point of intersection 


a=A71,,=21-0 kilogauss. ' 
Therefore Lo=loohe Gis: 


This value is in excellent agreement with that of Prof. Weiss, 
the error being 9 C.G.S8., or 0-5 per cent. 


Iron.—(3) This specimen of Swedish iron was supplied by 
the Kolswa Iron Works, and contained 0-22 per cent. of carbon, 
phosphorus, silicon and manganese. Prof. Weiss again sup- 
plied me with his calculation of the saturation value, and gave 


* P. Weiss, “ Jour. de Phys.” (4), p. 273, 1910. 
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S,=216-5 C.G.8. The density was returned as 7-8624, and 
this gives as value of I,,=1,702 C.G.S. 

Two sets of readings were taken, using light of different 
wave- lengths—namely, A=546-1 and 2=590-luy. The satu- 
ration value obtained in both cases was the same. 


* TaBLE V. (a) and (b). 


Saturation curves. Tron (3). (a) A=546-1 wu. (6) A=590-1 up. 
Field in | Rotation in Rotation in 
kilogauss. | minutes (qd). minutes (6). 
2-89 | 2-88 3-40 
6-00 6-09 7:06 
9-60 9-77 11-43 
12-40 12-25 14-82 
15-43 15-17 18-43 
17-51 17-05 21-08 
19-67 18-32 22-26 
21-71 19-05 23-10 
23-37 19-78 23-73 
24-91 20-25 24-23 
27:07 20-46 24-50 
32-65 20-48 24-99 ° 
36-18 20-59 25-13 
38-08 20-59 25-13 | 
39-70 20-59 25-13 | 


Rotation was always negative. 


Did 


The value of “a” so obtained was 20-95 kilogauss, which 


gives 
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All further tests of the material gave values between 1,668 and 
1,681 C.G.8. Taking the mean of all values found as 1,675 
C.G.S. (bemg the mean of 25 curves), we find this in good 
agreement with the other value given above of 1,702 C.G.8., 
the error being only 1-4 per cent. 


Dispersion Curve.—The dispersion curve tor this specimen 
was found, and the results are set out in Table VI. The dis- 
persion throughout the spectrum was fairly large, and from 
A=500-0 wu to A=700-0 wu the curve follows practically a 
straight Ime. The smaller values ot the wave-length show a 
slight inflection of the curve. It is interesting to compare the 
values obtained in the present work with those obtained by 
Foote for a similar specimen. The values are compared in 
Table VI.(a), and are illustrated in Fig. 6. Table VI. gives 
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the results of experiment in the determination of the dispersion 
curve. In this case the arc lamp was not used as the source 
of light, but direct sunlight was focussed on to the slit of the 
monochromator. This additional intensity of the illumination 
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Fic. 5.—Iron (3). 


Upper Curve (A) Wave-length 546, lup (A). 
Lower Curve (B) Wave-length 590, lu (B). 


enabled the readings to be taken much further into the violet 
than before. In all cases the maximum value of the rotation 
is given. 


TaBLe VI. 


Dispersion curve. Tron (3). Field strength, 39-70 kilogauss, 
Wave-length Rotation in Wave-length Rotation in 
in pu. minutes. in pm. minutes, 
435-0 14-66 531-5 20-14 
442-5 14-95 538-5 20-55 
457-4 15-55 546-1 20-93 
465-5 15-85 571-0 22-79 
478-5 16-36 599-0 24-33 
492-5 17-61 650-0 2747 

504-0 18-55 690-0 29-75 
515-5 19-15 ay. Pe 


The field was saturated, 
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TasLeE VI. (a).—Comparison of the Values of Barker and Foote. 


Wave-length Rotation i in Rotation i in Rene. 
in pp. minutes (Barker) | minutes (Foote). | ‘ 
410-0 | 14-60 15-00 1-02 
440-0 15-00 15-60 1-03 
480-0 16-65 16-80 1-01 
520-0 19-50 19-74. 1-01 
560-0 22:10 22-74 1-02 
600-0 24-45 24-78 1-01 
640-0 26-60 26-58 0-999 
660-0 27-94 26-94 0-964 


Taking as the mean ratio 1-01, we see that the two sets of 
values are in good agreement. The present work has found 
points further into the violet and red than that of Foote, and 
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Fic. 6.—Iron (3). Dispersion Curve. FIELD SATURATED. 


also more points were obtained. Many other specimens of 
iron were tested with satisfactory results. 
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COBALT. 


Cobalt.—(1) This specimen of electrolytic cobalt was pro- 
vided by Merck, and had been fused in nitrogen. Prof. Weiss 
has again supplied me with the information regarding his tests 
of the material for the saturation value. He gave the value as 
1,412 C.G.S. The piece was mounted on a cone and tested 
in the same way as the iron. The results are given in Table VII. 
and plotted in Fig. 7. 


Taste VII. 
Saturation curve. Cobalt (1). A=530-0 up. 
Field in Rotation in |) Field in Rotation in 

kilogauss, minutes. | kilogauss,. minutes. 
2-40 3:85 | Ws! obs 20-30 
4-76 | 5-61 1 21-50 20-45 
7-06 8:37 i 22-43 20-54 
9-75 11-44 } 27-04 20-58 
12-13 14-19 30-26 20-58 
13-59 15-95 | 31-64 20-58 
15-67 18-20 33-02 20-58 
17-82 19-65 ) 33-88 20-58 

19-04 20-27 | fe as 


Rotation was negative throughout. 
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Fig. 7.—Copaut (1). Saturation Curve. Roration NEGATIVE. 


From the curve it is seen that 
t=4n1,,=17,600 kilogauss. 
17,600 


_ Therefore [,=—-— = 1,400 C.G.S8. 


A 


~ 
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This value (1,400) is in excellent agreement with that of Weiss— 
namely, 1,412 C.G.S., the error being less than | per cent. 
The foregoing afferds another example of the accuracy of the 
method for measuring high saturation values. 


Dispersion Curve.—The dispersion curve was observed for 
the first time for a saturated specimen. It gave no indications 
of anything other than that previously observed by Martin 
ior cobalt mirrors which were unsaturated. The definite but 
flat minimum in the green was more closely observed and 
located exactly. A great number of points were taken, and the 
values so obtained are set out in Table VIII. The field was 
maintained at 35-91 kilogauss throughout the whole experi- 
ment, and light from the arc lamp was used. 


* Taspue VIII. 


Dispersion curve. Cobalt (1). Field strength, 35-91 kg. 
Wave-length Rotation in Wave-length Rotation in 
In MM. minutes. In Me. minutes. 
442-5 23-60 546-1 22-36 
457-2 23-37 571-5 22-59 
492-5 22-80 599-0 22-96 
515-5 22-45 618-0 23-24 
525-0 22-31 650-0 23-68 
| 531-5 22-30 690-0 24-25 
| 538-5 22-30 


Kotation was negative throughout. 


The values given above bear an interesting comparison with 
those obtained by Martin. If his results be multiplied by the 
factor 1-134 the above curve is obtained. The curve is shown 
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Fig. 8.—Copatrt (1). 


in Hig. 8. Table VIII.(a) gives the comparison of Martin’s 
values with those above. 
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TasLe VIII. (a). 


Wave-length Rotation in Rotation in Ratio: 
in MyM. minutes (Barker). | minutes (Martin). na ie 
483-0 22-95 20-20 1-131 
530-0 22-30 19-74 1-130 
567-0 22-65 19-92 1-137 
615-0 23-20 20-28 1-139 
675-0 | 24-00 21-15 1-135 


Allowing for the fact that the Martin observations were 
taken with an unsaturated mirror and in this case it was 
saturated, the agreement is good throughout. 


Cobalt.—(2) Another specimen was similarly tested and was 
supplied to me through the kindness of Prof. Merrett from the 
Metallurgical Department of the Imperial College, London. It 
was considered tolerably pure. The whole apparatus was 
maintained as before. The value so obtained from the curve 
was 1,395 C.G.S., which is again in good agreement with 
Weiss’ result for cobalt. Other specimens were tested and 
gave equally satisfactory results. 


NICKEI.. , 

Nockel.—(1) This piece was originally supplied by: Merck 
and afterwards fused in nitrogen by Weiss. Prof. Weiss gave 
as its saturation value 490 C.G.8. The mirror was prepared 
and tested in the same way as before, and the curve followed 
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“Fig. 9.—Nicxet (1)... Saturation Curvze. Rovation NEGATIVE. 


the usual form. The results of experiment are shown in 
Table IX. 
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TaBLe IX, 
Saturation curve. Nickel (1). A=590-0 uu. 
Field in kilo- Rotation in | Field in kilo- Rotation in 
minutes, gauss, minutes, 

2-5 iee 11-40 7-80 

4-60 13-21 7:85 

5-72 15-05 7:85 

6-75 16-66 7-85 

7-35 18-16 7-85 

7-60 *19-28 | 7-85 

7-65 ane he! 


* All readings were constant for higher fields, 


From the curve, Fig. 9, we see that 
a=4al,,=6,400 kilogauss. 


Therefore fate etl 

7 
This value is a little higher than those before obtained, but 
still the difference is less than 4 per cent. The process of 
soldering to the cone might have had a little influence in raising 
the value. The method is therefore good for substances ot 
weaker magnetisation. 


Disperison Curve.-—Great care was taken to determine the 
exact form of the dispersion curve, and more than twice as 
many points as found by Foote were taken. The curve agrees 
remarkably well with his. A well-defined flat minimum was 
found in the region from 2=530-0 wu to A=550-0 wu, and a 
maximum was observed at 2=600-0 wu, coming again to a 
minmum at A=630-0 wu. These irregularities were very 
carefully observed, and the results were determined with great 
accuracy. Table X. gives the values found. 


=009 C.G.8. 


TABLE X. 
Dispersion curve. Nickel (1). Field strength, 31-40 ke. 
Wave-length Rotation in Wave-length Rotation in 
in we. minutes. in we. minutes. 
442-5 8-316 557-5 7-196 
457-2 8-092 571-5 7:40 
474-0 7:80 599-0 8:05 
492°5 7:52 618-0 7-90 
515-5 7°32 628-0 Be ee OY 8 
531-5 7-21 650-0 8-076 
539-0 721 690-0 8-230 
546-1 7-21 St er 


The nickel was saturated and a field of 31-400 kilogauss 
was maintained throughout. 
VOL. XXIX, C 
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Nickel.—(2) This piece was.supplied as tolerably pure nickel 
from the Metallurgical Department of the Imperial College, 
London, by Assistant Prof. Merrett. It was duly tested as. 
before and gave as maximum rotation 8-05 minutes. From 


09 


Rotation tn Minutes. 
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440 480 520 560 600 640 680 
Wave-length in pu. 


Fig. 10.—NicKkeEt (1). Dispersion CuRVE. Rotation NEGATIVE. 


the curve obtained x was found to be equal to 6,450 gauss, 
and this gives as value of 7, or the saturation value equal 
to 513 C.G.8. This result is in accordance with the one 
previously obtained tor Nickel (1). Other specimens of 
nickel were examined and gave consistent results of a like 
order. 

The method having thus far been tested for ferro-magnetic 
metals, it was next applied to alloys of the same. By the 
kindness of Dr. Gumlich, of the Physische Technische Reich- 
sanstalt, Berlin, specimens of ferro-manganese alloys of known 
saturation values were obtained. Concordant results were 
again found and the results are set out below. 


- 


ALLOYS. 


Ferro-Manganese.—(1) This specimen was kindly supplied 
by Dr. Gumlich, and had the percentage composition— 


Iron= 92:2 per cent. 


Manganese= 7°8 per cent. 


Dr. Gumlich gave as the saturation value 1,360 C.G.8. With 
light of wave-length A=530-0 wu, the maximum rotation was 
found to be 19-70 minutes, and throughout the whole experi- 
ment was in the negative direction. Table XI. gives the values 
obtained for the saturation curve. 
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TaBLe XI. 

Saturation curve. Ferro-Manganese (1). A=530-0 uu. 
| Field in Rotation in Field in Rotation in 
| kilogauss, minutes, kilogauss. minutes, 

2-536 3-0 19-320 18-83 
4-000 4-7 21-980 19-60 
4-602 5-4 23-560 19-70 
- 5323 6-2 24-090 19-70 
7-399 8-8 26-080 19-70 
8-303 9:8 31-660 19-70 
9-745 11-5 35-330 19-70 
11-820 14-0 37-000 19-70 
14-890 16-63 39-070 19-70 
17-510 | 18-34 39-610 19-70 


————— 


The rotation was negative. 
From the curve so obtained (Fig. 11) we find that 


a=4r1,=16,750 kilogauss. 


SA Us Aree) 


Therefore ie 
An = 


This is. in excellent agreement with the value given by Gum- 
lich (1,360), the error being less than 2 per cent. 
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Fig. 11.—Frrro-MANnGANESE (1). SatTuRATIon Curve. Rotation 

NEGATIVE. 
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Ferro-Manganese.—(2) This specimen was also supplied by 
Dr. Gumlich, and was a piece which he had himself tested by - 
the isthmus method. The usual mirror was prepared and 

C2 
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mounted in the large Du Bois magnet as before. The com- 
position of the piece was given by Gumlich as 


Tron=89-6 per cent. 
Manganese= 10-4 per cent. 


Light of wave-length 7=530-0 uu was used, the same as in the 
case of specimen (1). The maximum rotation fell from 19-70 


19 
400 450 500 550 600 650 700 
Wave-length in wp. 


Fic. 12.—Iron-Copatt AntTIMoNy ALLoy. DISPERSION CuRVE. 


to 13-16 minutes. This shows that the introduction of 2-6 per 

cent. more manganese had the effect of considerably diminish- 

ing the rotation. As before, the rotation was negative. From 
the curve obtained it was seen that 


a=4n1y=10,970 kilogauss. 
10,970 
4x 


Dr. Gumlich gave his value as 885 C.G.S., and by comparison 
of figures the close agreement of the two methods i is readily 
~ yeen, the error being less than 1-4 per cent. 


Therefore In= = 873 C.G.S. 
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The foregoing examples are sufficient to demonstrate the 
efficacy of the method for measuring saturation values of 
highly magnetic substances. In this case the error from other 
recognised methods is never more than 2 per cent. When 
bodies of less magnetic power are tested, then the error is 
perhaps a little greater, but in no case greater than 4 per cent. 
The apparatus was now used to determine the saturation values 
of bodies hitherto untested, and which in many cases could 
only be obtained in small quantities. In all cases mirrors were 
prepared as before and highly polished.. In some few cases 
the dispersion curves were also determined. According to 
the results obtained above the differences between the experi- 
mental values and those obtained from the theory of Du Bois 
are very small. With regard to bodies of low magnetic value, 
the possible reduction of the percentage error-is occupying 
my attention, and already more accurate readings have been 
obtained. In the cases below, where the saturation value is 
below 500 C.G.8., the results can be regarded as correct to 
within 3 per cent., whilst for bodies of higher values | per cent., 
or at the most 1-5 per cent., is the limit of error. 


Ferro-Cobalt-Antimony:—This alloy was supplied trom the 
collection of Prof. Du Bois, and contained 


Iron=66 per cent. 
Cobalt=30 per cent. 
Antimony= 4 per cent. 


Using light of wave-length 4=530-0 wu, a maximum rotation 
of 23-66 minutes was obtained in the negative direction. The 
curve followed the usual form. 

The value found for x on plotting the values obtained was 


r=421,,=19,600 kilogauss. 


heats oe 1,607 C.G.8. 


An alloy of these three metals gives, therefore, a high satura- 
tion value. The dispersion curve was also determined for this 
specimen and the result is set out in Table XII. 


oy 
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TaBLe XII, 
Dispersion curve. Alloy Fe- Co- ‘Sb. Field =32-94 kg. 
Wave-length . Rotationin | Wave- Jength | Rotation in 
in we. minutes, in Me. | minutes, 
442-5 19-74 DOT 26-81 
457-4 20-33 571-5 27-68 
474-0 21-81 | 599-0 29-43 
492-5 23-24 | 628-0 31-92 
515-5 24-57 650-0 | 32-30 
531-5 25-65 690-0 32°52 


546-1 26-18 be a 


Rotation is negative. 


The curve is quite regular, and shows a steady increase from 
A=440 up to 1=610-0 wu. After this point is reached it bends _ 
sharply and shows a very small increase from 1=610 wu to 
A=700 wu. There is a tendency towards a minimum value 
in the violet and towards a maximum in the red. 


Ferro-Cobalt.—This was given me by Prof. Weiss, and was 
stated to be a compound of the formula Fe,CO. It was the 
outcome of a fusion of the two metals by Weiss and von 
Freudenreich. Usi the maximum negative 
rotation was found to be 27-64 minutes. The curve obtained 
gave x equal to 23-300 kilogauss, and this furnishes us with a 
saturation value of 1,850 C.G.8. Both the rotation and the 
saturation values found were high. 


Ferro-Nickel.—This was also kindly supplied by Prof. Weiss 
from the same source as the ferro-cobalt. It had the definite 
composition shown by the formula Fe,Ni. The material gave 
an excellently polished mirror, and using light of wave-length 
A=530'0 the maximum negative rotation was found to be equal 
to 15-05 minutes. The results are shown in Table XIII. 


TaBLe XIII. 


Saturation curve. Ferro-Nickel. A=530-0 uu. 
Field in Rotation in Field in Rotation in 

kilogauss. minutes. kilogauss. minutes, 
2-436 3-28 Satin | 13-86 
3-835 5-40 12-81 | 14-56 
5-234 7-20 15-52 14-86 . 
7-038 9-68 var’ | 15-05 
8-121 11-21 19-13 15-05 
9.204 12-50 ee | Pe 


Rotation is negative. Rotation is constant for all higher fields, 
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This curve, when plotted as in Fig. 13, gives c=11-00 kilo- 
gauss, and this gives as the saturation value [,=875 C.G.S. 
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Fig. 13.—Frrro-NIcKEL. SATURATION CuRVE. Rotation NEGATIVE. 


Cobalt-Silicon.—This alloy was prepared at the Metallur- 
gical Laboratory of the Imperial College, London, by kind 
permission of Asst. Prof. Merrett. It had the percentage 
composition— = (obalt =98 per cent. . 

Silicon= 2 per cent. 
Using light of wave-length 2=530-0 uu, a maximum negative 
rotation was attained of 20-52 minutes. A regular curve was 
given, and the point of intersection showed z= 13-80 kilogauss. 
Thus we have as the saturation value 
Mn 1,094-6.G.8. 


Cobalt-Chromium.—The specimen was prepared as above in 
London and had the composition— 
Cobalt =87 per cent. 
Chromium = 13 per cent. 
With all conditions as before, the substance gave a maximum 
negative rotation of 13-72 minutes. From the graph so 
obtained x was found to be equal to 11-22 kilogauss, given as 
the saturation value 


=880 C.G.S8. 

Cobalt-Chromium-N ickel.—P rof. Tammann, oi the University 
of Gottingen, sent me the piece tested, and kindly gave me the 
analysis of its composition as 

Cobalt=853 per cent. 
Chromium = 15 per cent. 
Nickel= 2 per cent. 
The curve was of the usual order, and gave a negative maximum 
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rotation of 8-96 minutes. By deduction therefrom the value: 
of z=9-75 kilogauss, which renders the value of I,,=775 C.G.8. 
The wave-length used was A=530-0 wy. 


Cobalt-Tin.—The specimen was fused in the Metallurgical 
Laboratory of the Imperial College, London, and on analysis. 
had the percentage composition— 

Cobalt=93-2 per ceut. 
Tin= 6:8 per cent. 
The mirror was prepared and tested as before, and with light 
of wave-length A=530-0 wu gave a negative maximum rotation 
of 14:3 minutes. The curve presented an abnormal appear- 
ance, insomuch that the transition portion is almost evanescent 
and the saturation point is almost reached before the bend 
occurs. The turn is very sharp and very small in gradient. 
The results are set out in Table XIV. 


TasBLe XIV. 
Saturation curve. Cobalt-Tin. \=530-0 uu. 
Field in Rotation in Field in Rotation in 
kilogauss, minutes. kilogauss, minutes. 
2-526 2-48 13-90 14-14 
3-900 3°87 16-06 14-21 
| 5-500 5-47 18-95 14-24 
7-210 7:19 19-86 14:28 
8-480 8-49 21-39 14-30 
9-920 9-98 22-92 14-30 
11-370 11-30 | at | 


~The rotation remained constant at 14-3 minutes for all higher values of 
the magnetic field. Rotation was negative. 


From the above figures, when plotted in Fig. 14, the value 
of x is estimated as x=14-19 kilogauss. 
T herefore T1129 129 C.G.8. G.S. 
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Fiq. 14.—Copatt-Tin. SaturaTIon Curve. Rotation NEGATIVE. 
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A specimen of a cobalt-tin alloy which had been tested five 
years previously, and found to be magnetic, by Martin, was 
re-tested by Martin after three years and gave no rotation. 
The specimen was re-tested in the present work—.e., two years 
later—and again gave no result. It was then maintained at a 
temperature of 100 deg. Centigrade for two days and re-tested. 
Again a negative result was obtained. It was apparent, there- 
fore, that in the five years some change had taken place in the 
alloy. The piece tested in Table XIV. is almost identical in 
composition with the original of Martin. This apparent ageing 
of the alloy we have been unable to explain up to date. 


Cobalt-Antimony.—The material was prepared in London by 
the kindness of Prof. Merrett, of the Imperial College, who 
gave its percentage composition as 


Cobalt==88 per cent. 
Antimony=12 per cent. 


The usual curve was obtained, with light of wave-length 
=530-0 wu, and it presented no peculiarities. The maximum 
negative rotation was 18-72 minutes, and the value of « found 
was 14:50 kilogauss. The saturation value deduced from this 
gives 

T= bo Ges! 


MINERALS, &¢C.—Magnetite, FeO, Fe.0,. Magnetite (1), 
: (2) and (3), 


General Remarks.—According to the curves for dispersion 
obtained by Loria and Martin in the case of magnetite, there is 
a negative rotation in the blue about wave-length 4=450°0 wu 
and a positive rotation in the orange-red about wave-length 
A=600-0 wu. In all cases where the saturation value of this 
substance was found two curves were taken using light of 
wave-lengths A=450-0 wu (blue) and A=600-0 wu (orange- 
red). In the first case the rotation was negative, and a slit 
width of 0-30 mm. was used on the monochromator. In the 
second case the rotation was negative and the slit width was 
decreased to 0-15 mm. 


Magnetite.—(1) This specimen was taken from the end of an 
electrode and mounted in the usual way. Using light of wave- 
length A=450-0, the maximum negative rotation obtained was 
1-89 minutes, and using light of wave-length 4600-0 yy, the 
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maximum positive wave-length was 3-83 minutes. Both 
curves gave exactly the same value for z—namely, 


z=5-190 kilogauss, which gives 2,,=413 C.G.S. 


Magnetite.—(2) This specimen was kindly provided by Prof. 
Weiss, who stated that it had been artificially prepared. It 
was in an amorphous condition, and so had to be compressed 
strongly on to the cone prepared for insertion into the pole- 
piece of the magnet. In this way a mirror with a fairly good 
polish was obtained. Using the two wave-lengths as before, 
two good curves were traced. With wave-length 1=450-0 wu 
the maximum negative rotation was 1-10 minutes, and using 
wave-length 4=600-0 wu the maximum positive rotation was 
2-25 minutes. Again both curves gave identical values for 
I—Vin., 


x=5-100, and therefore J,,=406 C.G.S. 


The two results are in good agreement. : 


Magnetite.—(3) This was a piece of natural mineral taken 
from the collection of Prof. H. du Bois. It was carefully 
mounted, as in the case of the earlier specimens, and the tests 
applied, using light of two wave-lengths as before. The curve 
obtained using light of wave-length A=450-0 wu gave a 
maximum negative rotation of 2-0 minutes, and the maximum 
positive rotation obtained with light of wave-length 4=600°0 wu 
was 3-20 minutes. | 

The results of the two tests are set forth in Table XV. (a) and 
(b), and are traced in Figs. 15and 16. The upper curve is the 
positive one. 


TABLE XV. (a) and (0). 
Saturation curves. Magnetite (3). (a) \=450-0 wu. (6b) X=600-0 up. 


SP Sate Fe me 3 A\=450-0 wu rotation A\=600-0 uu rotation 
| Field in kilogauss. in minutes (negative). | in minutes (positive). 
| 1-00 | 0-40 | 0-675 
| 2-30 0-95 | 1-50 . 

4-10 1-70 2°75 
| 4-95 2-00 3-20 
6-55 2-00 | 3:20 
7:20 2-00 / 3:20 
8:25 2-00 3°20 
9-50 2-00 | 3:20 
| 11-60 2-00 3:20 


For all higher values of the field the rotations were constant. 
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Figs. 15 and 16 both show the same value for x—namely, 
the value of e=4-850 kilogauss, therefore J, =383 C.G.8. 
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Fies. 15 anp 16.—Maanetite (1). Saturation CurvEs, 


 Franklinite (ZnO, Fe,O3).—This specimen was also loaned 
by Prof. du Bois from his collection, and had the composition 
as expressed by the formula above. In order to select a 
suitable wave-length for the determination of the saturation 
curve, it was necessary to first determine the dispersion curve. 


TasLte XVII. 


Franklinite. Dispersion curve. Field = 27-34 ke. 
Wave-length | Rotation in Wave-length Rotation in 
in wu, | minutes. | in mm. minutes. 
442-5 —1-40 557-5 +0-78 
457-4 —1-26 571-5 +0-92 
474-0 —1-09 599-0 +0-98 
492-5 —0:6 . 628-0 +1-05 
515-5 +0-00 650-0 +1-12 
531-5 +0-30 690-0 +1-19 
546-1 | +0-42 ene we | 


The procedure was just as usual, and the curve obtained very 
interesting. It commenced with a negative incline and passed 
through a zero value at A=515-5 uy. After this it made a 
slight dip on the positive side, and then bent sharply round at 
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A=570-0 wu. The curve then increased slowly towards the 
higher values of the wave-length. Throughout the whole 
experiment the field was saturated and maintained at 27-34 
kilogauss. Table XVII. and Fig. 17 show the results. 
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Fic. 17.—FRaNKLINITE. DISPERSION CurRvVE. RoTATION NEGATIVE AND 
POSITIVE. 


Saturation Curve-—From the foregoing curve it was thought 
best to select a wave-length of A=450-0 wu for the determina- 
tion of the saturation curve. This entailed a monochromator 


TasLe XVIII. 


Saturation curve. Franklinite. A=450-0 wu. 
Field in Rotation in | Field in Rotation in 
kilogauss, minutes, kilogauss. minutes, 
0:8 0-5 3-7 | 1-19 
1-1 0-7 4-9 1-19 
1-7 1-1 5-8 1-19 
2-85 1-19 7-5 | 1-19 | 


Rotation in Minutes. 
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Fig. 18.—FRANKLINITE. SATURATION CuRvE. RoTAatTION NEGATIVE. 


slit width of 0-3 mm., and the rotation was negative throughout: 
the whole curve. The results obtained are set out below in 
Table XVIII, and the curve shown in Fig. 18. 


THE KERR EFFECT. 29 


Fig. 15 gives the value of z— 
z= 1-870 kilogauss. 


Therefore yh AAS C.G.S. 


Cupri-ferrite (CuO, Fe,O3).—This specimen was supplied as 
before by Prof. du Bois, and had the composition representetl by 
the formula above. According to previous workers, it gave a 
positive rotation, and taking a monochromator slit width of 
0-3mm., light of wave-length 1=477-0 «wu was used for the 
curve. The usual series of values was obtained and Table XIX. 
gives the results. 


TABLE XIX, 


Cupri-ferrite. 


Saturation curve. 


h=477-0 pp. 


Field in Rotation in Field in Rotation in 
kilogauss. minutes. kilogauss. minutes, 
0-75 +0-4 4-1 +1-65 
1-2 +0-6 5-15 +1-68 
1-9 +0:95 7-50 +1-68 
3:1 +1-55 Oy of 


Rotation is positive and is constant for all higher field values, 


The curve quickly attains its maximum, and from it we 
find the value of 


r—=3-390 kilogauss, 
In=266 C.G.S. 


0 4 Lolo 
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Fig. 19.—Curri-Ferrite. Saturation Curve. Rorartion Positive. 
In the final table are set out the whole of the values found 
bythismethod. The reliability of itis well proved in the first 
cases tested, and, as mentioned before, it is particularly good 
when only small quantities of the materials to be tested are 
available. In conclusion, I should like to thank most heartily 
Prof. H. du Bois, of Amsterdam and Berlin, for so kindly 


placing his apparatus and advice at my disposal for the work, 
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Prot. Weiss, of Zurich, Dr. Gumlich, of Berlin, Asst. Prof. 
Merrett, of London, for so generously providing me with 
specimens, and Mr. J. Stephenson, A.R.C.S8c., B.Sc., for help 
during the writing of this Paper. 
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—22-68 
—18-97 


— 20-59 
—25-13 
—20-58 
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—21-00 
— 7:85 
— 8-05 


—19-70 
—13-60 


—23-66 


—27-64 
—15-05 


—20-52 


—13-72 
— 8-96 


—14-30 


—14-50 


—1-89 
43-83 
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42.25 
—2-00 
43-20 
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+1.68 
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C.G.S. 


1,681 
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1,675 
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1,395 
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530-0 
530-0 


546-1 
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530-0 
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530-0 
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530-0 
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450-0 
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450-0 
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450-0 
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_ As above. 


ZnO. Fe .Ox. 
CuO. Fe ,O3. 
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" ABSTRACT. 


The Paper describes work carried out in the laboratory of Prof. 
Du Bois on the relation between the intensity of magnetisation of 
various ferro-magnetic materials and the rotation of the plane of 
polarisation of plane polarised light reflected from a polished surface 
of the material. The specimens, in the form of circular discs 5 mm. 
in diameter and 0-5 mm. thick, were soldered to one of the pole 
pieces of a large electromagnet. Through an aperture in the other 
pole, monochromatic light, polarised in two nearly coincident planes 
by means of a Lippich polariser, was incident almost normally on 
the polished surface of the specimen. The reflected beam passed 
through an analyser, the rotation of which could be measured, by 
means of an auxiliary optical system, to a high degree of accuracy. 

In the first part of the Paper results are given for a number of 
materials of known magnetic properties in order to establish the 
validity of the method, due to Du Bois, of obtaining the value of the 
saturation intensity from the curve connecting field strength with 
rotation. The method is then applied to materials of unknown 
properties. The variation of the Kerr constant with the wave- 
length of the light was also determined for a number of substances. 


DISCUSSION. 


Mr. D. Owen asked if the Paper, in addition to establishing the view that 
the rotation was proportional to the intensity of magnetisation, brought 
forward any new results that were useful to theory. For instance, he 
recollected a Paper by B. Hopkinson, in which it was found possible to 
obtain an intensity of magnetisation greater than that obtainable with 
pure iron, and he noticed that in the present Paper there was an alloy of 
iron and cobalt which exceeded pure iron in saturation intensity. Was 
it now taken for granted that it was possible in an alloy to obtain mag- 
netisations greater than that of either component, or were the results in 
the Paper somewhat novel in this respect ? 

Dr. SmirH said that saturation intensities of magnetisation were of 
importance for various reasons. For instance, as Weiss had shown, it 
was of theoretical interest to know their temperature variations. Again, 
in the case of a ‘‘ mechanical ”’ mixture of two substances, the saturation 
intensity would be related in a simple manner to those of the constituents. 
There was much evidence that annealed steels are mixtures of iron and 
iron carbide. Hadfield and Hopkinson, in the Paper which had been 
mentioned, had shown that the saturation intensities of magnetisation of 
such steels were compatible with this view, and had deduced a value 
for the saturation intensity of the carbide. It would have been of 
interest if Dr. Barker had determined the latter directly, as had been his 
intention, before the work was interrupted. Alloys were not, however, 
always simple mixtures. The steel examined by Hopkinson and Hadfield 
to which Mr. Owen had referred, was a nickel steel, and its total magneti- 
sation was greater than the sum of those which its constituents would 
have exhibited separately, although it was not as great as that of , ure 
iron. The reason probably was that nickel-iron alloys form solid solu- 
tions (mixed-crystals) instead of mechanical mixtures. The same is 
probably true of cobalt-iron alloys, although in this case a material can 
be obtained (possibly a compound) whose saturation magnetisation is 
actually greater than that of pureiron. It had been proposed to use this 
alloy commercially. Other solid solutions were known in some of which 
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the magnetisation was greater, and in others less, than that which 
mechanical mixtures of the components would have exhibited. 

Dr. P. E. SHaw (communicated remarks): The peculiar features of the 
interesting method employed by Dr. Barker are the smallness of the speci- 
mens and the largeness of the field used. In order to obtain rotation effects 
of fair magnitude it would seem to be necessary to deal exclusively with 
magnetic materials of ferromagnetic strength, and even then to employ great 
fields. This limitation in the scope of the method is, however, counter- 
balanced by the great advantage of being able to experiment on very small 
quantities of the magnetic substance. It would thus seem easy to conduct 
useful experiments on the change in magnetic quantity of the small specimens 
when the conditions as to temperature, annealing and static treatment are 
varied, all of which tests might be difficult with large specimens. Throughout 
the Paper the values of \ are given in terms of uu. The unit here meant is 
one-millionth of a millimetre, which is now, according to recent changes in 
nomenclature, styled mu. The Society recently sanctioned this change. 
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II. The Influence of the Time Element on the Resistance of a 
Solid Rectifying Contact. By Davin Owen, B.A., B.Sc., 
Birkbeck College and Borough Polytechnic Institute, 


London. 
RECEIVED OcTOBER 2, 1916. 


THE properties of a rectifying contact may be studied by 
examining the curve connecting its resistance with the value of 
the steady applied voltage. In a previous Paper* some 
examples of such curves, or resistance characteristics, were 
given, and from its properties an expression was found for the 
sensitiveness of the contact treated as a rectifier of high-fre- 
quency oscillatory currents. It is, however, an obvious 
experimental fact that the resistance of a contact depends 
appreciably on the time of application of the voltage. Con- 
siderable definiteness is secured by applying the testing voltage 
for a small fraction of a second. The form of the character- 
istic determined in this manner is, moreover, explicable in 
terms of simple thermo-electric considerations. Experiments 
since carried out with the object of more fully determining the 
influence of the time element form the subject-matter of the 
present Paper. 

The results have a bearing in the first place on the calcu- 
lation, above alluded to, of the sensibility of a wireless re- 
ceiving circuit including the contact. They have a further 
interest in their bearing on the thermo-electric theory of the 
contact ; in connection with which arises the question of the 
location to be ascribed to the thermal effects which (on this 
theory) accompany and give rise to the observed variations 
of electric resistance. 

The conclusion is reached that there is present at the inter- 
face of the contact a stratum of molecular thickness in which 
resides a considerable proportion of the total resistance of the 
contact ; and that it is only the changes occurring within this 
stratum that are capable of causing rectification at frequencies 
such as are used in wireless telegraphy. 

The subject of the time-lag of resistance at a contact has 
been previously examined by Pierce,t who, in experiments 
made with alternating currents of 80-~ was unable to detect 
the existence of any lag. From the observations recorded 
below it follows that such a lag is necessarily present, though 


* “ Proc, Ph. Soc., London,” Vol. XXVIII, p. 173, June, 1916. 
7 Phys. Rev.,” 1907. 
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not to an extent which would be probably appreciable in 
cathode ray oscillograms taken under the conditions of the 
experiments quoted. 


The Method of Measurement. 


The Wheatstone Bridge was again employed. It is required 
to measure the resistance of a contact at a known time, which 
may be a small fraction of a second, after completing the 
battery circuit. When the time is a second, or more, the 
ordinary method of obtaining a balance can, of course, be 
employed. For the shorter times a ballistic method was sub- 
stituted. The galvanometer key being closed, the battery 
circuit is closed for the period determined upon; the process 
being repeated until, by adjustment of the variable arm, the 
galvanometer throw is reduced to zero. 

Two methods of making the battery circuit were used. For 
the shortest periods—from zg455 second to 54, second— 
the circuit was closed by allowing a polished metal ball or ring 
suspended by a fine wire to strike the filed and polished surface 
of a heavy piece of steel plate. The duration of the collision » 
depends on the ball or ring used, and to a slight extent on the 
distance of its withdrawal from the plate before release. This 
time was independently ascertained by measuring the charge 
communicated, during the collision, to a mica condenser in 
series with a resistance of known and suitable value. The 
data thus obtained are given below :— 

TABLE I.—Periods of Collision. 


| No. oe — 

1 | Steel bicycle ball, diameter 0-71 cm. ............ 0-000025 second 
ae Brass sphere, diameter 2:54 cm. ..........scceeees 0-:00012__—s«, 

3 Brass sphere, diameter 5-1 Gm. ..........csceeeeee! 0-00026_—s, 
| 4 Brass ring, diameter 5-0 cm. —.........sceeceeseeee 0-00036 ___,, 

5 Brass ring, diameter 10-‘0cm. ................. 0-00082 __,, 

6 | Brass sphere, diameter 21 7 em. ..........00eceeee ' 0:00112 ,, 

7 | Manganin wire ring, diameter 10cm. ....... _ 00031 » 


At the shortest periods the difficulty naturally arises of 
maintaining the sensibility of the bridge. A Broca galvano- 
meter of 1,000 ohms was employed, and the bridge was 
arranged to give as iar as possible maximum sensibility. The 
sensibility was then increased by repeating the collision a 
number of times in rapid succession. . It was found that this 
could be done satisfactorily by hand. The ball was first 
soldered to a suitably stiff wire which was then insulated with 
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silk and used as a handle. It is possible in case of the bicycle 
ball to strike the steel plate some five or six times per second. 
Since the period of the galvanometer needle was about 10 seconds, 
one could use with effect some 15 strokes, thereby gaining an 
increase in the accuracy of measurement in nearly that pro- 
portion. In this way it was found that a resistance of 1,200 
ohms was measurable to within one ohm when the period of 
closure of the battery circuit was 0-000025 second, the voltage 
applied to the bridge being 2 volts. Since the interval bztween 
successive strokes is about one-fifth of a second, a time very 
large compared with the duration of one contact, the e is no 
doubt that the resistance which the operation furnishes is that 
corresponding to a single stroke. 


Fic. 1.—D1aGRAM OF BRIDGE FOR BALLISTIC TEST, 


The battery circuit is momentarily completed by allowing the ball or 
ring 6 to collide with the metal plate 7’. 


This collisional method becomes inconvenient when the time 
of contact required is greater than about 0-005 second. For 
times ranging between 0-005 second and 0-5 second a revolving 
disc of wood of diameter 14 cm. was used, into the periphery 
of which were let several sectors of brass of differing size, 
Metallic connection could be made between any one of these 
and the spindle, which was of gun-metal. Circuit was com- 
pleted through brass brushes. The disc could be driven 
uniformly at any speed between 50 and 150 revs. per min. It 
is easy by means of a simple key to confine observations to the 
effect of a single closure of the circuit. The electrical con- 
nections of the bridge are shown in the diagram of Fig. 1. 

D2 
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Theory of the Ballistic Bridge.—-When one of the four arms of 
a Wheatstone Bridge contains a resistance which varies during 
the period of application of the voltage, it is evidently im- 
possible to find a balance in the sense that no current whatever 
flows in the galvanometer branch. It is possible, however, 
to adjust the variable arm so that the total quantity of elec- 
tricity passing through the galvanometer is zero. 

Let & denote the instantaneous resistance of the contact 
under test; P,Qand S, the resistances of the remaining arms ; 
and G@ the resistance of the galvanometer. The resistance of 
the battery branch may be kept negligibly small; this results 
in some simplification in the theory. Let 

V =voltage across bridge (A to C), 

v=instantaneous voltage across R (B to C), 
7=instantaneous current through R, 
¢—time from instant of closure of battery circuit, 

t=total period of closure of circuit, 

v and? denote mean values of v and ¢ over the time t. 

Applying Kirchhoff’s equations, and observing the condition 
that the integral flow of electricity through the galvanometer 
is zero, we have at balance 


P fRidt fedt 


Q /Sidt Sfidt Si 


therefore a set ae (1) 
0 a 
Agai v=V—Si=V zi (2) 
ain v=V—M =) eee 
° PIO 
at VQ 
je Le ie a 
whence '=3P40) (3) 


It will be seen that v and 7 are at once calculable in terms of 
V and the resistances of the three known arms. 

From a series of measurements with different values of t a 
Curve can be drawn connecting 7 and ¢t. From this may be 
determined the value of the current at the end of any time 
within the range employed. For since 7==! ide it follows by 
differentiation that t}o 


init), ei 
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The simultaneous values of v and R at any moment can 
thence be calculated. The expression found for the former is 


PS+PQ+G(P+Q) . PQS+GS(P+Q) (5) 
PQHS+G)(P+Q) °° PQ-F(GS8\(P+Q) 


Having thus calculated v, the value of the resistance at 
the same instant may be found, since 


=U] tm Fee ors pear.) ke (6) 


It will be observed that the expressions for instantaneous 
values involve the galvanometer resistance. 

It was found that the curves thereby obtained connecting 
R and v were of the same general trend as those connecting 


P - 
—~.S and Hl eah 


ve. 


0 PiQ a) The latter quantities were, there- 
fore, plotted to represent & and v respectively in the charac- 
teristic curves shown in the Paper. 

The balance is independent of the inductances in the bridge 
network, since the initial and final values of all the currents 
are Zero. 


Statement of Results of Observation. 


Experiments were conducted on zincite, galena, and car- 
borundum ; the other element of the contact being platinum 
in each case. ‘Two sets of determinations were made, one 
connecting & and v (rt constant) ; the other connecting F and ¢ 
(v constant). The results are expressed in the accompanying 
curves and tables. 

Attention was concentrated faite on zincite, owing to the 
reliable nature of the contacts which this material furnishes. 
Many points of contact were tried. Two sets of resistance 
characteristics, obtained from two of these points, are given 
in Figs. 2 and 3; they include the main features found in all 
the tests. Parts of the curves are omitted where excessive 
closeness might cause confusion. It may be seen that— 

(1) For current across the contact from zincite to platinum 
the resistances increases with time, the reverse being true 
when the current is in the reverse direction. This result holds 
at all values of the voltage. The changes are more pronounced 
for the first mentioned direction of current. The curves all 
pass through the same point at zero voltage. | 
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2:0 5 1°0 0°5 () 05 1°0 15 2 
Platinum—> zincite. Zincite—=> platinum, V (volts). 


Fic. 2.— RESISTANCE CHARACTERISTICS FOR VARIOUS PERIODS OF APPLICATION 
OF VOLTAGE. (ZINCITE-PLATINUM. ) 


26000 


0 Ss 
Zincite——> platinum, V waka 
Fic. 3.—RESISTANCE CHARACTERISTICS FOR VARIOUS TIMES OF APPLICATION 
OF VOLTAGE. (ZINCITE-PLATINUM.) 
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(2) The effect in the neighbourhood of zero voltage is a 
slight increase in the slope, or voltage-coefficient, with increase 
in the time of application of the voltage. 

(3) At higher voltages, for current from zincite to platinum 
(across the contact) the increase of resistance with time may 
be so great as to produce a minimum point M, in the charac- 
teristic. This effect is in some cases (see Vig. 2) great enough 
to obliterate the first maximum, which is characteristic of all 
the curves when ft is small. 

(4) When the voltage is increased to a value between 2 
and 3 volts, there is a steep fall in the characteristic. At the 
larger values of t this is preceded by a second point of maxi- 
mum, which is more conspicuous for some contacts than for 
others. (Cf. M, in Figs. 2 and 3.) 


15 0 


05 1:0 1°5 
Carborundum— > Ft. V (volts). 


1:0 05 
Pt.— > Carborundum. 
Fig. 4.—RESISTANCE CHARACTERISTICS FOR VARIOUS PERIODS OF 
APPLICATION OF VOLTAGE. (CARBORUNDUM-PLATINUM. ) 


Experiments on contacts of galena show at low voltages 
effects of the same kind as those of zincite ; that is, the slope 
of the characteristic at zero voltage is accentuated by in- 
creasing the duration of flow of the current. 

In the case of carborundum the time effect is contrary in 
sign to that in the two preceding cases. As shown in Fig. 4, 
the resistance of a carborundum contact. decreases as the 
current is prolonged, when the direction is from carborundum - 
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to platinum across the contact; the effect being as before 
reversed when the current is reversed. 

The time-effect may be examined from another point of 
view by determining the resistance of a contact for a series of 
gradually increasing periods of closure of the battery circuit, 
the applied voltage being the same in each case. The data 
shown in Table IT. were found in the case of a zincite contact. 
Applied voltage==2-08 volts; resistance at zero voltage, R, 
=1,311 ohms; voltage coefficient=4-4 ; current from zincite 
to platinum across the contact. 


Tas.E I.—Variation of Resistance with Duration of Current. 


Time of application 


of voltage (seconds). Resistance (ohms. ) dR /dt (ohms/sec. ) 


0-000025 1,453 140,000 

0-00012 1,463 : 36,400 

0-00082 1,477 13,100 

0-0031 1,495 4,820 

0-032 1,545 1,220 

1-0 1,805 1630 
30-0 2.245 8 


The third column shows the rate of change of resistance with 
time at the end of the period specified in the first column, 


1490 
_. 1480 
wy 
x 
= 
oS 
& 1470 

1460 

1450 ‘ 

0-001 0:002 0:003 
T (secs.) 


Fic. 5.—VARIATION OF RESISTANCE WITH TIME OF APPLICATION OF VOLTAGE 
(ZINCITE-PLATINUM Contact. R,=1311 onms; v=2-08 votts.) 
These observations cannot be represented adequately on a 
single diagram with one time scale. The curve of Fig. 5 in- 
cludes the first four points. 
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As the changes of resistance observed within the range of 
the part of the curve shown are not great, it may be well to 
state that great care was taken to avoid errors arising from the 
variations, steady or erratic, which go on more or less at all 
contacts when left to themselves. For example, measure- 
ments at t=0-00082 second and at +=0-00012 second would 
alternate with one another until certainty as to the difference . 
of resistance corresponding to these two periods was secured. 

From the above table and figure we gather 

(5) That the rate of variation of resistance becomes con- 
tinuously greater as t becomes less. 

Nevertheless, if the time of flow of current be divided into 
steps increasing in geometrical progression, it is found that, 
up to a point, the absolute change of resistance in any step 
becomes greater as we progress along the series. This is 
shown in Table III., which is deduced from Fig. 5. 


Taste III. 

Interval (seconds). Change of resistance (ohms). 
=0:000025 to =0-00025 1,467-5—1,453= 14-5 
=0-00025 to =0-0025 ‘9 "492. aa ,467=35-0 
=0:0025 to =0-025 1,537-0—1 492 = 45-0 


| =0-025 to =0-25 ie 660-0 — ie 537 =123-0 


Interpretation of Results. 


The above data enable a judgment to be formed of the 
relation between the characteristic actually described by a 
contact under an oscillatory voltage of, say, a million frequency, 
and that obtained in a slow point by point test. 

The time of application of voltage has been varied from 30 
seconds to a little under one millionth of that time. A further 
reduction to one-tenth the lower limit would have yielded a 
period of the order of 10-® second. The degree of extra- 
polation involved appears sufficiently small to warrant the 
conclusion that the characteristic at r=10-® second would not 
materially differ from that obtained at r=0-001 second, or 
even 0-01 second ; though referred to that found at t=1 second 
or more the correction required would be very appreciable, 
especially at the higher voltages. 

The sensitiveness of the contact, ‘ages as a detector of high- 
frequency oscillations, and in the absence of a polarising 
voltage, would in the case of zincite or galena be probably less 


42 MR. D. OWEN ON 


by some 10 per cent. or 20 per cent. than that deduced from 
a long-period characteristic ; in the case of carborundum it 
would be greater by approximately the same percentage. 

The bearing of the experimental results on the thermo- 
electric theory of the contact will now be examined. Accord- 
ing to this theory the changes of resistance with voltage are 
not instantaneous, but are a consequence of the thermo-E.M.F. 
and the temperature variation of resistance that accompany 
heat development at the contact. The rate of variation 
actually observed is very great. ‘To quote one case (see Table 
II.), the resistance of a zincite contact under a voltage of 2-08 
volts was 2,245 ohms at the end of 30 seconds; at an instant 
0-000025 second after application of the voltage it was 1,453 
ohms, the rate of variation then being 140,000 ohms per 
second. ‘The limiting resistance was 1,311 ohms. It appears 
not unreasonable to suppose that the outstanding difference 
of 142 ohms occurred in the first 40,000th of a second; and 
that the whole difference between the resistance at zero voltage 
and that found at any other voltage is due to and follows the 
temperature variation at the contact. 

As already pointed out, the characteristic at t=—0-000025 
second does not very materially differ from that obtained 
at t=0-01 second, whereas the latter differs considerably 
from the characteristic at t=1 second. Again, it appears (see 
Fig. 4) that an initial increase of resistance may be followed by 
a decrease as the voltage is sustained, or vice versa. These 
facts point to the necessity of modifying the simple view that 
the Joulean and the thermo-electric disengagements of heat 
are located in precisely the same volume of the crystal. 

They become intelligible if we suppose two regions of heat 
development. The question of the location of the resistance 
at a contact was dealt with (from an altogether different point 
of view) in the preceding Paper (loc. cit.). Two views were 
discussed. According to the first the resistance may be 
located within the high-resistance element of the contact, in 
a volume whose linear dimensions in every direction are of the 


order of those of the interface (R= aul “ei According to the 


second view the resistance may be assigned to a stratum of 
molecular thickness, but of considerable resistance, at the 
interface of the two elements of the contact. 

These views are not mutually exclusive, and the data at 
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present under discussion give grounds for the conclusion that 
the resistance is made up of the two in series, as illustrated in 
the diagram of Fig. 6. 

The Peltier heat would be developed solely in the second 
region. Joulean heat would be set free in both regions, as also 
would the Thomson heat. Joulean heat is always positive. 
The Thomson heat, like the Peltier heat, may be either positive 
or negative ; but in contrast to the Peltier heating effect, its 
sign is (for small currents) unaffected by the direction of the 
current. 
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Fic. 6.—D1acram ILLustratine View oF Two Recions or Heat 
DEVELOPMENT AT A CONTACT, 


A represents the high-resistance element; B the low-resistance element 
ofthe pair. Region 1 has linear dimensions of the order of those of the inter- 
face ; region 2 is astratum of molecular thickness 


Extremely rapid change of temperature is regarded as 
associated with heat liberated (or absorbed) in region 2; and 
slow change with thermal effects occurring in region 1. There 
are thus two “ time-constants,” one, proper to the molecular 
stratum, being very small compared with the other. 

The Thomson heat may possibly account for the difference 
in the two types of crystal, one represented by zincite, the 
other by carborundum (see Figs. 2 and 4). If the thermo- 
E.M.F. be represented by a parabolic formula (the experiments 
of Bidwell* appear to point to this law for oxides, sulphides, 
&c.), then writing 

G=—G\ eek ge CLL ho la tee, os, C8) 


in place of the simple linear formula used in the previous Paper, 


* “© Phys, Rev.,” 1914, 
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we find for the slope of the characteristic at zero voltage the 
modified expression 


1407,+ 
.-— me Ss nn 


in which P,=Peltier coefficient at the absolute temperature 
T, of the surroundings; b=temperature coefficient of resis- 
tance ; K=dissipation constant. 

If the Thomson heat develops slowly, then the question of 
increase or decrease with time of the slope at zero voltage will 
be determined by the sign of the coefficient c. A zincite con- 
tact behaves as if c were negative ; a carborundum contact as 
if ¢ were positive. 

A Thomson absorption of heat (accompanied by a negative 
temperature-coefficient of resistance) appears also a probable 
cause of the rise of resistance up to the second maximum (see 
Fig. 3) which occurs when the current is sustamed for a com- 
paratively long period. 

The characteristic obtained at a zincite contact when the 
voltage is sustained for a considerable period is conspicuous 
by the presence of a second maximum. The curve rapidly 
descends past this point, and once this has been permitted to 
happen the limiting resistance of the contact is found to be 
only a small fraction of the initial value. This drop, which is 
permanent, is to be assigned to softening due to rise of tem- 
perature ; this leading in its turn to increase of area and con- 
sequent reduction in electric resistance. The effect here out- 
lined is doubtless to be identified with the “ breakdown ” 
found in practice when a contact has been subjected to an ex- 
cessive voltage. 


The Values of the Time Constants—Accepting thermo- 
electric action as the true basis of the rectifying property, a 
time lag of resistance must inevitably occur ; but this, if it is 
not to nullify the rectifying action, must be of comparatively 
small account even at the rapidity of change involved at 
electric wave frequencies. This can only be the case if an 
appreciable portion of the resistance of the contact is asso- 
ciated with a time-constant small compared with the period 
of the impressed oscillations. 

It is possible to form estimates of the time-constants corre- 
sponding to the regions | and 2 of Fig. 6; the dimensions of 
the contact, the thermal conductivity and the specific heat of 


ae) 
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the material entering as important factors. The heat dissipa- 
tion may be attributed entirely to conduction to neighbouring 
portions of the crystal—this restriction will tend to yield a 
maximum estimate. Two problems may first be considered 
in the abstract. 


- Problem I.—Suppose heat to be developed at a constant rate 
within a small sphere in the interior of an infinite uniform solid 
mass. For simplicity assume the temperature to be constant at 
any instant at all points within the sphere. What rs the tume- 
constant which defines the rate of rise of temperature of the boun- 
dary of the sphere ? 

Let @, denote the initial temperature, 0 the final temperature 
of the sphere, & the thermal conductivity, d the density, 
s the specific heat, H the rate of supply of heat, 7) the radius 
of the sphere, and 7’ the time-constant required. 

It 1s easy to show that 
H 


i Ankry 


The temperature change occurring in accordance with a 
simple exponential law, we have 


0—6, (9) 


The hfe 
? = (Goydt)y’ . . . . . ° (10) 
d6\ _—s rate of supply of heat A 
ee (zz) 9 thermal capacity of sphere 4ar,3ds" mm) 
Combining the above equations, 
pods (12) 
inks 


Now in the case of zincite, &c., we may take ds=0-5, and 
k=0-005, whence : 

Poo ae ee eee as... Lo) 
Hence, if 7 < 10-" second, then r)5 <0-5 x 10-4 cm. 

The second problem is intended to relate to a stratum of 
molecular thickness, such as a circular disc, enclosed within 
an infinite solid. The difficulty of dealing with the edge effect 
may be avoided without materially affecting the calculation 
if we substitute a spherical shell of the same area. We may 
then state the problem thus :— 


Problem II.—Suppose a spherical shell of molecular thickness 


forming the boundary of a spherical hollow in the interior of an 
infinite solid ; and that within the material of the shell heat 1s 
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developed at a constant rate. Assuming equality of temperature 
within the shell at any instant, what is the value of its thermal 
tume-constant ? 

Using the same symbols as before, we have 


= ees (14) 
6—6, rate of supply of heat _ H 
Buc T ~ thermal capacity of shell 4ar,2ds . 10-8 * it 
d 
whence — 9") 10-8 See ee (16) 


Taking ds= 0-5, k=0-005, we find 7'= 7) . 10- ® second. 
Hence if 7 < 10-7 second, then 7)<0-1 cm. 

We may identify the conditions of the above problems with 
those occurring in regions 1 and 2 respectively of a rectifying 
contact. The assumption of infinite conductivity within the 
small sphere and in the stratum has the effect of reducing the 
value of T calculated, and hence of increasing the value fo 75 
corresponding to a selected value of T. The attendant error 
only enhances the deductions drawn, namely, that the varia- 
tions of temperature and resistance at a contact can only follow 
the voltage without serious diminution at electric wave fre- 
quency— 

(a) In region 1 if the mean diameter of the area of contact 
<0:5x 10-4 cm. ; 

(6) In region 2 if the mean diameter <0-1 cm. 

Now in actual practice the mean diameter of the area of 
a good rectifying contact is as a rule far greater than 
10-4cm. The conclusion is that the only variation in resist- 
ance that can be effective in causing rectification at very high 
frequency must have its origin in a stratum of molecular 
thickness at the actual interface of the contact. What the 
composition of the stratum is there are not at present sufficient 
data to determine. It is required of it that it should be very 
thin—indeed of molecular thickness; that it should have a 
resistivity far higher than that of the material of the contact 
treated in bulk; and that it should have a negative tempera- 
ture-coefficient of resistance. 

This conclusion accords both with the experimental results 
and with the calculated maximum rate at which it is possible 
for a defined volume of material to vary in temperature when 
subjected to a constant source of heat. That the rate of supply 
of electrical energy which is found to operate the receiving 
circuit of a wireless station is adequate to produce the required 
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thermal effects at the rectifying contact may be shown by 
simple calculation. 
SUMMARY. 

The resistance at a solid rectifying contact, and conse- 
quently the exact shape of the resistance characteristic, de- 
pends upon the time for which the testing current is allowed 
to flow. A series of characteristics are given corresponding to 
durations of contact extending over the range one forty- 
thousandth of a second to 30 seconds. 

The following conclusions are drawn :— 

1. That the variation of resistance with voltage may be 
attributed entirely to thermal effects. 

2. That the characteristic obtained by applying the testing 
voltage for one hundredth of a second is, at moderate voltages, 
materially the same as that which would be found at the expiry 
of a period of the order of a millionth of a second. 

3. That the sensibility of a wireless receiving circuit (in 
which the rectifying contact is used) does not differ very appre- 
ciably from that deduced from a slow period characteristic. 

4. That an important fraction of the contact-resistance 
resides in a stratum of molecular thickness at the interface of 
the two elements of the contact ; and that it is in this region 
alone that rectifying action at very high frequencies is effected. 


_ DISCUSSION. 

Prof. G. W. O. Howe thought the experimental method of Mr. Owen 
was the correct way to tackle the problem of high frequency phenomena, 
and was preferable to taking oscillograph records at low commercial 
frequencies, and attempting to deduce from them what will happen at 
very much higher frequencies. What is the limit to the number of times 
per second that the ball may be struck for the results still to apply to one 
impact only ? From one point of view the results were disappointing, 
inasmuch as it had been necessary to jntroduce a mysterious stratum of 
molecular thickness and the problem arises as to what these layers con- 
sist of ; what are their properties, and why is the thermal effect largely 
cofined to them ? F 

Dr. H. 8. ALLEN asked if any attempt had been made to remove surface 
films from thecontacts. Prof. Millikan had recently obtained very simple 
results in photo-electricity by working in a high vacuum,so as to remove 
all films of moisture. Could thisnot bedone in Mr. Owen’s experiments ? 

Dr. Ecouzs said that the subject of contact resistance was of wide 
importance, apart from its application to electric wave detectors. It had 
been investigated by Wheatstone and Heaviside in other connections— 
microphones, forexample. It was important also in connection with the 
contacts at dynamo brushes. There had always been a desire in wireless 
telegraphy circles for high-frequency characteristic curves. Doubtless. 
if oscillograph records could be obtained for frequencies of 10-6 second, 
they would be very like what Mr. Owen gets by his point to point method. 
He would have been glad if the author had tried similar contacts—e.g., two 
carbons, two galenas, or even two metals. In these cases there would be 
no thermo-electric phenomena to confuse the issue. He was not con- 
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vinced on the question of the molecular layer. The author states that 
‘‘in actual practice the mean diameter of the area of a good rectifying 
contact is, as a rule, far greater than 10-4 cm.”’ Now, if one pictures 
a piece of metal resting on the zigzag surface of a crystal, it is obvious that 
actual contact will only occur at points and ridges, and it is surely im- 
possible for anyone to assert what the order of the area of contact is. 
He preferred to think that the effects were due to the heating of the sur- 
face layers of the stuff, due to concentration of the current flow into the 
narrow regions where actual contact exists. Usually, the harder the 
crystal the better the rectification obtained, due possibly to the greater 
concentration of current in the smaller and sharper contact points. He 
thought perhaps too much stress was laid on the high-frequency char- 
acteristic. When an oscillation passes through the contact of a crystal 
touching a metal plate itis the after effects of the heat developed which 
produce the thermo-electric currents that affect the telephone. 
Therefore, while of scientific interest, the high-frequency characteristics 
are not very essential from the point of view of wireless telegraphy. 

Mr. F. E. Smrrx thought Dr. Allen’s suggestion a valuable one. About 
14 years ago a Paper was read to the Society showing that films of liquid 
remained attached to solids even up to temperatures of 300°C. 

THE AUTHOR, in reply to Prof. Howe, thought there was no mystery in the 
contact layer. We cannot assume complete continuity of material at a 
contact asina weld. This is evidenced by the fact that no appreciable force 
is required to separate the elements, though they have been pressed together 
with a force involving a considerable minimum area of contact. With 
respect to the repeated impacts (used in order to raise the sensibility of the 
bridge), the time between the successive impacts was never less than about 
8,000 times the duration of a single contact. The point raised by Dr. 
Allen, and emphasised by the chairman, deserved investigation. Dr. Eccles 
raises two important points. In order to avoid the necessity of assuming 
a molecular stratum, he suggests the view of multiple contacts. This, if 
carried out to the requisite minute subdivision of the total contact area, 
will certainly effect the required reduction of the thermal time-constant. I 
have taken the opportunity of submitting the matter to calculation. I find 
that the time-constant will be reduced to 10-’ sec., provided the number of 
effective contacts, all of equal area, is not less than 25,000, and this number 
must, on grounds of probability, be regarded as only a small proportion of 
the total number of contacts under the total area, on the view under dis- 
cussion. It seems a case of choosing between a molecular layer and an ark 
resting on a hundred thousand Ararats, the size of each peaklet not far 
removed from molecular dimensions. Dr. Eccles also asserts the view that 
the electric discharge which actuates the telephone in a wireless receiving 
circuit is due to the after effect of the heat accumulated at the contact ; but 
this is to neglect altogether the rectified current that traverses the contact 
during the actual period of impress of the electric oscillations, and this is 
amenable to calculation (see Paperin Vol. XXVIII, p. 196). I find that the 
impulsive flow due to the rectified current would be sufficient to produce 
an audible effect in the telephone provided the mean amplitude of the wave 
of P.D. across the contact during the passage of a train of oscillations is 
somewhere between one hundredth and one-tenth of a volt. Now at such 
low voltages the reversible Peltier heat (on which rectification depends) in 
the case of crystals like zincite exceeds the irreversible Joulean heat (on 
which the after effect depends). Curious as it may at first sight appear, the 
power expended in the alternate Peltier heating and cooling greatly exceeds, 
at low voltages, the total electrical power supplied to the rectifying sector 
by the incident oscillations. There is thus reason for regarding the signal 
in the telephone as due mainly to the rectified current. In reference to 
phenomena at a contact between similar materials, I have at present under 
consideration the investigation of the effect of pressure at such contacts. 
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IlI.—On Diffusion in Inquids. By Basti W. Crack, 
M.Sc. (Lond.), Lecturer in Physics at Birkbeck College. 


RECEIVED SEPTEMBER 28, 1916. 
§ 1. Introduction. 


Ir has recently been pointed out by Griffiths [“ A Recalcu- 
lation of some Work on Diffusion,” Proc. Phys. Soc., Lond., 
XXVIII., p. 255, 1916] that a correction is necessary to the 
theory of the method which has been used by the author for 
studying the diffusion of salts through water. [See Clack: 
(1) “On the Coefficient of Diffusion,’ Proc. Phys. Soc., 
XXI., p. 863, 1908; (2) “ On the Temperature Coefficient of 
Diffusion,” Proc. Phys. Soc. XXIV.,; p. 40, 1911; (3) On 
the Coefficient of Diffusion in Dilute Solutions,” Proc. Phys. 
Soc., XXVII., p. 56, 1914.] In these Papers experiments are 
described in which diffusion has been studied by means of 
special flasks, filled with the solution under investigation, and 
suspended in a large bath of water at known constant tem- 
peratures. The design of the flasks is such as to maintain the 
concentration of the solution constant at each end of the 
vertical tubes which are fitted into the flask, so that diffusion 
takes place in the steady state, that is to say, the concentration 
of the solution at any point in the tube remains constant while 
the measurements are made. | 

The decrease in volume of the solution in the flask as diffusion 
reduces its concentration, causes a current of liquid to flow 
down the tube, so that as the salt diffuses upwards it meets a 
current of liquid which continually passes downwards, and 
which is due to the decrease in volume referred to. In the 
Papers mentioned above, reference was made to the velocity 
of this current of solution; but the matter is complicated by 
the fact that simultaneously with the movement of the water 
in the solution the dissolved salt is diffusing, and therefore may 
have quite another velocity, and on this account it 1s necessary 
to confine attention to the velocity of the water component of 
the solution. : 
§ 2. Objects. 

The objects with which this communication is made, are 
Sw Oc 

1. To amend the theory in the direction indicated; to 
present the récalculated values of the coefficient of diffusion at 
different temperatures and at various concentrations ; and to 
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evaluate the temperature- coefficient of diffusion in the case of 
certain solutions. 

2. To deduce an expression for the coefficient of diffusion, 
K,, at any definite concentration, n, which is now rendered 
possible by the simpler form of the corrected formule deduced 
in the next section; and to find the numerical value of this 
quantity for specified concentrations of solutions of certain 
salts. 


§ 3. Theory. 


The theory previously published in the first Paper men- 
tioned in § 1 must be amended as follows :— 


Let L =total length of the diffusion tube. 
N=constant concentration of solution at bottom of the 
diffusion tube in gms. /cc. 
D=its constant density. 
n=concentration of the solution at a point / cms. below 
the top of the tube when the steady state has been 
reached. 
d—=density of the solution at the same point. 
v=velocity downwards of the water-component of the 
solution in the tube at the same point. 
Vyp=velocity downwards of the water at the top of the 
the tube, where /=0. 


Assume the area of cross-section of the tube is unity. Now 
1 cc. of solution contains (d—n) grammes of water, and since 
the same mass of water crosses each section of the tube per 
second in the steady state 

v(d—n) =p. 
Also, when the steady state is reached, the mass of salt passing 
each section of the tube per second is constant=c. 

The change, 2, in weight of the flask per second is equal to 
the mass of salt leaving it per second minus the mass of water 
entering per second, or in symbols 

1=C—U>. 

Let 6 represent the ratio of the change in volume produced 
in the solution, to the change in the amount of salt present. 
Then, since every second c grammes o: salt escape from the 
flask, the volume changes by co cc., or cd cc. of water enter the 
flask per second from the bath, 


1.€., Uy=CO. 
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Thus v=cd/(d—n) 
and 1=c—cd 
=c(1—6). 


In the previous work the mistake was made of assuming that 
cd cc. of solution entered the flask from the tube. The error 
will be made quite obvious if the upper end of the tube is con- 
sidered, instead of the lower; or it can be argued that if c 
grammes of salt leave the flask, the volume they occupied must 
be taken by water, and not by solution, for if so, some salt 
would return into the flask and the quantity leaving would not 
be c. 

Under the combined actions of the movements of the liquid 
and diffusion it follows that 

c=—vn+Kdn/dl. 
_ Substituting the value of v already found 
c(d—n-+néd)/(d—n)=Kdn/dl . . . . (1) 

Now d is approximately a linear function of n and we make 
very little error if we assume that over any given range of 
concentration d=1-+an, where a is some constant depending 
slightly on the upper limit of concentration NV, and whose 
value may be considered to be very approximately equal to 
the mean slope of the true curve of d and n between the limits 
zero and NV. 

If 6 is written for (1 —a) equation (1) becomes 

{c-tn(v) —bc)} /(1 —bn)=Kdn/dl, 
the solution to which is 


bN Vo (Yp—bce)N-+c_ L ' 
4 eee — bot Be c ey ee) 

Since (vg—bc)N is small compared with c this may be written 
N =o sa real aa VU) —bc)N? L 

writs Ut ml Parr, Se ie Ce, 


These equations are eee of the same form as those 
already published in equations (2) and (3), Proc. Phys. Soc., 
XXI., p. 865, 1908, where it was mentioned that the third 
term in the bracket in equation (3) was negligible. Owing to 
the correction now introduced this term is still smaller, and 
hence we may write 


N M18 UN 


tah 


ey | 
BS - 
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or since Up=C0 
K 
o— (1-48), (4) 
1.€., as c=1/(1—9d) 
K= ah 


N(1—4N06)(1—6) 


It is interesting to note that this equation does not involve 
any knowledge of a or b or D. 0 is readily obtained from the 
published Tables connecting density and concentration. 

Thus the equations on p. 866 in the first Paper mentioned in 
§1 must be corrected by omitting in every case the factor 
(1—bN). In the second and third Papers the corresponding 
tactor (D—N) must be deleted, so that the value of K is 


obtained from the equation 
Ke LL, tt —te 
A,L,—A,L, *N(1—4N6)(1—0)" 


§ 4. The Coefficient of Diffusion at Different Temperatures. 


The following table gives the results for solutions of potas- 
sium chloride and nitrate at the concentrations and tempera- 
tures mentioned. In the first column the figure 1, 2 or 3 
indicates the Paper in which the result was previously pub- 
lished (see § 1), while the second column gives the number of 
the experiment, in order that comparison can be made and the 
magnitude of the correction estimated. 


20 per cent. KCl or 2-7 normal or V=0-2 gm. /cc. 


Paper. Paper, | Experiment. Experiment. Temp. in °C. | Kx 105 C.G.8. 
| 0 | 1-040 
| i 0 | 1-054. 
| 2 0 | 1-042 
2 13 | 1-391 
2 14 | 1-408 
3 28 18-8 | 1-633 
3 10 18-7 | 1-663 
3 11 18-8 | 1-666 
2 12 23-7 | 1-766 
P, 13 23-8 - 1-760 
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10 per cent. KC] or 1-34 normal or N=0:1 gm. /ce. 


1 26 0 0-987 
1 27 0 0-989 
2 7 14-6 1-412 
Q-° 8 15-8 1-479 
2 9 16-9 1-507 
3 8 18-6 SNS 1 h5 
3 9 18-7 1-545 
2 14 3.38 | 1-785 
2 15 23-9 1-782 


10 per cent. KNO, or 1-0 normal or V=0-1 gm. /cc. 


Paper. Paper. | Experiment. _ Experiment, Temp. in °C, Kx 10° C.G.8. 
1 16 0 0-873 
1 Ly 0 0-875 
2 10 15-1 1-266 
2 18 16:3 1-292 
3 30 18-9 1-338 
3 31 19-0 1-358 
2 16 23-4 1-519 
2 17 23-6 1-520 


5 per cent. KNO, or 0-5 normal or N=0-05 gm. /ce. 


22 . 0 0-885 
23 0 0-887 
19 16-2 1-286 
20 16-3 1-303 
42 18-3 1-371 
32 19-1 1-445 
33 19-2 1-421 
21 25-0 1-547 
22 25-6 1-575 


A comparison of these figures with those previously published 
shows that the correction causes an increase in the numerical 
value obtained for the diffusivity which amounts to 6 or 7 per 
cent. in the case of 20 per cent. solutions of potassium chloride. 
For a similar solution of sodium chloride the correction is found 
to be only 4 per cent. In less concentrated solutions the 
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correction is smaller, being roughly proportional to the con- 
centration, and may be considered to be within the probable 
error of observation for all solutions weaker than 10 per cent. 


§5. The Temperature Coefficrent. 


From the above figures the corrected values of the tempera- 
ture coefficient can be calculated. 


Thus if K,—K, (1-+at-+bt?) the values of a and b are as 
follows, for the a solutions mentioned :— 
Salt. Normality.| NV in gm. /ec. | Kg x 10° a b 
. KCl 2-7 0-2 1-045 0-020 0-00050 
1-35 0-1 0-988 0-023 0:00047 
KNO, 1-0 0-1 0-874 0-023 0-00032 
0-5 0:05 0-886 0-024 0-00027 


€ 


These figures indicate that in the neighbourhood of 18°C. 
the simpler formula approximately holds 


Ki=Kyg {1 ale 18)} ’ 


where a has the value 0-024 for all these solutions. 
For 2:7 normal KCl at 18°C. we find 


K1,=1-:639 x 10° sq. cm. /sec. 


Dr. Griffiths by two different and independent methods 
obtains for a similar concentration and temperature the values 
1-696 and 1-617 10°° respectively. [See Griffiths, Proc. Phys. 
Soc., XXVIII, p. 255, 1916.] 


§ 6. The Coefficient of Diffusion at Different Concentrations. 


If the temperature be maintained constant during each 
experiment, and in the neighbourhood of 18-5°C. we obtain in 
the same way recalculated results for solutions of potassium 
chloride, potassium nitrate and sodium chloride, which are 
plotted graphically in Fig. 1, and, in order to save space, the 
values, obtained from the graphs, of the diffusivity at 18-5°C. 
for solutions of the concentrations indicated in the first column, 
are tabulated on next page. ° 
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| KCl KNO NaCl. 
Norn alys K x 105 K x10 K x 105 
0-05 1-364. 1-502 1-159 
0-1 1-412 1-475 1-163 
0-2 1-446 1-446 1-169 
0-4 1-475 1-409 1-181 
0-6 1-491 1-382 1-190 
0-8 1-506 1-362 1-201 
1-0 1-521 1-344 1-209 
| 1-5 1-558 re 1-226 
| 2:0 1-598 a 1-240 
2:5 1-636 we 1-255 
3-0 HF 1-268 


$7. Diffusion at a Definite Concentration. 


In practically all the methods of determining the diffusivity 
of salts previous to those employed by the author and his 
colleagues, no attempt is made to use the steady state of 
diffusion. That is to say, the rate of diffusion is studied before 
it becomes constant, and the concentration at any point in the 
solution is continually changing while the experiment is in 
progress. As is well known, the coefficient of diffusion is not 
the perfectly constant quantity which Fick’s law indicates ; 
but it varies, in some cases considerably, with the concen- 
tration of the solution, so that it appears impossible in the 
present state of development of the theory of diffusion to say 
to what concentration the coefficient obtained refers. 

The interpretation is less indefinite if the steady state is 
employed in which the concentration at each point of the 
solution remains quite constant while the measurements are 
made. These measurements give what the author has called 
the “mean diffusivity,” K, for the solution in the diffusion 
tube, that is, for a solution varying in concentration from zero 
* to a certain maximum, N, in each experiment, and from the 
determination of this quantity it is found possible to calculate 
the value of the actual diffusivity, K,, for a solution of a 
definite concentration, ”, in the following manner :— 

The equation for c (equation (4) above) might have been 
obtained by making the initial assumption in equation (1) that 
6=b. This assumption is not strictly true, but even in the 
strongest solutions it only introduces a small error—probably 
of the order one-fifth of 1 per cent.—in the value obtained for 
the coefficient of diffusion, and this error is smaller the more 
dilute the solution. 
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With this approximation equation (1) becomes 
cdl 
~1—nd dn 
By integration this gives 
Kx n(1—4nd)=cl, 
where K will represent the mean diffusivity over the range of 
concentration 0 to n. 


Differentiating this with respect to n and noting that ¢ is a 
constant in any given experiment, we have 


c | (dl 
BRET ye: ak?) 


Ky, 


K+{(1—4n6)/(1—nd)}n . dK /dn= 


Mean Diffusivity X 105, 


Normality; 
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So that we can find the value of the coefficient, Kn, at any 
definite concentration, n, from the above expression involving 
a measurement of the slope of the experimental curves shown 
in Fig. 1. 

The values of the coefficient of diffusion at 18-5°C. in C.G.S8. 
units (sq. cm./sec.) thus obtained at the definite concentrations 
indicated in the first column are tabulated below :— 


; KCL. KNO NaCl. 
__ Normality. K,, x 105 K,, 105 K, x10 
| 0-05 1-442 1-464 1-164 
0-1 1-459 1-435 1-170 
0.2 1-488 1-402 1-181 
0-4 1-511 1.349 1-202 
0-6 1-534 1-315 1-220 
| 0-8 1-564 1-285 1-238 
| 1-0 1-598 1-259 1-248 
| 1-5 1-675 a 1-273 
| 2.0 1-755 ie 1-397 
| 2-5 1-834 i; 1-327 
| 3.0 1-355 


| Vy <s i ane | 


In a previous Paper (Proc. Phys. Soc., XXVII., p. 64, 
1914) the author attempted to obtain this quantity K, but was 
obliged to make certain assumptions as to the movement of 
the liquid which were not strictly in accordance with the facts, 
owing to mathematical difficulties in the treatment of the real 
conditions obtaining in the experimental work, but the simpler 
formule now found to be correct enable the actual diffusivity 
at any definite concentration to be evaluated for the first time 
without making the assumptions just referred to. As has 
already been mentioned, this calculation appears to be im- 
possible unless the steady state is employed, and represents a 
new departure in work on diffusion. 


ABSTRACT. 


E’ The Paper contains the results of the experiments described by the 
author in Proc. Phys. Soc. Lond., XXI., p. 374, 1908; XXIV., 
p- 40, 1911; and XXVII., p. 56, 1914, collected and recalculated 
in accordance with a theoretical correction recently communicated 
by Dr. Griffiths (Proc. Phys. Soc., XXVIII., p. 255, 1916). 

It is found that in the solutions employed the correction is not 
considerable, except in the case of the strongest :olutions of KCl 
(2-7 normal), where it amounts to 6 per cent. 

The Paper contains the corrected theory of the method, and the 
valus of the coefficient of diffusion is tabulated at different limiting 
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concentrations and at various temperatures ; it concludes with a 
new method of calculating the coefficient at a definite concentration 
from, the experimental results, which appears to be more accurate 
and free from questionable assumptions than previous calculations of 
a similar nature. 


DISCUSSION. 


Prof. G. W. O. Howe asked why the concentration was constant at the 
bottom of the diffusion tube in the author’s apparatus. 

Prof. Boys thought this was an important point. He presumed that 
the upper bulb was sufficiently large that for the purposes of the experi- 
ment it could be regarded as an infinite reservoir. A steady state would 
then be maintained by the circulation through the side tubes, dilute 
solution rising up one into the reservoir, While more concentrated solution 
passed down the other. 

Dr. R. 8. WitLows asked why the Sbeftaent of diffusion was greater 
for strong than for weak solutions in the case of some salts, while the 
reverse was true for other salts. 

Mr. Cuack, in reply to Dr. Willows, said he did not know of any reason, 
but Dr. 8. W. J. Smith had told him that that was what would be expected 
from conductivity data. 
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iV.—On the Measurement of the Thomson Effect in Wires. By 
H. RepMayneE Nettueton, M.Sc., Assistant Lecturer in 
Physics at Birkbeck College. 


RECEIVED OcTOBER 25, 1916. 


I. INTRODUCTION. 


The object of this research is to develop a method of measur- 
ing the Thomson Effect in wires for which also the thermo- 
electric powers may at the same time be found. 

It is well known that the application of thermodynamics t to 
thermocouples leads to the two standard equations :— 


dE 

dT’ » . . ° . ° ° (1) 
where JT is the Peltier coefficient at the absolute temperature 7 
and dH /dT the thermo-electric power ; and 


a7 
Cg—o,= —L e aT? s e ° ° ° ° (2) 


II=T. 


where co, and o, are the respective Thomson effects in the metals 
comprising the thermocouple. 

Equation (1) was first investigated experimentally by 
Campbell! and a little later verified by Jahn? with the ice- 
calorimeter, and since the further development ot the measure- 
ment of the Peltier effect by Lecher,? Cermack,* Barker,’ 
Oosterhuis,® and Callendar’ it may be said that this equation 
has been substantiated beyond all doubt. Szarvassi,® indeed, 
regards this equation as the fundamental formula of thermo- 
electric phenomena and Callendar uses it for his values of IT 
in measuring heat by the radio-balance. | 

Equation (2), however, has never been verified. On the 
contrary, the best measurements of the Thomson effect seem 
to throw great doubt on the equation (Szarvassi), and so grave 
is this divergence in the case of the iron-mercury thermocouple 


1 Campbell, “‘ Proc. Roy. Soc. Edin.’’, p. 387, 1887. 

2 H. Jahn, “ Wied. Ann.” 34, 755, 1888. 

3K. Lecher, “ Wien. Ber.” II. A., 115, p. 1505, 1906. 

4 P. Cermack, ‘‘ Wien. Ber.” IT. A, 116, pp. 657 and 1135, 1907. 
5 Barker, ‘‘ Phys. Rev.”’ XX XI. (4), 321, 1910. 

6 Oosterhuis, ‘‘ Arch, Néer’’ Ser ITI A II, 1912. 

7 Callendar, ‘‘ Proc. Phys. Soc. Lond.” 23. I., Dec., 1910. 

8 Szarvassi, ‘‘ Ann. der Phys.” 17, 248, 1905. 
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treated of by Schoute,! Aalderink? and Oosterhuis*® that the 
last-named experimenter raises the whole question of the 
energy of a thermo-electric circuit and states that the Peltier 
and Thomson effects together do not nearly suffice to supply 
the energy of the thermo-electric current. 

Before, however, any general conclusions can be made on 
this matter a vast amount of experimental research on the 
Thomson effect is needed, for it must be remembered that not 
only is the measurement of the Thomson coefficient one of 
considerable difficulty, and that impurities have a very great 
effect, but that many of the methods employed—especially the 
older ones—are open to severe criticism, particularly when 
viewed in the light of Verdet’s‘ differential equation. As an 
illustration of what equation (2) leads to we have the following : 
The thermocouple iron-german silver between 0°C. —200°C. 
gives a curve for thermo-electric force and temperature which 
is remarkably linear (Campbell®, Stewart®); iron-nickel and 
iron-constantan behave somewhat similarly. Hence over this 
temperature range d*H/dT? is nearly zero and the Thomson 
effects in iron, german silver, nickel and constantan should 
approach equality. Now, in a very careful research, Aalde- 
rink’ has shown that the value of o in iron changes sign at 95°C. 
and is given by 


o—(95—t)X4-9X 10-8 cal. per coulomb. 


Do, then, these other metals show any similar remarkable 
change of sign or equality of value ? 

It was thus the author’s first intention to measure the 
Thomson effect in wires of the high-resistance alloys and at the 
same time measure their thermo-electric powers when com- 
bined in pairs. As, however, the Thomson effect is not known 
with any. certainty even in metals like bismuth and platinum 
in which i: is largest, and as the method here described has 
proved rapid and sensitive, it is now proposed to measure the 
effect in as many metals as possible. In the present communi- 
cation it is proposed to deal only with the method itself, investi- 
gating the errors, sensibility, and best conditions of experiment. 


1 Schoute, “ Arch. Néer.” (2), 12, 175, 1907. 

* Aalderink, ‘‘ Arch. Néer.”’ (2), 15, 321, 1901. 
3 Oosterhuis, loc. cit. 

4 Verdet, ‘‘ Theorie Méchanique de la Chaleur.” 
5 Campbell, ‘‘ Proc. Roy. Soc. Edin.,’’ 1882. 

6 Stewart, ‘‘ Phil. Trans.” A., p. 569, 1893. 

? Aalderink, loc: cit. 
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9. Tue ProposED METHOD AND ITs RELATION TO 
OTHER METHODS. 


The many methods which have been employed to measure 
the Thomson effect may be classified under four headings :— 

(a) Battelli’s method! in which o is measured directly by the 
rate of rise of temperature of a calorimeter of known total 
water equivalent. 

_(b) Haga’s method,” of which there are many modifications, 
in which the effect of Thomson heat is compared with the effect 
of a known amount of Joulean heat. 

(c) Callendar’s method,’ carried out by King, in which o is 
deduced from the variation of resistance with temperature of 
the wire under test. ; 

(d) The impressed velocity method of the author, * in which 
the Thomson effect is neutralised or compared with the effect 
of a slow uniform movement of the conductor. 

Battelli’s method is chiefly of historic interest, though there 
is no doubt it might be modernised ; not only were his experi- 
ments complicated by working during the variable state; but 
a study of the distribution of temperature down the bar leads 
to the conclusion that much of the Thomson heat produced 
outside the calorimeter contributes by conductivity to its rise 
of temperature. This method which«is criticised by Callendar? 
and King for other reasons also lacks sensibility. 

Method (d) is suitable only for fluids. 

Method (c) alone has been applied to a wire; it is of great 
interest though complicated by the insertion of potential leads. 
By its nature it is unsuited to the alloys of small temperature 
coefficient. 

Method (6), Haga’s method, is by far the most generally 
employed, and undoubtedly of the greatest importance, modi- 
fications of it being used by such recent experimenters as 
Laws,® Lecher,’ Schoute,’ Berg,? and Aalderink.° When 
employing this method it must always be remembered that 


1 Battelli, “‘ Accad. delle Sci. di. Torino,” Atti XXII, p. 548, 1887. 

* Haga, “ Ann. de lecole Polyt de Delft,” I, p. 145, 1885; III, p. 43, 
1886. 

3 King, ‘“ Amer. Acad. Proc.” X XXIII, p. 353, 1898. 

# Nettleton, ‘‘ Proc. Phys. Soc. Lond.,”’ Dec., 1912. 

5 Callendar, “‘ Encyclo, Brit.” Thermo-electricity. 

6 Laws, “* Phil. Mag.” VII., p. 560, 1904. 

? Lecher, ‘‘ Ann. de Physik.” XIX., p. 853, 1906. 

8 Schoute, loc. cit. 

® Berg, “‘ Ann. de Physik.”” XX XII.-XXXIIL., p. 477, 1910. 

10 Aalderink, loc. cit. 
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Thomson heat and increments of Joulean heat are only propa- 
gated similarly when small and of the same order of magnitude, 
and that close attention must be paid to the emissivity con- 
ditions. 

In perhaps its most modern general form Haga’s method is 
produced as follows: A current of C amperes is passed down a 
bar in which a temperature gradient is maintained. This 
current is reversed and the ultimate change of temperature 
A@, is recorded as shown by a thermocouple in the middle 
of the gradient. The current is then raised or diminished 
by an amount c amperes, and the difference of temperature 
A6@; is observed between the average temperature given by 
+C and the average temperature given by +(C-+c). It can 
then be shown that, if J is the number of joules equal to one 
calorie, and 7 the resistance per unit length of the bar, we 
have, under suitable conditions, with sufficient accuracy : 


200 . d0fdx_ Op 
One BADE SING 


The temperature gradient d0/dz is usually found by a thermo- 
couple which may be inserted in two or more positions along 
the bar; usually two bars side by side are used to advantage 
instead of one. 

When we attempt to apply Haga’s method to a wire we are 
confronted with additional difficulties, for it becomes less easy 
to measure both the temperature variation at the middle and 
the temperature gradient itself without altering the resistance 
per unit length of the wire and disturbing the linear heat flow. 
Briefly, these difficulties are overcome thus :— 

(1) Instead of measuring the temperature gradient in any 
neighbourhood, the difference of temperature between the 
“ends ”’ of the wire—the same ends across which the electrical 
resistance is determined—is measured in a similar way to that 
used by Gray! in his heat conductivity experiments on wires. 
Thus the ratio R/U of the equation below is obtained. 

(2) The temperature at the middle is not allowed to alter, 
Haga’s method being employed in the null form used by Berg? 
in his work on plates, and the detector of temperature is a 
number of turns of the thinnest insulated copper wire used as 
a resistance thermometer. This method, which Starling? first 


1 Gray, ‘“‘ Phil. Trans.” A. Part I., p. 165, 1895. 
2 Berg, loc. cit. 
3 Starling, ‘“‘ Nature,” Feb. 16, 1911. 
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used to demonstrate the Thomson effect in a red hot iron 
bar conveying 10 amperes, is found to be sufficiently sensi- 
tive with No. 44 wire for measuring absolutely the Thomson 
effect in wires conveying 3 amperes and heated by steam. 
The diameters of the bare and double silk-covered detecting 
wire are only about 0-07 mm. and 0-14 mm. respectively, 
and the thread-like coil may be wound uniformly on the 
lathe over the thicker experimental wire (gauge 18, diameter 
1-22 mm.), under investigation. 

The apparatus used is very simple and will readily be under- 
stood from Fig. 1. The wire W under test passes right through 


the constant temperature sources H and C. 4H isa cylindrical 
- copper vessel 8cm. long and of 5cm. diameter, fitted with 
vapour inlet and outlet tubes and closed at D by a rubber bung 
through which the experimental wire W passes easily before 
being cemented up. C is a rectangular copper vessel 5 cm. 
square by 10 cm. long, which will hold water orice. The sides 
A, B, of H and C respectively are 5 mm. thick and drilled with 
holes of 1 mm. diameter to admit thermo-junctions at a and b 
of iron and constantan wire which record the difference of 
temperature U between the “ends” of the wire under test. 
The holes a, b, also serve to admit potential leads tor measuring 
the resistance of the wire between its “ ends.” 

Great: care is taken in passing and fixing the wire through 
A and B, as no solder must appear internally, and yet good 
contact is essential. The side A is made as shown in Fig. 2, 
the narrow portion being drilled at N with a hole through 
which the wire just passes. Solder is applied externally 
through K with a special iron, care being taken that it adheres 
to the copper as well as the wire under test. JB is similarly 
made, the solder being applied within the vessel C. With 
practice this fixing of the wire may be done very neatly. The 
internal length between A and B was usually between 4 cm. 
and 5 cm., and over about one-third of this length the detecting 
coil S of copper wire, gauge 44, already alluded to, was symme- 
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trically wound (previous to fixing the wire), the centre of 
symmetry lying midway between A and B. The ends of the 
coil S were brought to terminals on the base board from which 
they were connected by thicker copper wire, gauge 18, to a 
resistance bridge arranged as described in section (4) 6 of this 
Paper. The resistance of S under the conditions of experi- 
ment varied from 5 ohms to 8 ohms. Cotton wool was care- 
fully wound round the operative part of the wire as well as_ 
round the temperature sources, H and CV. It serves to allay 
convection currents, and for this reason is essential and, as 
indicated by the resistance coil 8, very considerably diminishes 
the emissivity loss. 

Fundamentally, an experiment is performed thus: Water, 
either ice-cold or at ordinary temperature, being in the vessel 


x 
a 


HE.) 2. 


C and steam being circulated through H, a steady current C, 
of from 2-5 to 3-5 amperes is passed through the wire in either 
direction. If this current is merely reversed the coil S shows 
a change of resistance, which measures the sensibility, due to 
_a change in the rate of production of Thomson heat; but if, at 
the same moment that the reversal is made, the current is 
slightly altered to an appropriate value, C’,, a complete balance 
may be obtained between the alterations of Joulean and 
Thomson heat, the coil S then showing no change of tempera- 
ture. As shown in section 3 below, we then have, under suit- 
able conditions, with sufficient accuracy :— 


R 
c= FOr oe C; y; 


a 
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where U is the difference of temperature between the ends of 
the wire, R the actual resistance of the wire between these ends 
under the temperature conditions of the experiment, and J the 
number of joules equal to one calorie. The Thomson effect 
will then be expressed in calories per coulomb per degree 
centigrade and, as shown below, its value will be that at the 
mean temperature U/2. The difference of the up-and-down 
currents, C,—C,, called the balancing current, can be meas- 
ured directly with a milliammeter, or on a Cambridge thermo- 
electric potentiometer, this measurement and that of R being 
described in section 4 of this Paper. Owing to the shortness 
of the wire, and the fact that for a balance the temperature 
at the middle remains constant, such a balance may be 
found quickly—new steady states being obtained in a few 
minutes. 

In contrasting the conditions of these experiments with those 
for Gray's conductivity experiments we observe in the present 
research :— 

1. That the quantity of heat passing down the wire has nct 
to be measured, that a small emissivity loss is permitted by the 
theory, and that error due to the temperature gradient not 
being quite linear is thus of smaller magnitude. Moreover, 
the temperature gradient in the strict sense is not required at 
the middle of the wire, but rather the term U/L of the next 
section. Probably, therefore, in the present method, a longer 
wire in proportion to its diameter may be used. 

2. Greater care must be taken in this method than in Gray’s 
method in passing the wire through the constant tempera- 
ture sources. The presence of any solder upon the operative 
part of the wire would not only alter the resistance per unit 
length, but might complicate also by the production of 
Peltier heat. The production of Peltier heat at the actua! 
contact of the wire with the thick copper pieces A and B, 
presenting such contrast in cross-section with the wire, can 
easily be shown to have no sensible effect ; and the relation 
between the thermal capacities and thermal conductivities of 
the thick portions A and B, and those of the wire, together 
with the manner of passing the wire through and securing 
its contact, fully justify A and B being regarded as constant 
temperature ends. With every wire a practical test was 
made to show that no sensible change of resistance of the 
detector S resulted on reversing a steady current when H 
and C' were maintained at the same temperature. 

VOL. XXIX. B 
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3. Tue THEORY oF THE METHOD. : 


(a) Preliminary Treatment. Ideal Conditions. 
Considering a rod or wire under a temperature gradient, 
arranged as in Fig. 1, above let all temperatures and tempera- 
ture-coefficients be dated {rom the fixed “ cold end” taken as 
zero, and let U be the temperature of the hot end a distance 
I away. 
Let C=electric current in amperes traversing the wire from 
hot to cold. 
S=specific resistance of the material. 
K=thermal conductivity of the material. 
A =area of cross-section of wire. 
p=perimeter of wire. 
a=temperature coefficient of resistance. 
¢=Thomson effect, assumed positive and at first con- 
stant. 
E=heat loss per square centimetre per sec. per 1°C. excess 
temperature above the enclosure. 
§,—temperature of enclosure. 
J =number of joules equivalent to one calorie. 
d—temperature at a distance x from the hot end. 


The differential equation expressing the distribution of 
temperature may be written :— 


d?6 do 
oe +a. Fe +b0=c, 
where the Thomson heat term a=—Coc/KA 


the emissivity term b= ae —Ep ] /KA, 


2 
the Joulean heat term c= (= +Ep6, | /KA, 


The ary) solution under the peeeny end conditions is :— 


= (e— L) Cc 
= aah Bees ieee 2-sinh A(~—L) — sinh Ax tp 
(fie ae 
aT. ~z sinh A(x—L), 
where A=+/ (a? —4b)/2. 


But if, as is nearly always justifiable, aL /2 may be taken as 
small compared with unity, and if in addition the emissivity 
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term 0 is so small that terms ina. 6 and c. b may be neglected 
in comparison with a and c respectively, we have 


= nea ade 2) +0(=—* (QL —2) —on(L 2 


When a current C, is passing from hot to cold put 6=6, ; 
c=c,; b=b,; and a=a,=—C,c/KA; and when a current 
C, is passing from cold to hot put 0=0,; c=c,; b=b,; and 
a=A,= 10 ,0/KA. 

The temperature change on reversing the current C, and 
increasing its value to C, is thus given by :— 


do= Be a Sree nay a "VL x)(by—b,) 


—tox(L— ayer Tarhia pg ete ies OR RAD 
If this is zero at the middle where c= L/2, we obtain: 
ee ae eV et nds) one: Gi 9 (Fs) 
=F, -0(1+a,) . Lee (97) 
= Hae —C,) very approximately, . (2c) 


where FR, is the resistance of the actual wire when at the tem- 
perature of the cold end and R& its resistance when under 
temperature gradient. 

Conversely when the current C, is so chosen that at the 
middle d#=zero and relation (2) holds, we have (on substi- 
tuting in equation (1)) for d@ elsewhere :— 


to=U(=5")5(—G—) Ob) 
| =U(-5 =) ge = 20) pe q(Cx—C%)) 


Thus, if a is zero, the balance is not only in the middle but 
everywhere. If a is not zero, the deviation is symmetrical 
about the middle and can easily be shown to be very slight, 
compared with the temperature changes which result on merely 
reversing the current, but not increasing its magnitude. Thus 
under the conditions assumed above the detecting coil may 
have appreciable length if symmetrically wound about the 
middle ; moreover, errors due to lack of perfect symmetry will 
be very small. 


F2 
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(b) Complete Theory : Special Conditions Necessary for Wrres. 


ee 99 


While in general, in work on the Thomson effect, the “ a 
term, equal to —Co/KA, may be taken as small compared with 
unity, on ee other hand, the neglect of products of the “ a,” 
“6b” and “c” terms is often not justifiable. When dealing 
with wires it is more necessary than ever to pay special atten- 
tion to these points, and the following form the chief considera- 
tion of this section :— 

(i.) The effect of a temperature coefficient of the Thomson 
effect. 

(ii.) The effect of a rise of the emissivity loss on both the 
accuracy and sensibility. 

(i1.) The effect of a rise of Joulean heat. 

(iv.) The effect of the length of the detecting coil when 
product terms are considered and o is a variable. 

(v.) The effect of a rise of the Thomson heat or ‘ 
towards unity. 

Assuming that over the range of temperature between the 
hot and cold ends the variation of o is linear, we may write, 
dating temperatures from the cold end as before 


‘ 


a’”’ term 


og=o(1 +0). 
and the differential equation ee, ag ee distribution 
become;— ca tk a(1 +0) “+ 60= “ 


Still assuming a to fi Bei eer with unity, but otherwise 
carrying the eds tie much further, we obtain the solution— 


L— 2 an 2a Ub 
ge — 5 *\(1- yl n)(2L—2) +57 a(L—2)(2L a) 


——_ (LL —ax)(2L—x) —1en(L—2) +500 —x) (xv? eb —L?) 


— Ea L—2)(L—2a) + one x(L—x)(L—2x)(6a2—6La—T7L2) (3) 


and hence, using the same notation as before, on changing from 
a current +C, to a current —C,, we obtain :— 


d= 0 L —a)( —ay-4a,) +e e(L—2)2L—2)(—a,+4,) 
Ux U 


+o (L—2)(2L —2)(by—b,) +55, 2°L—#)2L—a)( —a,by-+4,,) 
+4a(L—2)(—c,-+¢y) +39 (L—2)(0? 2 —L*)(b,0,—b,¢;) 


+ )5(E—#)(L 20) — 509 +4301) +259 (L— x)(L—2a) 


(62? —6Le —7TL?)(a9b.c.—a4b4c}) . (4) 
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Kquating this to zero and simplifying :— 
U(L—2z) U 
(a,—a,)| 1) She —20) 


lo L 
= (b2—b,) +54 (C1 2) +g (2L—2)(ayb, — A352) 
iy L 
Pgh oe EN bse — 0101) teh —2%)(A4C, — C3) 
eoteae 560 ye 2H) (8u® 6 Le —7L*)(aqbse,—aybye,) . - (5) 


An examination of the left-hand side of this equation at once 
shows that a thermo-junction at the middle of the gradient or 
a detecting coil symmetrically wound about the middle will 
respond to the value of o at this middle temperature. Putting 
x= /2 we find : 

LD L 1B 


(@y—4)(1 +B) = (02 —6,)— Fy(Ce g—C ae (4b, —ayb2) 


ie pene boy) : (5A) 


which, on substituting for the a, b and c terms and writing b for 
(6, +6,)/2 and c=(c,-+c,)/2 becomes very approximately :— 


R, CUNO” La oli, 
= FGCe -0,) (145) th Lit oagate ® ceetle 2u9) 
or very approximately. 
Rh, aUy be L? 
vo= FHC: 0,145) Fe. Rye 5 4(6) 


Hence, as b is negative, if the length of wire is increased or 
the protection diminished, so that b becomes of appreciable 
value, the values of o obtained by neglecting it will become too 
low. The effect of the guard-ring of cotton wool in diminishing 
b is very great—as may be judged by the change of resistance 
of the detecting coil on removing it—but experiments were 
performed with constantan wire of different lengths (the metal 
for which 6 is greatest) to show that in the main experiments 
the lengths of wire were sufficiently short for the correcting 
term to be neglected. 


The effect of a rise of emissivity is also to diminish the 
sensibility which is measured by the change of temperature at 
the middle, on reversing, but not altering, the magnitude of a 
mean current C= (C,+C,)/2. Putting Baie +Cor/KA, 
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b,=b,=b, c,=co=c; and x=—L/2. in -equation (4), and 

neglecting variations of « with temperature, we obtain for the 
sensibility :— 

ULCs /, , bl? 

do= are(its)- . See 


Though an increase in LZ within the limits allowed by the 
emissivity loss increases the sensibility any such benefit is in 
great part lost by the increase in time needed for the attain- 
ment of the steady state. An increase in U is also undesirable 
and unnecessary, the smallness of A giving satisfactory sensi- 
bility even with moderate currents. 

From equation (5A) it is easy to see that a rise of the c term 
embracing Joulean heat is—unlike a rise in the 6 term—quite 
unimportant both from the standpoints of error and sensibility. 


It is important to study the effect of increasing the length 
of the detecting resistance coil beyond. the immediate neigh- 
bourhood of the middle of the wire, thereby obtaining a greater 
absolute change of resistance on reversing an electric current 
through the wire under test. 

Let d=length of detecting coil symmetrically wound about 
the middle. Then the average temperature to which it 
corresponds is given. by :— 


Passing a current C, in the positive direction, writing a=a,, 
Gaby fee and intearating the expansion for 0 of equation (3) 
we have :— 


EB TERE Ui 7a 
m=5-4rg (1 Be 101-76 en 318) 


d?\  a,b,U /45L4—20L2d? 43d’ 
—4e,0*(1—372) — 12L ( 240 ) 
25L4—10L2d2-+d4 
—b¢,( “1920 ) (8) 


the term a, eRe 6 the Thomson effect coefficient and 


es "(1 +h. a) A similar expression is ob- 


standing for 
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tained for g, on passing a current C, in the opposite direction, 
whence 


OL d? UL? d? 
Q2— 9y= —(4,—4)) 8 (1 =a +(6.— be (1 —373) 
LP _ U /45L4—20L7d?-+3d4 
= (6.61) (1 —g75)—(4sbo—absdagz ( 240 : 


2514 —10.L7d? +d 
— (baea—by0) ( a: ee 


1920 


Equating to zero and dividing throughout by — ae 3 8) 


we have :— 
L L 1 1 
dy — 01 = (ba — 01) —F(C2—C1) — fa T2° 30 (@9b.—a40;) 
45 D4—20 17d? -+-3d ‘) 
( 1 —d?/3.L? 
1 1 725L4—10L?d? -+-d4 
~To + agg 2 Ps¢) ( 1—d?/3L? ) 


Substituting for the a, 6 and ¢ terms, and in the last two 
terms neglecting a and f and writing b for (b,+0,)/2 we have 
the very approximate expression :— 


Jie. aU, be 1 ,15L4+—10L7d?+3d4 
FHCs ON a ele pare): (0) 


The correcting term in b becomes —boL?/48 for d=zero, 
—be L?/50 for da=L/3, —bo L?/52 for d=L/2, and —boL?/60 for 
d=L. The effect of the detecting coil is thus small but helpful 
in diminishing the effect of emissivity. 


ee 


The assumption that the a term, 7.e., Cv/KA is small com- 
pared with unity is, of course, justifiable in nearly all ordinary 
work where rods are used. Though LZ is small in the case of 
wires, the smallness of A is such as to render an investigation 
most desirable. The general case is complicated, but, by 
neglecting 6 the Thomson effect temperature coefficient, and 
assuming b the emissivity loss to be rendered negligible, the 
effect of a rise of La/2 may be studied. The general solution 
for @ is then :— 


fae we —— + ea (Geet). 
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The author is indebted to Miss M. L. Humby, B.Sc., for the 
following solution obtained by the use of Bernouilli’s numbers : 


_U(L—2) t @¢(L—22) , a°(L—x) 


OSE WL Mist it eae caer 9 MA weer CO al 
a(L —2x)(L? +3La —32?) ) 
MARIE EK SOT ee Mek, ee | | 
ox: 2( TD — 
OL) | ee re eee 
u(L—2a)(L?+3La—3x*)  , | 
+ — 790 Sia, eee J 


With the usual notation we may obtain 6,—6, the difference 
of temperature which results on changing from a current +C, 
to a current —C3, and equating this to zero and simplifying 
we find :— 


Ay — = ——— (dy —,)(A_ +44) ee (@,—@y) 
(Ay +414. +0,°) 


bed No ato ae eee 


360 


— Fy(C_—C}) 


U 


L (L—2e Ly b-% 
-a(— \ CEG Betta val Aaa 12 ) (a2, a2) 
ney, thee OAtIE STA 3x") 
U 360 


Putting c—L/2 and causing symmetrical terms about the 
middle to vanish, we find on substituting for a and c :— 
R LAs 80% Le Reyes 
es =z (C2 —C + ¥R - ReguiC2— G02 Or ea AS I RA 
(C,—C,)\C? +C,’) 


(a;%cy —a,%c,). 


which leads to :— 
R LP? CC, 
JU 48° K K2A? 
Calling C,0,/K?42=C?/K2A?, where C=\/C,(C,, and 
a=Coc/KA, we obtain :— 
TEAR Ge 
oe acai 
(ita. a) =75 
So an error due to the rise of a or Cc/KA towards unity is 
not important until L?a?/48 rises towards unity. 


C,-C.). Oe 


~~ 
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4. Tue PRACTICE OF THE METHOD. 


(a) The Measurement of C,—C, the Balancing Current. 

The method of measuring the excess current C,—C, which 
will just balance the change of Thomson heat on reversing the 
main current will readily be understood from Fig. 3 below. 

The main circuit consists of accumulators (10 or 12 volts), 
an ammeter, rheostats, the reversing switch K,, the apparatus 
E with the wire under test and the special resistance Rk. The 
reversing switch K, was specially designed to be of negligible 
resistance so that the current should not alter appreciably on 
making a reversal even under low voltages—most mercury 
commutators being untrustworthy in this respect. The 
special resistance frame R consists of two thick constantan 
wires, each of about 1 ohm resistance stretched across stout 
copper pieces well supplied with terminals as shown. 1ts object 


Ammeter 2 es its Rheostats 
Ki, 


Standard 
[yeseteres 
Mill ohms. O-Zohm ohm 
ammeter 
Piqua sd. 


is to supply the main circuit with two exactly equal resistances, 
the one including the experimental wire and extending from 
A to B in the diagram, and the other from B to C. By means 
of the special switch K, of negligible resistance either of these 
equal resistances can be shunted through the branch circuit M. 
This latter consists of a resistance box, a rheostat, a milli- 
ammeter, and a standard 0-2 ohm, with potential leads for 
calibrating the milliammeter directly on a Cambridge thermo- 
electric potentiometer reading to 30 millivolts: on the same 
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potentiometer, the 0-2 ohm could be compared with a standard 
1 ohm. The equality of the two resistances A-B and B-C 
can be tested by the equality of full deflections of the milli- 
ammeter for both sides of the rocking key K,—the fine adjust- 
ment being effected with the aid of the high resistance shunt 
rheostatS. As either d—B or B-C is always shunted, the current 
through the main circuit will remain constant, no matter in 
which direction it is flowing, and on transferring the shunt 
circuit M from AB to BC by the rocker K, the current flowing 
through # the wire under test will be greater than before by 
the reading of the milliammeter. 

The keys K, and K, were side by side and could be switched 
over simultaneously, in which case in general the detecting coil 
S of Fig. 1 would indicate a change of temperature unless the 
changes of Joulean and Thomson heat were perfectly balanced. 
The milliamperes required for a balance give C,—C, of the 
formula for o. 


(b) The Detection of Change of Temperature in the 
Middle of the Wire. 


The terminals of the copper resistance detector S of Fig. 1 
were joined by thick copper leads to a Post Office box with 10 
and 1,000 ratio arms arranged for maximum sensibility as in 
Fig.4. The battery was a 2-volt accumulator, and was allowed 


to give a continuous current throughout the experiment so 
that the slight heating effect in the thermometer coil S should 
be constant. By balancing first to the nearest ohm and then 
shunting the 10 ratio arm with a high resistance it could easily 
be arranged that on depressing the galvanometer key no 
deflection resulted. On reversing the main’ current through 
the wire under test and switching over K, of Fig. 3 simultan- 
eously, and again, after a minute, depressing the galvanometer 
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key, there was in general a deflection unless the Thomson heat 
was exactly balanced by the small current registered by the 
milliammeter. The galvanometer was a low resistance quartz 
fibre instrument of the Broca type, 1 micro-ampere, producing 
some 13 cm. deflection on the distant scale. 


(c) The Measurement of U the Temperature Difference Between 
the Ends of the Wire. 


The temperature difference U will be somewhat smaller than 
the difference of temperature between the steam in H and the 
water in C of Fig. 1. It was measured by an iron-constantan 
thermocouple insulated with special varnish, the junctions 
being well inserted in the holes a and 6 of Fig. 1, which contain 
a little mercury. The thermocouple gave 54-38 microvolts 
per degree between 0°C. and 100-15°C. and 54-92 microvolts 
per degree between 21-:64°C. and 100-15°C. The constantan 
wires were joined together and the iron wires to copper leads, 
these latter junctions lying side by side in tubes containing 
paraffin oil and immersed in a large water bath. The copper 
leads were joined to the Cambridge thermo-electric potentio- 
meter and the microvolts read off directly. U only differed 
by 0-2°C. to 0-3°C. from the temperature interval between the 
steam and the water. 


(d) The Measurement of the Resistance of the Wire 
Between its Ends. 


Owing to the small temperature coefficient of the alloys used 
in this research it was sufficiently accurate to find the resistance 
of a long length of the wire giving an exact balance on an 
accurate Post Office box, and to measure the length of the 
experimental wire between its ends, as in Gray’s experiments, 
to about 0-1 mm. 

It was found, however, that the resistance of the actual wire 
could easily be measured in situ by treating it as a low resist- 
ance and using the mercury holes a and b of Fig. 1 for the in- 
sertion of potential leads. <A current of the nominal value 
1-018 amperes—which gave a P.D. across a standard ohm. 
sufficient to balance a Weston.cell—could easily be sent through 
the wire in either direction, while the millivolts across a and b 
were measured directly on the thermo-electric potentiometer. 
The good agreement between the two methods is important in 
showing good contact, definite ends, and smallness of end 
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correction. The balance on the potentiometer was also almost 
identically the same whether the current was let directly into 
the wire or in at a terminal on the steam heater except in one 
case, where the solder was found not to have taken to the 
copper. It will probably be possible to measure in this way 
the actual resistance of a wire of normal temperature coefficient 
under actual temperature gradient provided the mean of the 
millivolts be taken resulting from the interchange of the 
potential leads and the reversal of the main current. 

By using the same standard ohm in the manners indicated, 
both as a basis for calibrating the milli-ammeter or measuring 
C,—C,, and also as a means of obtaining a known current for 
the measurement of R the resistance of the wire, it is note- 
worthy that its actual value disappears from the calculation 
for o and that the accuracy of the potentiometer becomes the 
important factor. 


(e) The Sensibility of the Balance, the Rapidity of Working, and 
the Attainment of the Balance. 

When the apparatus of Fig. 1 was fitted with a constantan 
wire of length 4cm., supplied with steam and ice so that 
U=100°C. approximately, and was traversed by a current of 
3-5 amperes, a full scale deflection of 50 cm. was obtained in 
just over a minute if the current was merely reversed but not 
altered in magnitude. Using steam and water at 22°C. and 
reversing a current of 3 amperes, 30 cm. deflection was ob- 
tained in 1 minute and 37 cm. in 2 minutes. With German- 
silver of the same length, 100°C, interval, and 3-5 amperes 
18 cm. deflection was observed in a minute. In manganin 
the Thomson effect is feeble, viz., 0-68 micro-calorie per 
coulomb, but for U=81°C. a reversal of the same current 
yielded 5 cm. deviation in the first minute. 

This sensibility is very satisfactory, and in further work the 
author hopes to increase it. Moreover, as the steady state is 
attained so rapidly it is unnecessary to duplicate by use of a 
second parallel wire—indeed, such duplication would add 
difficulties—tor, in the short time needed for testing a balance, 
change of temperature of the detecting coil due to other causes 
is normally inappreciable. The time of attainment of a new 
steady state probably shortens on nearing a balance, for in the 
limit, when the balance is perfect, the middle is a point of 
stationary temperature and the length of wire is in this respect 
virtually halved. 
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Practically the sensibility is not purely a function of the 
current and temperature difference even for the same wire ; 
for such variable features as the stability of zero of the gal- 
vanometer or the steadiness of the sources or “ progressive 
changes ” all influence the precision of balance. For example, 
though U was greater when ice was used instead of ordinary 
water, the slow progressive rise of temperature of the tank in 
the former case rendered a balance more difficult and often 
less precise. 

The balance is best approached from both sides by trying 
first the effect of too big and then of too small a shunt current. 
After balancing the galvanometer and switching over K, and 
K, simultaneously the galvanometer key may again be de- 
pressed in about 30 seconds and a movement of the needle 
looked for. When approaching closely the exact balancing 
current several reversals should be made so as to make sure 
that any slight movement of the galvanometer line of light is 
reversible and not due to a slight progressive change of tem- 
perature. Such progressive changes have always caused 
trouble to experimenters on the Thomson effect. They are 
due, among other things, to variations in temperature of the 
hot and cold sources, to insufficient protection of the wire from 
convection currents, to variation of the main current and the 
room temperature and to local thermo-electric effects ; they 
may be reduced greatly by special attention to these points 
and by duplicating the apparatus, but nothing tends more 
towards their elimination than securing rapidity of attainment 
of the steady state. 

The balance was unaffected if the current instead of entering 
the steam chamber by the wire under test entered by a ter- 
minal on the steam heater. 


5. RESULTS OF EXPERIMENTS. 


The results of all experiments are tabulated in Table I. 

The resistances of the wires used are shown in Table II. The 
values in the last column obtained by the potentiometer method 
were those used in the calculation of +, The resistance values 
correspond to 20°C. approximately. 

In this preliminary work with alloys, the small temperature 
coefficients were neglected in the calculation of « the Thomson 
effect. The best experiments show o for the constantan used 
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TaBLeE I.—Values of oc. 


| Material and Main Balancing Temp. o X10%in | 
number of U current current in | at which calories per 
experiment. amperes. (milliamperes. o is found.| coulomb. | 

( 1| 78-5 2-0 Foie! 60 —4-7, 

| 2| 77-2 ite Codteeil 61 —4-8, 

| 3] 76-5 | 35 | 86-5+0-5 61 —4:-7, 

4| 78-1 2-75 | 87+] 61 —4:7, 
5| 78:3 3:5 87-7+0-2 | 61 —4-7 | 
pacer een pret oe ce 87-540-5 61 Sid ge 

et 72780 48-6 87-5+0:5 61 4-7, 

8} 994 > 3.0 11+] 50 atk Fhe 

| 9} 99-5 3-5 W151, Ween = 4:7, 

10 99:6 3.0 eM Ree ieee go ET 4-75 

11) 99-7 | 3:5 110-5+1 50 —4-6, 

| | 

1; 80-0 3°5 80-0+0-5 | 60 —4-7 
escort 21793 | 3-0 s00F1 | 60 ara 
> ae 3) 99-6 | 3:0 100+1 / 50 —4:7, | 

Constantan Cf 1) 79-5 3-5 73-4+0-5 | 60 —4-6, 
L=40; 2| 79:8 3-0 73-4+0-5 60 —4-6, 

Constantan D f 1) 83-7 3°5 64:1+0-5 | 58 | —4-7, 
—p-9> 2 See Note below | | 
a 1) 77:8 3-0 B7-5+1-5:4)° 561 eee 
eal gs 2) 78:6 3-5 s9-0+1 | 60 —2:3, | 
He aye ae tees 3-0 110:5+1 |< 60 2:3; | 

chee 4| 99-3 3°5 109+ 1 | 50 —2-2, 

Manganin M 1} 80-7 3°5 15-4+0-5 60 +0-6, 

L=40, 2| 81-7 30 15-4+0°5 60 | +0-6, 


Experiment (, was only a retest of balance performed an hour later under 
3 amperes. The result of experiment D yielding a higher value was sur- 
prising when a lower value was expected ; nevertheless, the balance was very 
definite. Perhaps the rise of the “a” term had more effect than the emis- 
sivity loss. On removing nearly all the cotton wool a much lower balancing 
current—about 60 milliamperes—was required but convection currents then 
prever:t precise measurement. 


Tasie II.—Resistances at 20°C. of Wires Employed. 


Resistance calculated | Resistance found on 


Material. Length from value thermoelectric 
in cm.) per unit length potentiometer. 
ohms | ohms. 


Constantan A...... 4-0, 0-0173, 0-0176, 
Constantan B...... 4-4. 0-0192, 0-0196, 
Constantan © 4-9 4 0-0211, 0-0212, 
Constantan D...... 5:9, 0-0257, 0-0261, 
Manganin M ...... 4-0, 0-0147, 0-0148, 

4-0, 0-00864. 0-00866 


German Silver G 
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to be about —4-7,x 10-6 calories (J,,=4-18) per coulomb per 
1°C. at 60°C. The corresponding values for German silver and 
manganin are —2-3, and + 0-6, micro-calories respectively. 


6. CONCLUSION. 


The method appears promising on account of its simplicity, 
rapidity and sensitiveness, the detector, unlike a thermo- 
junction, producing no distortion or alteration of electrical 
resistance at the critical place. The limit of accuracy attain- 
able will probably be found to be associated with thermal and 
electrical “‘end-correction.”” That the Peltier effect has 
negligible influences is confirmed by Konig (“ Phys. Zeits.” 17, 
June 1, 1916) in a very recent Paper, and additional practical 
tests of this point are in view by the author. A new apparatus 
suitable for temperature coefficient work is in the process of 
design, and the author hopes to carry out the intention ex- 
pressed in section I. as soon as conditions improve ; bismuth 
wire of the desired gauge is not obtainable at present. 

The author must express his thanks to Miss E. M. Humby for 
valuable mechanical help when difficult to obtain, and es;ecially 
for services rendered in the successful fixing of the wires through 
the constant temperature sources. He is also indebted to Dr. 
A. Griffiths for placing at his disposal for so long a time so much 
of the best electrical apparatus in the physics department. 
The expenses of this research were completely defrayed by a 
grant from the Dixon Fund, University of London, for which 
the author is very grateful to the Senate. 


SUMMARY. 


This Paper describes how absolute measurements of the 
Thomson effect may be made in wires. The theory is fully 
worked out and the sources of error likely to arise—owing 
especially to the smallness of the area of cross-section—are 
considered. The method is sensitive, consistent, and very 
rapid and the ultimate object is to determine the Thomson 
cfiect at different temperatures in a number of metals, both 
rare and base, at the same time and with the same specimens 
finding their thermo-electric powers. The preliminary ex- 
periments of this Paper, testing the method, are with con- 
stantan wires of different lengths, with manganin, and with 
German silver. 
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DISCUSSION. 


Mr. F. E. Suir suggested that the method might have been modified 
by having two exactly similar systems arranged in opposite arms of a 
Wheatstone bridge, so that the current passed from hot to cold in one 
wire and from cold to hot in the other. Any change in the relative 
temperatures of the two wires on reversing the current would be indicated 
by the bridge being thrown out of balance. This seemed preferable to 
measuring the temperature of a wire by the resistance of another wire 
wound round it. 

Mr. D. OwEN thought the method was very satisfactory. Had the 
author thought of using electrical heating for the hot end in order to get 
smaller temperature gradients, in view of the high sensibility of the 
arrangement ? He thought the figures of Oosterhuis stood in need of 
verification. If the author could adapt his method to deal with crystals, 
such as were employed in wireless detectors, the results would be of very 
great interest. 

Dr. R. 8S. WitLows said that it was difficult to see from the equations 
which Mr. Nettleton had put down on the board whence the energy was 
derived in cases such as those mentioned in the Paper which Mr. Darling 
was about toread. In some-of these cases dH/dT and d?H/dT? were both 
zero. It would be useful if the method could be rendered applicable 
to substances with large temperature coefficients. 

Prof. W. Eccu&s said he had hoped that the author would have explained 
just what the important points of the method were in a less abstract 
manner—with the aid, say, of diagrams of the temperature conditions 
along the wire before and after the current reversal. 

The AUTHOR, in awritten reply, thanks Mr. F. E. Smith for his suggestion, 
which, however, as regards sensibility, would depend on the value of the 
temperature coefficient of resistance, and might carry with it additional 
complications such as those which enter into King’s experiments. In 
reply to Mr. Owen, the use of electrical heaters would simplify temperatur 
coefficient work enormously, but unfortunately there are mechanical 
difficulties arising out of the facts that the solder fixing the wire must be 
applied from behind, and that, in order that the resistance of the wire 
may be measured as a low resistance in situ, the copper must be narrowed 
down, as shown at K in Fig. 2, leaving a very small bearing surface at 
N. The author still hopes that he may be able to overcome these diffi- 
culties, while ensuring at the same time that the difference of tempera- 
ture U, measured by the thermocouple, is substantially that between the 
extremities of the wire. He agrees with Mr. Owen that the results of 
Oosterhuis should be confirmed, as well as those of Aalderink, in view of 
the extraordinary conclusions to which they lead ; at the same time, he 
has a very high opinion of the methods adopted at Groningue, and his 
own results on mercury some time ago were not very different from those 
of Schoute In reply to Prof. Eccles, the author has himself felt the diffi- 
culty of explaining the essence of the method simply and satisfactorily. 
Graphs of the distribution of temperature afford little help. What is 
actually done is explained in a few words in section 2 of the Paper, 
though no simple proof of the formula is given. A “ proof ”’ of the 
formula o—R(C,—C,)/SU is obtained very simply by equating the 
electrical heat produced per second per centimetre—viz., C,?R/SL 
+0C,c0U/L, when C, is passing from hot to cold, to that produced when 
C, is passing in the opposite direction—viz., C,?R/SL—C,o0'U/L. This 
proof was omitted not so much because it assumes that o, & and the 
temperature gradient are constant everywhere, and ignores emissivity, 
as because it neglects thermal conductivity, or assumes that Joulean 
and Thomson heat are propagated similarly. In reply to Dr. Willows, 
the method is equally applicable to wires of large temperature 


THE THOMSON EFFECT. sl 


coefficient. HKquation (2B) may then be applied, or equation (2c) if the 
resistance of the wire be measured directly while under temperature 
gradient, as suggested in section 4p. The author has no satisfactory 
explanation of the energy problems arising out of the researches in 
Holland, or those arising from Mr. Darling’s experiments :' in the absence 
of measurements of ¢ and z there are few data to go upon. In the case 
of Mr. Darling’s experiments, it must be remembered that though with, 
say, the bismuth silver couple over the range 300°C.-500°C., both dH/dt 
and d?H/dT" are zero, no additional energy or thermo-electric force is 
manifest. If the law of successive temperatures is true with Mr. Dar- 
ling’s materials, a thermocouple composed of molten bismuth and silver 
with one junction at 300°C. and the other at 400°C. or 500°C., should 
show no E.M.F., corresponding to zero Peltier effects and equality of 
Thomson coefficients. 
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V.—On the Thermo-electric Properties of Fused Metals. By 
CHARLES RoBERT DarRine, A.R.CS., F.I.C., and ARTHUR 
W. GRACE. 
RECEIVED OCTOBER 30, 1916. 


1. Bosmuth. 


In measuring high temperatures by the thermo-electric 
method, it has hitherto been customary to regard the melting 
point of either member of the couple as the extreme tem- 
perature capable of being measured. As pyrometers of this 
type are now constructed, the fusion of either metal causes a 
break in the circuit, and hence for temperatures exceeding 
1,000°C. it has been found necessary to use junctions of plati- 
num and an alloy of platinum and rhodium. If, however, a 
pyremeter could be arranged so that the fusion of either 
mw (mber of the junction would not destroy the circuit, 1t might 
be pussible to use cheap metals over very high ranges of 
temperature, provided the boiling points were not too nearly 
approached. The boiling points of metals have been inves- 
tigated by Greenwood, who has shown that the values for 
common metals frequently exceed 2,000°C. ; tin, for example, 
boiling at 2,270 deg., copper 2,310 deg., and iron 2,450 deg. 
It would, therefore, appear feasible, in a specially designed 
pyrometer, to measure temperatures as h'gh as 1,500 deg., and 
probably higher, by using common metals in the molten con- 
dition, provided their thermo-electric properties were suitable. 
Further, in the case of bismuth, which boils at 1,420 deg., the 
high E.M.F. developed when this metal is joined to iron, 
copper, &c., suggests the possibility of delicate measurements 
over a range from 0 deg. to 800 deg. or 1,000 deg., again 
assuming that the thermo-electric properties after fusion are 
satisfactory. 

With these objects in view an investigation was commenced 
by the first-named author about three years ago, but owing to 
the abnormal conditions prevailing, progress has been very 
slow. Asa preliminary, it was necessary to determine whether 
any notable change in thermo-electric properties was caused by 
fusion, and the results arrived at in this connection were given 
at the meeting of the Society held on June 30th, 1916. It was 
then shown that in the cases of lead, tin, zinc and cadmium, 
using a variety of metals as second members of the junctions, 
that no perceptible break occurred in the continuity of the 
curves obtained by plotting E.M.F. against temperature, 
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either at fusion or at any subsequent stage up to 700°C. With 
bismuth, however, several cases were noted in which the 
E.M.F. remained nearly constant after fusion over a wide 
range of temperature, reproducing the phenomenon of thermo- 
electric “-halt ” observed by Barrett* with a junction of iron 
and an alloy of iron, nickel and manganese containing 1-2 per 
cent. of carbon. This property of molten bismuth has since 
been more carefully examined, and also the behaviour of 
molten bismuth in cases where this halt is not obtained ; and 
the present Paper is devoted to the special case of bismuth. 
Work is being carried on, as circumstances permit, with a view 
to accomplishing the main object of the research, and it is 
hoped to communicate the results at a later date. | 
Historical. 

The effect of fusion in the case of an iron-bismuth junction 
was first observed by von Obermayer in 18727. The bismuth 
was placed in a funnel provided with a long stem, and a 
junction formed at the upper and lower end, and the upper 
layer ot bismuth in the conical part was melted by heating this 
portion of the funnel. A complicated method for measuring 
the thermo-electric change was used, in which values were 
referred to a copper-german silver element. A falling-off in 
E.M.F. was noted after fusion. 

Further observations on similar lines were made by Minarelli 
in 1875, who found that with junctions of Bi-Fe and Bi-Pt 
the EK.M.F. diminished after fusion, whereas with Bi-Cu the 
effect of fusion was to slow down the rate of increase. Obser- 
vations were made up to 380°C. with Bi-Fe and Bi-Cu; and 
up to 500 deg. with Bi-Pt. The results obtained suffered from 
the absence of an accurate method of measuring the E.M.F. 
developed. 

No systematic examination of the thermo-electric properties 
of fused bismuth appears to have been made since this date, 
although one or two isolated results have been recorded bearing 
on the effect of fusion, but not upon the properties of the liquid 
metal at temperatures much higher than its melting point 
(269°C.). Thus K. Siebelg found that with a manganin-bis- 
muth junction the E.M.F. temperature curve changed in direc- 


* “ Phil. Mag.,” Vol. XLIX., p. 309, March, 1900. 

+ ‘‘ Sitzb. der k. Akad. der Wissench.,”’ Vol. LXVI., 1872. 
+ “ Sitzb. der k. Akrad. der Wissench.,”? Vol. LX XI., 1875. 
§ “‘ Annalen der Physik,” Vol. XLV., 6, pp. 839-860, 1914. 
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tion at the melting point, and became horizontal up to 300°C., 
beyond which it was not traced. He observed also a change 
at the melting point of an alloy of antimony and cadmium when 
joined with constantan. The results embodied in the present 
Paper include measurements of E.M.F. against temperature 
up to 560°C. with junctions of bismuth and a variety of metals, 
and are thus an extension of previous work. 


Expervmental. 


In order to maintain the circuit after fusion, a salamander 
crucible, A (Fig. 1), was inserted in a sheet of uralite so as to 
leave the upper rim projecting about 0-5cm. A groove was 
cut in the uralite, and a corresponding groove filed in the 
crucible, so that the molten metal could overflow into the 
channel in the uralite. This channel was filled with bismuth 
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to a distance of about 50 cm. from the crucible, where a cold 
junction, C, was formed with the metal under test, which was 
fused into the bismuth. The hot junction, H, was made by 
dipping the metal directly into the crucible, or, in cases where 
the metal was attacked by the bismuth, by surrounding the 
wire by a tight graphite sheath which was immersed in the 
crucible. Temperatures were measured by means of a care- 
fully calibrated iron-constantan junction, protected by a 
graphite tip, and immersed in the bismuth side-by-side with 
the hot junction. Some of the earlier results were checked 
with a pressure thermometer, which was broken and could not 
be replaced. The solidification of the bismuth served as a 
check to the pyrometer in each experiment, and in no case was 
a greater discrepancy than 2 deg. observed. The temperature 
of the cold junction was taken from a thermometer placed with 
its bulb touching the junction, and varied between 18 deg. and 
20 deg. on different days, not being noticeably affected by the 
flow of heat along the bismuth. The crucible was heated by 
a Méker burner, which proved capable of raising the tempera- 
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Owing to the long 


observations below 100 deg. were not 


CEN 
, as such did not bear on the object of the inves- 
The results obtained are shown in the following 


20 


the Cambridge Scientific Instrument 


this instrument being specially suited for thermo- 
awing the temperature-E.M.F. curves average 
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rk. A Weston cadmium cell was used as standard, 
ken to the nearest 


which generally showed a good agreement, frequently to within 
In dr 


and two sets of cooling readings were taken with each junction, 
0-1 mv. 


ture to nearly 600°C. E.M.F.s were measured directly on a 


potentiometer made by 


Company, 
time taken in cooling, 


usually made 


values were ta 
tigation. 
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Interpretation of Results. 

The results obtained show in all cases a marked change in 
thermo-electric properties at the melting point of bismuth, the 
nature of the change, however, depending on the second metal. 
Fig. 2 represents the temperature-E.M.F. curves of copper, 
silver and nickel, and it will be noticed that at the melting 
point of the bismuth an abrupt change occurs in each instance. 
“In the case of copper, a small but steady increase in E.M.F. is 


EMF (millivolts) 


500 600 
Temperature, 


Fia. 2 


observed after fusion; with silver the E.M.F. is practically 
stationary between 300 deg. and 500 deg. ; whereas a rapid fall in 
E.M.F. occurs with nickel. The other metals experimented with 
give curves resembling one or other of the typical examples 
shown. Brass shows a slight fall in E.M.F. between 280 deg. 
and 350 deg., after which a slow, steady rise is observed. Iron, 
aluminium and nichrom resemble silver in producing a station- 
ary or nearly stationary E.M.F. with the fused bismuth. 


— _ — 
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German silver and constantan give curves resembling that of 
nickel; whilst graphite and platinum show a more gradual but 
continuous fall in E.M.F. after the bismuth has melted. The 
sample of constantan wire was purchased as such, but did not 
give so large an E.M.F. either with solid bismuth or iron as is 
generally attributed to this alloy, and was probably different 
in composition to the ordinary material. 

No attempt was made to construct a thermo-electric diagram 
from the results—as it would be impossible to obtain correct 
values of dH /dt at all parts of the curves, many of which show 
small flexures—without making measurements of a much higher 
order of accuracy in the region of these flexures. This would 
involve temperature measurements of a greater degree of 
refinement than is possible with the methods employed ; and 
it is doubtful whether any conclusions of value could be de- 
duced from such a diagram even after specially accurate results 
had been obtained. When the temperature-E.M.F. curves 
are parabolic, and thermo-electric powers may be represented 
by a straight line, the diagram may be of service ; but as this 
does not apply to the greater part of our results no attempt in 
this direction has been made. We may point out here that 
the diagram originally given by Tait, and still reproduced in 
books is in error, as showing a neutral point in the case of iron 
and lead between 350 deg. and 400 deg., followed by a dimin- 
ishing E.M.F. Using the experimental methods described in 
the present Paper, we find the E.M.F. of a lead-iron junction 
rises continuously up to 650 deg., and that the neutral point 
supposed to exist about 40 deg. above the melting point of lead 
is purely imaginary, having been arrived at by unjustified 
extrapolation. The usual form of thermo-electric diagram, 
consisting of a number of straight lines crossing at various 
points, is of interest mathematically, but is quite unsafe as a 
guide to the thermo-electric properties of metals over long 
temperature ranges, and particularly so when extrapolated 
beyond the fusion points. 

The nearly constant E.M.F. observed with silver, Pramiiiimn. 
iron and nichrome over a range of nearly 200 deg. beyond the 
melting point of bismuth suggests the possibility of a steady 
thermal source of E.M.F., the value of which would be approxi- 
mately 17, 15, 16-5 and 16 mv., taking the metals in the order 
given above. An E.M.F. of this order of magnitude is used in 
thermo-electric pyrometers in opposition to the hot junction, 
so as to enable the whole scale to be used for a given range of 
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temperature—say, 500 deg. to 1,000 deg.—the opposing E.M.F. 
preventing the movement of the indicator until overcome by 
that of the hot junction. At present a cell, broken down by 
resistances is employed to furnish this counter E.M.F., re- 
peated adjustment by reference to a standard cell being neces- 
sary as the working cell runs down. A thermal cell, if durable, 
and sufficiently accurate, would be cheaper and simpler in use 
than the method now employed, and experiments have been 
carried out with a view to testing the practicability of a thermal 
cell for this and similar purposes. It is quite simple to adjust 
a gas flame so that the temperature of the molten bismuth does 
not exceed an assigned limit, such as 400 deg., and practical 
permanence of the temperature of the cold junction can. be 
secured by surrounding it with water. In order to discover 
whether repeated heating caused any change in the E.M.F., an 
Al-Bi junction was heated for a total of 70 hours without any 
alteration being detected; and in no case has prolonged 
heating been observed to alter the E.M.F. A difficulty, not 
yet overcome, is the oxidation of the bismuth, which takes 
place to such an extent as ultimately to break the circuit. 
Work is still in progress with a view to finding which of the four 
metals named is the best for practical service, and to secure 
permanence by preventing oxidation. One drawback to the 
use of aluminium is that if heated above 370 deg. the H.M.F. 
rises In value from 14-7 to 15-0 mv. at 460 deg, further heating 
causing the value to fall to 14-75 at 530 deg. ; and hence 370 deg, 
is the highest permissible temperature. This leaves a range of 
only 100 deg. over which the E.M.F. is constant to within 
0-05 mv., and would necessitate careful regulation of the flame. 
With silver, the corresponding range is between 320 deg. and 
440 deg.; with iron, 300 deg.-400 deg.; and with nichrom 
270 deg.-420 deg. The last-named appears to be the most 
promising, but no final conclusion can be arrived at until 
prolonged tests have been made. For any temporary pur- 
pose, however, an arrangement such as that described in Fig. 1 
may be used as a steady source of low E.M.F., using nichrom 
wire and a flame just sufficiently high to keep the bismuth 
melted. This will be found useful in measuring low E.M.F., 
evaluating galvanometer deflections and similar operations. 
It is evident, from the results, that molten bismuth cannot 
be utilised for the measurement of temperatures. Its thermo- 
electric properties, after fusion, are different from those of tin, 
lead, zinc and cadmium, all of which show no marked discon- 
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tinuity as the result of fusion. Preliminary experiments with 
antimony suggest a similarity to bismuth in this respect, but 
owing to the higher melting point of the former (632°C.) the 
apparatus used with bismuth is unsuitable. An electric heating 
arrangement is under construction with which it is hoped to 
attain temperatures of 1,000 deg., in order that the properties 
of various fused metals may be examined over a wider range. 

The present investigation has been carried out in the Heat 
Laboratory of the City and Guilds Technical College, Finsbury 


H.C. | 
ABSTRACT. 

One of the authors has for some time been investigating the 
possibility of using base metal thermocouples at temperatures above 
the melting point of one of the constituents. For this purpose it 
was necessary to determine whether any peculiarities in the thermo- 
electric behaviour of metals occur at fusion. In the case of lead, 
tin, zinc and cadmium there is no perceptible break in the con- 
tinuity of the curves obtained. In couples containing bismuth, 
however, several cases were noted in which the E.M.F. remained 
constant for a wide range of temperature after the fusion of the 
bismuth. This occurs with silver, aluminium, iron or nichrom as 
the other element. Useful applications of this property are dis- 
cussed. No attempt was made to construct a thermo-electric dia- 
gram from the results, as it would be impossible to obtain correct 
values of dH /dt at all parts of the curves, many of which show small 
flexures, without making more accurate measurements in the region 
of such flexures than was practicable. 


DISCUSSION. 


Mr. A. CAMPBELL, in a communication which was read by the Secretary, 
remarked that he had made similar experiments (Proc. Roy. Soc., 
Edin., 1888) on Wood’s metal, an alloy of bismuth melting at 73°C. 
The results of measurements against iron from 8°C. to 150°C., when 
reduced to a thermo-electric diagram, gave one straight line up to the 
melting point, and another straight line, of a different slope, above the 
melting point. He disagreed entirely with the authors’ remark son the 
usual thermo-electric diagram. A diagram of the thermo-electric 
powers was most valuable, even though the lines may not be straight at 
the extreme temperatures. If anything is to be deduced from observed 
results, the first step is to plot the thermo-electric powers against tem- 
perature. Why the authors give results of tests against a whole series of 
metals is not clear. A set of tests against one metal would have been 
sufficient to fix the bismuth curve on the thermo-electric diagram, and 
all the other results could then have been deduced from the curves of the 
other metals already determined by more exact methods. 

The PRESIDENT expressed himself puzzled by the results shown in 
Fig. 2. Uptothe melting point of bismuth the different metals gave 
with it increasing E.M.F.s. At the melting point, however, discon- 
tinuities occurred, and it appeared that if one eliminated bismuth by 
subtracting the ordinates of one curve from another, discontinuities 
would also occu, at the melting point of bismuth, in the properties of the 
couples obtained by combining the other metals inter alia. This, of 
course, was not true. 
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Prof. Howe pointed out that there was not a marked discontinuity in 
the difference of the nickel and copper curves when this was plotted. 
The President’s remarks held, however, in the case of silver with either 
of the others. 

Mr. 8S. W. SmitH pointed out that bismuth was abnormal in that it 
contracts on melting. 

Dr. R. 8S. WitLows mentioned that the metals lead, tin, zine and cad- 
mium, which had been shown to have no thermo-electric discontinuities 
at their melting points, happened to be those which, as Mathiessen had 
found, formed alloys with one another of which the specific resistance 
could be deduced from the percentage composition. He suggested that 
the discrepancy mentioned in the case of iron might possibly be due to 
the occurrence of some allotropic modification, in which case there was 
really a change in the substance, and it was unfair to extrapolate the 
thermo-electric diagram beyond the change point. 

Mr. DaR.inG, in reply, said he had no doubt that Mr. Campbell’s re- 
marks would hold if one could get out the proper thermo-electric dia- 
gram. Owing to the numerous little kinks which occur, very sensitive 
temperature measurements are required. If really accurate diagrams 
could be obtained it might then be possible to deduce the properties of 
any bismuth couple from those of one, as Mr. Campbell suggested. They 
had tried this in a few cases, however, but did not get good agreement. 
He did not know whether the peculiarity of bismuth which had been 
mentioned was related to the phenomena which they had described. 
Bismuth was a freak metal in many respects. He was unable at the 
moment to solve the difficulty raised by the President. Their aim had 
been, primarily, a practical one, and they had not gone as fully into 
points of that nature as might have been desired. 
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VI. On the Regularity in the Distribution of the Satellites 
of Spectrum Lines. By Progr. H. Nacaoxa, Imperial 
University, Tokyo. 

RECEIVED SEPTEMBER 4, 1916. 


$1. The nature of the satellites of spectrum lines is not yet 
thoroughly known, nor are the. positions with respect to the 
principal well determined, except for a few lines of a small 
number of elements. I have no doubt that there exists 
regularity in the distribution of the satellites, in their order 
of intensity, and in their behaviour when acted upon by strong 
electric and magnetic forces. The usual view as regards the 
satellites is to consider them as belonging to the principal line, 
which is the strongest among an assemblage of lines of various 
strengths clustered together within a narrow compass about 
the principal. It is still an open question whether such 
grouping of lines is swayed by the principal, or they have 
independent existence apart from the principal. There is as 
yet no observation of the effect of an electric field on the 
satellites, and on account of the difficulty of measurement and 
of the complexity of the separation the Zeeman effect is known 
only for a limited number of satellites. Experiments on the 
effect of the magnetic field on the satellites of mercury lines 
show that some of them are controlled by the principal or 
strong satellites in the neighbourhood, but there exist satellites 
which seem to lead an independent existence, the mode of 
magnetic separation being little affected by the principal. It 
may, therefore, be improper to call them satellites, while some 
of them are strongly influenced and bear the character of the 
name assigned to them. 

§ 2. In a iormer communication to the Society,* we have 
noticed that the satellites of mercury lines are apparently 
distributed with some regularity and that there is gradation 
in intensity, Although no definite result could then be ob- 
tained, it was probable that the minute structure of the prin- 
cipal lines was not yet known, as most ot the discrepancies 
among different observations were to be traced to the inaccur- 
acy in the determination of the exact position of the principal 
les. As suggested by Stansfield, the position of the satellites 
referred to one of the distinct components gave tolerably good 
concordance in the results of different observers with various 


* Nagaoka and Takamine, ‘‘ Proc.”’ Phy. Soc., 25, p. 1, 1912. 
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instruments, and it seemed quite likely that further study of 
the principal line would reveal the regularity in the distribution 
of the satellites, if such really exists. 

§ 3. For this purpose, it is necessary to use instruments with 
high resolving power, in order that a strong line with rather 
vague boundaries may be separated into its components.. A 
concave grating is generally inefficient, the echelon grating 
and Lummer-Gehrceke plate have definite resolving power for 
a given wave-length, so that we can not bring different powers 
to bear upon the lines to be analysed. The inconvenience is 
especially felt when the interval between successive spectra 1s 
so narrow that the lines are superposed and cause great con- 
fusion in discriminating them. The disadvantage arising from 
the definiteness of the resolving power can in no wise be 
remedied, so that it is generally expedient to resort to those 
interferometers in which the thickness of the air space con- 
tributing to interference can be easily changed, so as to suit 
the purpose of the experiment. The interferometers of 
Michelson and of Fabry-Perot belong to this type of instru- 
ments, as the air interspace is adjustable within wide limits. 
A simple device for changing the resolving power is a prime 
factor that makes the instrument indispensable m researches 
relating to the minute structure of a spectrum line, especially 
when it consists of a cluster of lines within narrow limits. The 
easiest way of arriving at a desired resolving power would be to 
increase the air interspace between the plates ina Fabry-Perot 
interferometer, the thickness being, of course, within the limit 
of interference for the line to heexamined. The exact value of 
the resolving power cannot, however, be given, as it depends on 
the number of reflections from the semi-transparent silver 
films. Qne serious objection to a thick imterspace is the 
crowding of the lines, as different interference fringes are 
intermixed with each other, and hence arises the trouble of 
discriminating the different lines, especially when there are 
numerous satellites. In fact, the appearance of interference 
rings is extremely vague, when the interspace is several centi- 
metres thick, that it is almost impossible to tell even the 
position of the strong satellites. This difficulty can, however, 
be to a great extent overcome by the use of interference points, 
obtained by crossing it with another instrument, which may 
have either fixed or adjustable resolving power. The ad- 
vantage* gained by crossing is especially great, when there is 


* Nagaoka and Takamine, ‘‘ Phil. Mag.,’’ 27, p. 126, 1914, 
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ambiguity in the position of the satellites as observed with a 
single instrument ; for it can eastly be settled by examining the 
crossed spectra. With an adjustable interferometer, we can 
change the air interspace, such that the satellites to be analysed 
are brought distinct!y under observation, without being inter- 
mixed with other components. I have tried the combinations 
oi F.P. interferometer with echelon grating, L.G. plate, wedge 
plate, and another F.P. interierometer of the fixed type; the 
last method oi crossing was found to have a disadvantage of 
losing too much light in passing through four semi-transparent 
silver films, so that most of the measurements were made with 
the two other combinations. In addition to this, I have found 
that the combination of echelon grating or L.G. plate with a 
wedge plate forms an excellent pair for work with fixed re- 
solving power. 

§ 4. Preliminary study of the minute structure of mercury 
limes was made in conjunction with Mr. Takamine,* and 
published in connection with the Zeeman effect of the mercury 
line 14,359; but subsequent experiments showed that there 
were many points still to be improved in the method of inves- 
tigation, especially in increasing the order of interference, for 
making the fine structure of the principal line easily visible 
on the photograms. 

§ 5. It was first shown by Janicki} that the principal line of 
the green line of mercury is multiple, by combining wedge and 
L.G. plates, which had a resolving power of 680,000 for the said 
lime. Although Janicki denies the multiple character of other 
lines of mercury, it seemed quite likely that fine structure of the 
principal lines could not be placed under a strict experimental 
test, inasmuch as the resolving power of his instrument was 
fixed. With sliding F.P. interferometer, the resolving power 
can be raised to several times the above value, and the structure 
_ more accurately analysed. 

§ 6. In the present experiment, the air interspace was much 
greater than in the former and generally ranged between 6 cm. 
and 12cm.; with the thickness of 7 cm. or 8cm., the com- 
posite character of the principal of the green line was distinctly 
visible, but owing to the overlapping of different spectra, it 
was necessary to cross 1t witha L.G. plate whose dj.q,,=0-1066 
A.U.; the resolving power thus utilised may be estimated at 
2-3 10° for 8 cm. air space, assuming the number of reflections 

sg Nagaoka and Takamine, ‘‘ Phil. Mag.,” 29, p. 241, 1915, 


‘i Janicki, ‘ ‘Ann. d. Phys., 9 33, p. 438, P1912, 
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on the front face to be 8. The spectra were drawn out more 
than with the echelon grating ; but, owing to the crowding oi 
interference points resulting from numerous satellites, it was 
somewhat difficult to discriminate them; from our previous 
knowledge of the position of the satellites, we can, however, 
avoid their coincidence with the principal line, by calculating 
the value of the air interspace suitable for the experiment. 
In addition to this, the intensity of the principal line was lar 
greater than that oi the satellites, so that there was no trouble 
in following the curves of interference arising from the com- 
ponents of the principal line. 

§7. The mercury lamp was of the Arons-Lummer type, 
water-cooled, and run with a current of 2-5 to 3 amperes at 100 
volts ; in the circuit was included a big olectrerene having 
sufficient inductance to maintain the current steadily. Great 
care was taken to keep the temperature of the air interspace 
constant ; the resistance and other parts, which are lable to 
be heated, were kept outside the room. The interierometer 
was enclosed in a wooden box, leaving only a passage for light 
and photographic apparatus. Wratten-Wainright panchrom- 
atic plates were generally used for the green and yellow lines, 
and process plates for the violet lines. he interference points 
were measured by means of a micrometer made by Repsold, 
or with a dividing engine constructed by Société Genevoise, 
having attached microscopes and an arrangement for elim- 
inating screw error. 

§ 8. It will be necessary to give a short explanation of the 
locus of interference points obtained by the combination of 
interierometers above mentioned. For the F.P. instrument, 
the order of interference P for light of wave-length 7 subtend- 
ing a ring of smal! angle 26 is 


6) Qe }2 
iad COs ee ), 
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e denoting the thickness of the air interspace. Referred to 
rectangular co-ordinates z and y through the centre of the ring 
in the focal plane of the observing telescope, and supposing 
that the wave-length 4 1s different by a small amount 64 from 
Ay» we get 

2 +-y 


oe rd (4, +52) = (-5)-- re 
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where Es stands for 2e Wh 
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Since P is nearly equal to P, and very large, 
x oe pal ORNs 
Bee he PA Ag 
where 6P=P,— P. 
The order / for L.G. plate is given by 
2t4/ (“2 —sin?7) 
} J 
where ¢ is the thickness, « the index of refraction for light of 
wave-length A, and 2 the angle of exit. As observations are 
generally made near grazing exit, we can put 
i= 90 a 


h==— 


where ais small. Thus, 
ht? {4(uw?—1)+2a"}, 
Putting A=2,+0/, where /, is the wave-length of the reference 
line, Tet OA is the Riuercucell in wave e-length oi the satellites 
from it, we get 
2h?) OA= {40?(u? — 1) —A?/?} 4-20 a?, 
the quantity within the parenthesis being constant. 

§ 9. On combining the plate with }*.P. interterometer, the 
centre of the ring does not always coincide with the avecuen 
of grazing incidence ; we have, therefore, to put a=-a+2; 
consequently 2h? p0A=2h, 7), 0A+20(a+2)? nearly. 


Equating 64 in these two equations to F.P. and fC. inter- 
; 1 
ferometers, and using the relation pera eG: we get the 
(TS : 
equation 

(a+-ax)? 6P oh 

. 2(u2—T) eat 
which is evidently an equation to an ellipse. Thus the inter- 
ference points to be obtained by the said combination le on 
ellipses with the centre on the z-axis. If we now adjust the 
position of the plate, such that the ray at grazing exit passes 
through the centre of the rings, a=0, and the equation reduces 

oP 6h 
to ee aly smote *) 

rayne a ae 


0 
The major axis of the ellipse is dently on the y-axis, and 
the excentricity==1/\/(2u?—1). Inthe present experiment for 
25,461, the eccentricity amounts to | /i-994 and the ratio of the 
axes |- L D6, being nearly= V4/3. For the same value of 6P, the 


DTA | 
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axes of the ellipse become smaller as the air interspace is in- 
creased, so that the ellipses for successive orders of P become 
denser, till they are obliterated by coming into contact, as the 
limit of interference is reached. With the green and the violet 
line of mercury, the interference is still visible for e==12 em., 
corresponding to the values of P==440,000 and 550,600 respec- 
tively. From the measurements of the breadth of interfer- 
ence points, I found the order at the limit of interference to be 
750,000 and 810,000 respectively, nearly coinciding with the 
values found by Fabry and Perot by another method. 
$ 10. For a given wave-length, the value of / in the L.G. plate 
is fixed, as the angular interval of the successive spectra cannot 
bechanged. With F.P. interferometer, this is nevertheless the 
case. With increased air space, the interval for the same value 
of P decreases, as the angular difference for successive spectra 


seine A 
Is given by the relation A§= ~ 20> Pp Consequently 
OP oh 
the value of Da becomes smaller as the interspace is 
0 


widened. As the axes of the ellipse on which the interference 
points for the same orders ot P and h lie are determined by the 
above term, the curve for the same difference of P and h occu- 
pies a smaller space as the resolving power of the interferometer 
is increased. The experiments in this direction indicate that 
the disadvantage thus caused is of little consequence, pro- 
vided the temperature of the interspace does not vary during 
observation or photographing. 

§ 11. Another important question in connection with the 
present combination is the variation of x and ,, co-ordinates, 
as we pass from one interference spectrum to that succeeding 
it. For simplicity’s sake, I shall make the supposition that 
the ray at grazing incidence passes through the centre of the 
rings, 7.€.,a=0. Keeping / constant, 


2) 
h?—h?=— x? 


for L.G. plate and PP (a? +y?) 
for F.P. interferometer. For finite differences of h and P, we 
get approximately 

PhAAh=2PxrAx 
and AAP=—2e(xAx+yAy). 
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In these combinations, let us pass from P to P--AP by 
keeping h constant, then 
Az=0 
A 
and ‘ Ay=—5,,AP=—p AP, 
giving the change in y. Next vary h and keep P constant ; 
thea x and y are to be found from the above two equations by 
putting AP=0; evidently 
MUG eo ee. 


wi sa 
- SP a h 

Mh 2(u?—1) Ah 
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approximately. 

These simple relations will help us to understand how the 
curves of interference points are crowded, as we pass outwards 
from the centre of the rings, showing that the variations of the 
co-ordinates for successive spectra are inversely proportional 
to them. 

§ 12. From the above discussion, 7 will be seen that for cal- 
culating the difference in wave-length of interference points 
referred to the L..G. plate, there is great inconvenience in the 
gradual decrease in the intervals between the successive spectra 
as the order A increases from that at grazing exit. Interpola- 
tion by simple proportional parts is inadmissible, so that we 
have to take the second differential into account. This is a 
rather tedious process, so that for interpolation, the graphical! 
method is perhaps the easiest and the least lable to error. 
This process was foilowed in evaluating the readings of the 
micrometer. : 

§ 13. Figs. 1 (4, B, c) show the photograms of the line 
45,461 obtained bv the above-mentioned combination for three 
values of e. The principal line is evidently a triplet with a 
strong satellite on the positive and negative sides. These 
points are connected by deep shades, as the resolving power ot 
the plate is not sufficiently high ; it is on account of the high 
resolution of the F.P. interferometer that these points appear 
distinctly. Several photographs for different values of the 
alr space were taken, all leading to the same conclusion ; their 
distances are as folows :— 

—19-9 —84. 0 +8:-2 4184 . m.A.U.; 
the remaining points are due to satellites, of which the outer- 
most one — 257 is conspicuous, and may be used as a reference 
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line for comparing the results of difierent observers, as sug- 
gested by Stansfield. For finding the position of other satel- 
lites the air space of about 1 cm. is preferable to that above 
mentioned. The following table will show how the results can 
be reconciled with each other, if the lines be referred to the said 
satellite, and not to the principal line whose position is very 
vague in ordinary experiment, owing to its multiple character. 
The last column gives the difference in wave-number per centi- 
metre referred to the principal line :— 


Von Baeyer. | Nagaoka & Takamine. Janicki. Nagaoka, 
| oe ee. pee.) Te SEAL: pb LeA aetna 
| L.G6.4+L.G Kchel. +-L.G. L.G. + Wedge) F.P.+ L.G. dv. 
0 0 | 0 0 0 +0-793 
136 133 134. 134 135 +0-341 
169 166 168 168 167 +0-234 
188 191 188 188 190 +0-157 
213 220 216 214 216-9 +0-066 
a Ss a 227 228-4 +0-027 
| 237 ? 242 ? 246 ? 236 236-8 0 
| ne on + 245 | 245-0 —0-029 
/ ive ae a: 254 | 255-2 —0-062 
319 318 320 320 322 —0-285 
362 | 364 365 364. | 365 —0-431 
448 | 450 452 450 | 45] —0-717 


The above results were all obtained by crossing the two 
instruments mentioned under the names of the obser ; the 
comparison shows that the position of the satellites and their 
number are now well settled for the green line.* The mutual 
agreement of these numbers affords the proof of the accuracy 
of the method of crossed spectra. By crossing the echelon 
grating with L.G. interferometer and utilising the method of 
coincidencest between the interference points of these sate'lites, 
we have measured the distance between the satellites 0 and 365 
accurate to four figures and found it to be 365-0. Relying 
on the echelon spectrum only, which in the present case was 
better defined than in the former experiments, | have, alter 
' repeated micrometric measurements, found it to be 365-0, which 
exactly coincides with the number obtained by a more accurate 
but complicated process. It further lends weight to the re- 
liability of echelon spectroscope in analysing the structure of 
spectrum lines, although the apparatus is more complex and 
susceptible to changes in the instrumental constants than 


* See Note added to the present Paper (p. 114). 
+ Nagaoka and Takamine, *‘ Phil. Mag., 27, p, 123, 1914. 
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a L.G. plate, as is evident from the frequent appearance of 
ghosts in the spectra produced by it. 

$14. In our former communication, no attempt was made to 
arrange the satellites according to the difference in wave- 
number. If they are arranged according to the numbers ol the 
Jast column in the Table (p. 98), we find that there is a remark- 
able symmetry in the distribution of the satellites in different 
lines. In Fig. 2, the first row represents the general aspect of 
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the green line, with the intensity taken proportional to the 
length of the le. Arranging them in groups as indicated in 
the following four rows, we find a remarkable symmetry in the 
distribution of the satellites. 

The principal line forms a triplet with —0-062 and —-0-066 
as components; the satellite —0-029 then forms another 
triplet with the components —0-263 and -+-0-256 referred to it, 
being nearly four times the distance between the components 
of the principal triplet; then --0-027 forms another triplet 
having the components —0-744 and -++0-768 referred to it, the 
interval being about three times that in the second triplet and 12 
times that in the first triplet. The remaining satellites —0°45], 
+0-157 and -++-0-341 have apparently no regularity. Further, 
the components of the triplet have symmetry in the intensity 
of lines in the first and second groups, but in the third this is 
no longer the case. The wave-number in the last row is in a 
singular ratio. The difference in the wave-number intervals 
counted from the principal of the first positive and negative 
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component 0-274, and the difference between the first and - 
the second positive components =0-184; these numbers are 
in the ratio 3:2. 

In addition to this, we find that the interval between the 
satellites 

—0-717 and +0-341—1-058 
—0Q-285 and +0-793=1-078. _ 

The mean of these two numbers =1-068. It will be afterwards 
shown that for several mercury lines, the difference in wave- 
numbers of satellites is constant and about equal to the above 
number, so that this is not characteristic of the green line only. 

§ 15. The complexity of the violet line 24,359 is well known, 
but the multiple structure of the principal line was not yet 
studied. The arrangement being the same as before, the 
crossed echelon spectrum obtained by short exposure showed 
at once that the principal line is,complex, but the components 
are so close together, that 10 m.A.U. were difficult to separate. 
Crossing the plate with the F.P. interferometer, the complex 
structure was made out as shown in Figs. 3 (a, B). The inter- 
ference points are arranged in a manner similar to those in the 
green line, the principal forming a triplet, of which the middle 
component is rather weak compared with the side components, 
each of them being associated with a strong satellite. Perhaps 
the middle of the triplet, though weak, can be taken as the 
principal line. he lines of the group are distant by the 
followimg amount :— . 

—17-9 —58 0 9:1 +16:2 m.A.U. 

For determining the position of other satellites, I have used 
crossed echelon spectra. The table given on next page gives 
the comparison referred to the strong outermost satellite which 
is easily oriented, The difference of wave-numbers in the last 
column are not calculated from what appeared to be the . 
principal line, but the initial point is laid at the middle of 
two strong lines 157-7 and 163-4, so that they form a strong 
doublet. 

§ 16. In our former experiments with an echelon grating and 
a L.G. plate, the exposure was limited to 20 or at most 30 
minutes, but in the present experiment with an echelon and 
F.P. instrument, the satellites already found were distinctly 
visible with exposure of 20 minutes; when it was prvlonged 
to 40 minutes, additional lines appeared, which evidently were 
not to be identified with ghosts; by exposure for two hours, 
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Von Baeyer. | Nagaoka and Takamine. Nagaoka. 
L.G.+L.G. Echel. +L.G. L.G. + or he Dies 
—78 . peay 254 
re —57 / +1-082- | 
0 0 0 0 | +0°844 | 
52 53 53 53 +0:566 | 
66 67 66 65 | +0-502: | 
114 116 biG 114 +0-245 
142 142 140 139-8 | +0-110 
+ An ent 151-9 +0047 
159 ? 161? 163 ? POT ee +0-015 
HAs tye ase 163-4 | - —0-015 
178 181 1€0 | 179-6 —0-099 
187 193 189 1¢0 —0:154 
203 206 206 207 | —0-244 
273 267 268 268 | —0-566 
Ba Be aie 318: | —0-834 
344 344 345 243 —0:956 
we ae fh 383 —Thi6 
/ 398 | —1-251 


the group about the principal’was completely darkened, but 
new lines became distinctly visible. Trying similar experi- 
ment with L.G. plate and echelon, I noticed tiaces of faint lines 
apparently near the strong lines of the principal group, and 
though much obscured by them, the course of the interierence 
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points imdicated that the faint dots belong to echelon spectra 
different from the principal. The vh otograms are shown in 
Wigs. 4 (a, B, C, D, E). These satellites are nearly coin- 
cident with those found by Weod with a 6 in. concave grating. 
Although the identification is not pertect, the difference is 
probably to be ascribed to the error of observation. These are 
erie —57, +318, +383 in the above Table. 

§ 17. Plotting the differences of wave-number (Fig. 5), we 
get two rows of which the upper one shows remarkable symme- 
try. The intensity of —C-099 is somewhat: less than that of 
+0-110, and for these Hu the symmetry is not so exact as for 


102 | PROF. NAGAOKA ON 


other satellites in the same row. The components near the 
initial point, 72.e., —0-244, —0-099, —0-015 and -+0-015, 
+0-110, +-0-245, evidently form a sextet, and the outer com- 
ponents —1-251, —0-834, —0-564 and -+-0-566, -+0-844, 
4-1-254 another sextet, which is more symmetrical than the 
inner. The wave-number interval of the outer sextet of 4 4,359 
is so related that the mean interval of the inner components 
0-274 is to the mean of the outer 0-414 in the ratio 2:3. This 
regularity is indeed remarkable and will no doubt have some 
intimate connection with the atomic structure. It must not, 
however, be forgotten that the principal line, which is evidently 
represented by the triplet —0-015, +-0-015 and -L0-C47 is split 
into a sextet in magnetic fields, so that the structure here 
exhibited may have an important relation to the Zeeman effect. 
of the bnes. It is also to be noted that the strong satelli‘es 
—0-099 and --0-110 show the same mode of separation. 

§ 18. The lines in the second row have apparently no symme- 
try, but some of them show striking coincidences in the fre- 
quency difference with components of both rows. As to the 
row of satellites having no apparent symmetry, we can detect. 
the same regularity as for the green line. The difference in 
absolute wave-number for the first positive and the second 
negative components =0-909, and the same quantity between 
the first two positive components =0-455 ; these numbers are 
in the ratio 2:1. Further the interval between the principal 
—0-015 and the second negative component of the same row 
=1-161, which is nearly double the difference in wave-number 
of the second and third positive satellites =0-580. 

The wave-num ber interval between 

—1-176 and —0-099=1-077 
0-956 ,, +0-110=-1-066 
—0-834 ,, +0-245—1-079 
—0-564 ,, +0-502=1-066 
—0-244 ,, +0-844—1-088 
40-015 ,, -+1-082—1-067 

Meat int rue 1,074 

A similar interval in 25,461 (§ 14) has a mean interval 1-068, 
which is almost equal to the number found for 74,359. More- 
over, the interval between 

— 1-251 and —0-244=1-007 
+0:245 ,, +1-:254—1-009 


Meéeawii<g se. = ]-)08 
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The difference between these two numbers —0-066, which is 
the interval between +-0-566 and -+0-502, and also corresponds 
to the interval in the triplet found in the green line. These 
numerical coincidences are apparently not a mere chance, as 
will be further shown {othe line 2 4,047. 

§ 19. Experiments similar to those on the lines 2 5,461 and 
24,359 were made on the violet line 14,047. The optical con- 
stants of the L.G. plate were such that several satellites came 
on the same line with the principal, so that even with crossed 
spectra, the structure was not distinctly observed as with the 
lines above described. Crossed echelon and F.P. interfero- 
meter spectra were more definite, and gave points, which 
showed that the principal line is a triplet accompanied by a 
satellite. The wave-number differences counted from the 
principal are as follows :— 

—0-715, —0°362, —0-025, 0, +0-024, +0-075, +0-296, 

+0-375, +0-708. 

It is rather difficult to estimate the resolving power used in 
the experiment, as the reflection is much enfeebled for such 
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short waves and the absorption in the echelon is much in- 
ereased, but at the distance of 6 cm. or 7 cm. it will be over 
1-5 108, which is no doubt sufficient to effect the above -reso- 
lution. Plotting the above number in Fig. 6 we find that 
there is a triplet at the middle, and two lines on both sides are 
symmetrically situated about the principal. There are two 
other lines which are evidently not included in the same group. 
With this line, the interval in wave-numbers between 

—O-715 and +0-375=1-090 

—0-362 and +0-708=1-070 


MiGe TURe a faces == 1-080 


The occurrence of this number in 15,461 and 14,359 was 
already noticed ; moreover, the ratio between the mean com- 
ponents 0-568 and 0-712 to 1-080 is as 1:3 and 2:3 respectively. 
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§ 20. The similarity in the distribution of the satellites and 
the occurrence of the same wave-number intervals may be 
attributable to the character of the second subordinate series 
to which the three’ lines here mentioned belong. Arranging 
the wave-number intervals in another manner, we find that 
there are many numbers which are common to two of them or 
to all the three lines. As to the initial position, we shall take 
-+-+0:793 for 25,461, -+-0-844 for 44,359, and +0-708 for 74,047. 
Tabulating the lines we find the following coincidences indi- 
cated by dots :—- 


5,461 4,359 4,047 
| +410 
| 4238 | 
A) do eee cn cisan aaaperees ape aee ak OiWuahssceche vet as vareeeucetyme 0 
7S 
DEE bie ahspusevetes ivoeye ees —333 
—452 —418 
— 559 
— 599 
G36... cs cibeeadet hye aes taper ate are wee tien tae saa rare ans —633 
— 684 
—708 
oat PA perce mre sry mm LOA Vonitha nae Bes nasee sa55 ee —733 
—766 
BO 19D... sevndceadslaeestee sa —797 
ees ss Via yh vee kee eae nig ye —828 
PAOD. vcs anssa tas ueeess cant —859 
—943 
BD OTS canes cactcneee te A088 “We 2 nants. Bees — 1,070 
—] 224 
AUB ike bs coaange eens — 1,423 
—1,510 
—1,678 
—1.800 
—2,020 
—2,095 


These numbers are expressed in units 1,000 times smaller 
than those already used. The table shows that the three 
lines are not independent of each other, and the satellites are 
not arbitrarily distributed. It is a question why such coinci- 
~ dences are not found with reference to the principal lines. 

Owing to the symmetry in the distribution of the satellites 
in 44,359, the coincidence above stated can be found in the 
same manner by taking the initial point at — 1,678 in the above 
schedule. Most of the numbers are reproduced, so. that by 
proceeding backwards, we meet with most of the numbers 
found for 45,461 and / 4,047 already given. 
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§ 21. Turning our attention to the lines of the other series, 
we see that in the mercury line 4 5,769 (Fig. 7) there is a triplet 
about the principal with the wave-number difference —0-139 
and +0-147. It is also the case with the line / 4,078 (Fig. 8), 
in which the difference amounts to —0-283 and +0-285; this 
interval is nearly double that between the outer components 
in the triplet of 25,769. We notice that the interval between 
the two outer negative components of 44,078 is 0-146, which is 
equal to the distance of the first positive component from the 
principal in 25,769. Moreover, the second positive component 
of the line is distant from the principal by 0-360, which is 
nearly double the distance of the pripelpal line 2 4,078 from 
the first negative Seeasigu ate 


aie vat 
Hg. 5769 aaa et 


Fra. 8. 


Further, we notice that the intervals between the three lines 
—0-137, +0-147 and -+-0-360 in 4 5,769 being 0-284 and 0-213 
are in the ratio 4:3. Obviously the components of 4 4,078, 
— 0-183, 0, +0-285, 0-466 (=-0-285 +-0-181) form a quartet. 
Further experiments on the principal line of 4,078 showed that 
it consists of three other satellites on the side of lower fre- 
quency, at a constant interval of about 0-039, but as these com- 

ponents were difficult to observe with the L.G. plate and F.P. 

interferometer combination, the position is not indicated in 
the figure. The structure of the principal line 15,769 was 
difficult to analyse on account of the low sensitivity of photo- 
graphic plate; some photograms showed that it is a close 
. triplet. 

§ 22. The structure of the mercury lines 13,663, 3,655, 3,650 

belonging to the first subordinate series is shown in Fig. 9, and 
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is taken from the measurements of Mr. Takamine.* Here we 
notice the same constant diflerence in the wave-number. 


For 3,663, interval between —9-678 and +-0-395=1-073 


» 0,055 fe € —0-546 ,, +0-518=1-064 
5» 93,090 y i —0Q:374 ,, -+0-712=—1-086 
Mean =—1-074 


This interval was already noticed in connection with the 
lines belonging to the second subordinate series, and seems to 
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be characteristic of most mercury lines. In the above-men- 
tioned lines there is another interval which is common to 
them ; the difference in wave number 


For 3,663, between —0-678 and -0O=0-678 


Pe G5s. ai SrAsi 0=-0-718 
He5-G55.)~.,, —0-172 ,, +0-518=0-690 
Rs Gy), 40-518 ,, —+1-222—0-704 
PSD «, 0,, +0-712=0-712 


Mean =0-700 


The ratio of this number to another constant 1-07 is about 
2:3. We meet with a similar number in 2 4,047, in which the 


* Takamine, ‘‘ Proc.,” Tokyo Math. Phys. Soc., 8, p. 309, 1915. 
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outermost components have the mean value 9-711 which 
stands to 1-07 in the ratio 2:3 more accurately than for the 
three lines just discussed. 


Itis worth noticing that the intervals given by Is, me re and 


ne, where c=0-71 and 1, m, n are whole numbers, are found 
sonore among the satellites of the eight mercury lines above 
mentioned, for /=1 to 4, m= 1 to 7, bad n= 1to7. 


The second positive satellite of the line 3,663 is nearly three 
times as distant from the principal as from the first, and the 
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negative satellite is five times the same amount. The first 
positive satellite of the line 3,655 is distant from the principal 
by three times as much as the first negative, and the second 
negative satellite appears as the difference between the first 
and the third satellite, thus forming a quartet. The difference 
between the first and the second satellite on the positive side 
is 0-704 and is nearly equal to the distance of the first Cera 
satellite in 3,650. The components —0-172, --0-518, +-1-22 
form a triplet. 

€ 23. According to the investigation of Mr. Takamine,* 
the structure of the cadmium line is simpler, and the regu- 
larity more apparent, The lines 4 5,086, 14,800, 2 4,678 
belong to a triplet series, corresponding to the mercury Tide 
first discussed. These lines have satellites as shown in the 
‘difference of wave-number in Fig. 10. 


* Takamine, ‘‘ Proc.’ Tokyo Math. Phys. Soc., 8, p. 51, 1915, 
VOL. XXIX. K 
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As already noticed, we meet with a constant interval in the 
wave-number of the satellites as follows :— 
For 5,086, interval between —0-297 and -+0-097=0-394 
We 00 b 0-256 ,, +-0-143=0-399 
67s. . 0-144 ,, +0-260=0-401 


Mean =0-398 
This number evidently corresponds to 1-07 and 0-71 already 
found for mercury lines. Further, we have to remark that for 
15,086, the interval between —0-297 and 0 is equal to 3x 0-099, 
while the interval between the principal and the positive 
satellite is 0-097 ; similarly for 24,800 the interval between the 
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negative and the first. positive component =0-399 is nearly 
double the interval 0-204 between the components. With 
24,678, the distribution of the satellites is reverse to that for 
4,800, for in place of —141 and +260 in the former, we find 
+143 and —256 in the latter. Thus the satellites of these 
three lines seem to be mutually dependent, as already noticed 
for the mercury lines This singular fact would have been 
noticed by Mr. Takamine, if he had reduced his measurements 
to wave-numbers. It is customary to give the position of the 
satellites in wave-lengths, but from the theoretical point otf 
view it is advisable to give the wave-number. 

§ 24. Similar features are shown by the bismuth lines 14,722 
and 44,122. They are shown in Fig. 11: the interval between 
the components —1-27 and —1-07 =0-20 and that between 
—0-46 and —0-25 =0-21, while that between —1-07 and —0-46 
=0-61, being three times the above amount. 44,122 con- 
sists of a strong doublet at an interval of 1-89, having the 
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satellites at equal intervals of 4-0-34 and —0-34 from each of 
them ; it is also to be noticed that the interval between the 
doublets in the latter line is nearly three times that of the 
former. 

$25. It would be premature to inquire into the cause of the 
regularity of the satellites mentioned in the preceding pages, 
as the data on which the discussion rests are as yet scanty, and 
the effects of the electric and magnetic fields on the behaviour 
of spectrum lines are not yet well known. The presence of 
magnetic and electric fields in atoms is a matter beyond doubt, 
and changes in interatomic fields will be felt in the vibrations 
of electrons. It is only recently that Stark has been able to 
establish definitely the effect of external electric field on 
emission lines, while that of the magnetic field, although. well 
known for about 20 years, has not yet been satisfactorily 
explained, excepting that of the normal triplet, which forms 
only one of the numerous types of separation. If the said 
effect had been more accurately investigated, it would perhaps 
not be difficult to found a theory of the existence of the satel- 
lites, as the most plausible explanation seems to lie in the 
change of the quasi-elastic force giving rise to light vibrations, 
due to the variation of the interatomic fields. The theory of 
the effect of an electric field on the spectrum line has been 
discussed by Voigt,* and of the joint action of the electric and 
magnetic forces by Zeeman.t ‘The investigation of positive 
rays by Sir J. J. Thomson has revealed the existence of atoms 
of mercury, which have lost one and sometimes eight electrons 
atone time. The change in the electric field of mercury atoms 
by the liberation of so many electrons will have sufficient 
influence on the radiation by producing an appreciable dis- 
turbance of the field, that the wave-length is slightly altered ; 
most probably the change thus caused in the electronic con- 
figuration will alter the atomic magnetic field to such a degree, 
that it will sensibly affect the radiation sent out by the mercury 
atoms. If the investigation begun by Thomson be extended 
to different elements, it will shed much light on the nature of 
the spectrum lines, but in the present stage of our knowledge 
it is rather difficult to advance a new hypothesis as regards 
the presence of satellites on the basis of the change of atomic 
electric and magnetic fields. 


* Voigt, ‘‘ Ann. der Phys.,”’ 4, p. 197, 1901; ‘‘ Magneto-u. Elektro-optik,” 
1908. 
+ Zeeman, ‘‘ Akad. v. Wetens.,’’ Amsterdam, May 27, 1911. 
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§26. In his theory of the vibrations of electrons in an 
isotropic quasi-elastic electric field, Voigt has shown, under the 
assumption of the existence of potential, which contains terms 
of higher order than that usually assumed in elasticity, that the 
change of frequency is proportional to the square of the field : 
observed transverse to the field, the original line is separated 
into two components of the same frequency, and parallel to 
the field there 1s a displacement three times as large as that of 
the line vibrating perpendicular to the field. Extending the 
analogy of the Zeeman effect in an electric field, Voigt has 
further shown that we shall have a quartet. In the appli- 
cation to mercury atoms it is natural to assume that the result 
will conform to the case in which the electrons are coupled, 
because the green line is divided into a nonet in a magnetic 
field, the violet line 14,359 into a sextet, and 14,047 into a triplet 
of double the normal separation, all of which can be explained 
from the standpoint of the coupled electrons. If we now 
assume that such coupling takes place in the electric field in 
the same way as for the magnetic, we can without much 
difficulty explain the regularity observed in some lines of mer- 
cury, if not the whole of it. In other cases, Zeeman’s calcu- 
lation, based on a simple Lorentz’s hypothesis as regards the 
action of magnetic force, lends support to the explanation of 
the appearance of the satellites in cadmium and bismuth lines. 

§ 27. The discussion of the effect of an electric or magnetic 
field indicates the nature of the polarisation to be observed if 
the direction ot the field be fixed, but in case the seat of such 
fields he in the radiating atoms, the polarisation observed 
becomes promiscuous and cannot be discriminated. With the 
green line (Fig. 2), taking —0-06 as the initial point, we notice 
that the zeros of the lines as arranged in the third and fourth 
row in the figure are distant from it by 0-03 and 0-09, being in 
the ratio 1:3 as expected on Voigt’s theory. Starting from 
these lines, we have the lines + 0-26 in the third row and + 0-75 
in the fourth, thus affording a solution in the light of coupled 
electrons. The last row consists of an unsymmetrical triplet, 
which can be caused by the joint action of the electric and 
magnetic forces as indicated by Zeeman. Another suggestion 
that we can make of these three symn etrical triplet rows in 
the diagram is that they are all due to the Zeeman effect, the 
magnetic field producing these separations being caused by 
the disturbance in the configuration of electrons in the mercury 
atom on the expulsion of electrons and their subsequent return 
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to it. But it seems to me that the tormer way of seeking the 
solution of the problem is more plausible than the latter ; for 
there are different instances which favour the view that the 
satellites are due mostly to electric fields. The feeble satel- 
lites —0-137 and —0-395 in 13,663, +-0-172 and -+0-546 in 
45,655, and +-0-104 and +-0-299 in 43,650 are allin the ratio 
1:3 and conform to Voigt’s simple theory. This is, however, 
only one aspect of the phenomena ; as, for the line 13,655, we 
may consider the group of lines —0-7 18, —0-546, —0- 172, and 
0 as forming a quartet having a constant interval of 0- 172 at 
both ends; moreover, the lines —0-172, +0-518 and +1-222 
may be looked upon as a triplet with a mean interval of 0-697 ; 
as to the line 4 3,650, the said lines may form a group of gradu- 
ally evanescent lines; thus various arrangements ot lines 
may be considered as possible, for which different solutions 
can be suggested. If the said lines in 23,655 be considered as 
arranged in a quartet, then they may be due to the action of 
the electric and magnetic forces which are at right angles to 
each other. The satellites belonging to the bismuth lines 14,722 
and 14,122 belong to the same type, as indicated in Fig. 11. 

As to the line 44,047 of mercury (Fig. 6), the middle line may 
represent the position in the undisturbed state, while the other 
four lines may correspond to the state in which the coupled 

electrons vibrate in the electric field, or may be subject to the 
action of electric and magnetic forces. Near by the principal 
are two lines +-0-024 and -+0-075 in the ratio 1:3; they thus 
seem to belong to the lines conformable to Voigt’s theory, but 
the four lines in the upper row are symmetrical about the 
principal and not about these two; whence it seems plausible 
that they are produced in the uncoupled condition. The 
presence of two svmmetrical sextets in 24,359 (Fig. 5) is not 
easy to expiain; on Zeeman’s theory the presence of a dissym- 
metrical triplet 1s made possible, and when the presence of the 
line in zero field is considered as possible, there results a 
symmetrical quartet when the magnetic force is perpendicular 
to the electric. If the theory of the Zeeman effect be per- 
fected, so that it can explain different modes of-separation, 
such as a quartet, sextet-or nonet, we shall be in a position to 
explain the distribution of the satellites in 24,859. If we 
exclude the outermost components, which are very faint, and 
not observed by most experimenters, we can consider the lines 
—0-834 —0-564 and -++0-566, +-0-844 as forming a symme- 
trical quartet, and —0-244, —0-099, and ++-0-110, +0-245 as 
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forming another quartet ; these may be supposed as due to the 
vibrations of coupled electrons in two different electric fields, 
which may arise during the liberation of electrons from the 
radiating atom or return to it. Similarly, if the outer satel- 
lites in the second row be not taken into account, the lines 
form a dissymmetrical triplet and may he due to the electric 
and magnetic forces. Good instances of a dissymmetrical 
triplet are found in the cadmium lines 15,086 and 2 4,678, while 
the mercury line 45,769 and the cadmium line / 4,800 form dis- 
symmetrical quartets; singular enough is the fact that in 
the former the intervals among the satellites are in the ratio 
3:4 and in the latter 1:2; this makes us consider the cause of 
these lines as due to some action or arrangement of electrons, 
which give rise to the above mentioned regularity. 

I cannot as yet lay much importance on the theories above 
given; they may be looked upon as having some significance 
in the theoretical aspect of the problem. 

§ 28. When we consider the different causes which introduce 
the regularities above mentioned, we naturally fall back on 
the supposition that the primary cause is of electromagnetic 
origin. As stated before, the researches oi Thomson seem to 
give some hints to the origin of such forces. As regards the 
mercury atom we know that it gives out a single electron or 
eight electrons at once; the former is the usual mode of 
ionisation, and the emission of the principal lines will also be 
the consequence of the expulsion of the electrons giving rise 
to electric and magnetic disturbances. As to the latter way 
of ionisation, it is peculiar to mercury, and the disturbance 
arising from it will be of such an amount that the field in which 
the atomic constituents are placed will be subject to changes, 
by which the electrons emit intense electromagnetic waves. 
How often such expulsions of electrons take place compared 
with the number of expulsions of a single electron is not known, 
but most probably it will be less frequent, and though the 
emission may be intense, the total effect will not be so great 
as for the ordinary single electron emission. Owing to the 
violent change consequent upon the expulsion of several elec- 
trons, the electric field of the atom will be influenced by it, and 
the vibration of electrons modified to such*a degree as to give 
rise to satellites. It will be at the moment of disruption that 
the electrons are subject to the most violent acceleration, and 
are in a state of giving out the most intense radiation. It 
therefore seems to me probable that the principal lines are due 
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to the consequence of the expulsion of an electron from the 
atom, and the satellites are due to the disruption of a ring of 
electrons. It may, however, be argued that on the gradual. 
return of the electrons to the atom, there will be a new adjust- 
ment of the electron configuration in the atom, which calls. 
forth radiation ; this will inevitably be the case, but the dis- 
turbance caused by the return of the electrons to the atom will 
generally be small as compared with the expulsion of eight at 
one time, so that the result is not so great as to afiect the 
photographic plate. 

§ 29. The frequent occurrence of the common difference in. 
the wave-number for lines of different wave-length calls for a 
new explanation. According to Bohr, the radiation emitted 
during a transition between two stationary states of an electron 
system in an atom is determined by 

liy=A,—A,, 
where h is Planck’s constant, py the frequency, and 4, and 4, 
are the energies of the system in two stationary states. Tora 
satellite of frequency v-+dy, a similar equation must hold, so 
that we shall have 

hoy=0oA. 


The above fact shows that for different values of v, dv has 
sometimes constant values,and consequently dA is common to 
these satellites. In other words, the energy difference between 
two stationary states which give out radiation corresponding 
to the satellites is constant. Assuming that the change in the 
stationary states of the emitting system is the effect of electric 
and magnetic fields, the energy possessed by the system in these 
states will be altered in such a way that the amount is still 
some multiple of a certain quantum, which is different from h. 

On this hypothesis, the occurrence of such parts in the 
difference between the wave-numbers of satellites is a natural 
consequence. This is well exemplified in most of the lines 
discussed in the preceding pages ; the numbers 1-07 and 0-70 
found in the mercury lines, and 0-40 in the cadmium lines are 
remarkable instances of the existence of the quantity just 
discussed. 

Judging from the fact that such common differences are 
characteristic of the lines belonging to the same series, it would 
appear that the lines belonging to the same series emit mul- 
tiples of quanta, which are peculiar to them. If we suppose 
that the electrons are arranged in rings about a central nucleus, 
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and that they revolve in circular orbits, the above conclusion 
indicates that the stationary orbits do not vary continuously, 
but by jumps. This is necessarily due to the quantum change 
in energy, which will be emitted in the case of mercury atom, 
when an electron is liberated from it, or when eight electrons 
are expelled, or on subsequent return of electrons till the atom 
becomes ultimately electrically neutral. These. considera- 
tions lead to the conclusion that the existence of numerous 
‘satellites in mercury lines is not at all singular, but is a natural 
consequence of the mode of ionisation peculiar to the element. 
If the experiment on the positive rays be extended to various 
elements and its consequence examined in the light of the 
theory here sketched, we shall perhaps be able to decide the 
question as regards the origin of the satellites. To account 
fully for the existence of the satellites and the regularity of 
their distribution, we are still in want o: sufficiently accurate 
data as to the position of the satellites in order to test the 
consequences oi the hypothesis which has been here advanced. 


Note on the Structure of the Green Line of Mercury and the 
Terms of Correction in Using a Concave Grating. 

The structure of the green line of mercury as revealed by 
Michelson’s grating* (93 in. x 24 in.) of 20 ft. focal length in 
the sixth order spectrum presents some points of discrepancy 
between that obtained by means of interferometers, echelon 
gratings, Lummer-Gehrcke plate, or Fabry-Perot apparatus. 
The principal difference is the obliteration of the strong satel- 


lites —19-9 and +18-4m.A.U. from the principal line, which 
are fused into one line, although the resolving power of the 
grating would have been sufficient to separate them; the 
triplet structure of the principal would, however, have been 
difficult to resolve. This, [ believe,is due to terms of correc- 
tion, which, for gratings of such size account for the overlapping 
of the neighbouring lines. 

Take the z-axis in the direction of the normal to the grating 
at its middle point, and y, z axes in the tangent plane ati the 
point of the sphere, on which the lines parallel to the z-axis are 
ruled. Referred to these axes, let the co-ordinates of the source 
of light A be a, b, 0; of the point A’ at which a spectrum of 
_ hth order is formed a’, b’,o0; and of a point P on the grating 
Ly; 2: Then AP? = (a?+6?)—2 by --2ax+a?+y?+2? ; 

* Michelson, ‘‘ Proc’? American Phil. Soc., 54, p. 187, 1915. 
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putting r?==a?-+b?, and introducing the condition that P lies 
ona fits of radius e, we get 


AP?=r? —2by + =") +(1 =) +(1 — ae 


@ a’ a’ 
and A’P?2=r’2—26" (1- “2+(1—), 2 (i—* ioe 
Jia ; : Jetain >) 


In the present problem, ¥ may be considered as a small 
quantity of the first order, and z as ci the second order, while 
in practice z is intermediate between w and y. Expanding in 
powers of y, we obtain 


pipe 0 fC NG eato (ae L Vig 
AP=—y—, € oy! —{< SY Cpt atid 
with similar ee for A’P. Ii we make the terms con- 
taining y? and y? evanescent in these two expressions, we arrive 
at the usual Rowland’s arrangement 7*=a9 and r?=a’p, by 
which the points A and A’ lie on a circle of half the radius of 
the sphere. When this condition is fulfilled, 


(Pete Sopa 
Q (ie ad Pe 
and Apis (1 — oy) let 2") \ 


which, on expansion, gives 
b Nes Lhd eea pe 

AP=r— °(1 — sat us ae). 

ay? 


272? 
of incidence by 9, and the angle of diffraction zt Or, 


AP=r—sino {1-2 (2) hy fo eee as nae vane sind 

+... with similar ee, for PA’ 

Confining our attention to a constant value of z, we get the 
equation of finite difference with respect to y. 


MME 2g, 
A(AP+PA’)={—(sind +sind’) + (S™ Fone fen an’) (2)° 


Bae sind eee (2), Ay. 


Putting the approximate value x=—, and denoting the angle 


2 
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Let the successive intervals of the ruling along the chord be 
e= Ay; then, for a spectrum of h’s order, we shall have 


2 . 2)’ of / 
e{(sind pepe —_—e ye 


jtan9 siné , tand’ eae 2\a oe 
AN 2 a 2 eo) J ahh. 

According to the usual way of treating a grating spec- 
trum, the corrections in the second and third terms are not 


taken into account, so long as they do not exceed 5 Ii the 
line be not associated with satellites the assumption would be 
admissible, but in case the structure of the line 1s complex, the 
effect of these terms is to introduce admixture of different 
lines, and the feeble satellites are liable to be effaced ; with 
strong satellites, the demarcation between the lines becomes 
indistinct, so that they are amalgamated into a wide line with 
vague boundaries. 

Let 4, be the wave-length for y=0 z=0; then correspond- 
ing to the same angles, and for y and z, A=A,+0/, where 


Yi ye te eet eee ae 2 
dim 25, (tam 0 sind +tan?0’ sin6 \( :) 


--(tan@ sind +tand’ sind’)(* ) : 


The deviation from 2, increases very rapidly, as the portion 
of the grating at some distance from the middle is utilised, 
especially when the angle 6 increases and the ruled space 
amounts to a few hundredth part of the focal length of the 
grating. The following tables, giving the corrections, at once 
show the importance of taking these terms into account. .« 


Table of 222 tan? (2) x 107, 
p 


2 
6 “=| 1/500 1/400 | 1/300.| 1/250 | 1/200 | 1/150 
Pp : 
LOR Reece 0 0 0 0 1 1 
209 een ea a1 3 4 6 10 
B09: are ae cece 3 5 9 13 21 37 
Al) Cems tosriloniaey 9 14 25 36 57 101 
BOR re ete a 22 34 60 81 136 241 
COPA ee 52 81 144 208 324. 577 
70°) N eae oe 142 221 394. 567 885 {1,576 
S07 Mae. een 634 991 |1,760 {2,584 13,977. 17,039 
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AK Riale eee (“yx 107, 


2 
6 Y—| 0-01 002 | 0-03 0-04 0:05 
p 
f AGA eetacant: 0 1 4 10 19 
20 Sao ates x 1 5 17 40 78 
tae? DO oe esc cate 1 12 39 92 180 
bie AO) SPs younee 3 22 73 173 336 
LE DURT sagt abses. 5 37 123 292 570 
aU a seen scnso5s 8 60 202 480 937 
WO geeter aise. 13 103 348 830 1,615 
POEM aie cs ss 28 223 754 1,786 3,491 


These tables show at once how the corrections arising from 
large values of y and z increase very steeply as the angle of 
incidence is increased. In addition to this, it must not be 

7 / sin6’\ 22 
omitted that the presence of the term (Ae ere y 
in the expression for dP-+P’ gives rise to the further inter- 
mixture of lines, if in practice we gather the light coming from 
different points of the ruled spacing. 

An example may be cited tor a grating of 20 in. focal length 
with 11,700 lines to the inch ; for the green line of mercury / 
5,461 inthe sixth order spectrum, asimple calculation shows that 
f=0 —40-2,.and ior y=0 In., 6A=24m.AU., which is greater 
than the distance of the satellites lying close to the principal 
line; fory=10 in., 61=213m.A.U., which greatly surpasses the 
limit of error usually admitted in wave-length measurements. 

It is therefore not at all surprising to find that in the photo- 
gram of the green line of mercury obtained with Michelson’s 

10 in. grating, the principal line is amalgamated with its neigh- 
bouring satellites into a single broad line, which far surpasses 
the other lines in intensity. The ambiguity in the position of 
the satellites arising from the overlapping of spectra of different 
orders usually observed with interferometers of high resolving 
power, and which can be discriminated by the method of 
crossed spectra, 1s entirely got rid of in spectra obtained with 
a concave grating. This is a great merit of the grating with 
large ruled spacing, and physicists are under great obligations 
to Michelson that he has brought his instrument to such per- 
fection that no ghost can be detected, and the ruled space is so 
large that most of the satellites can be determined with accur- 
acy and without ambiguity. What I want to indicate in this 
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note is that there are terms of correction, which make the 
resolving power of the instrument less than that calculated by 
the usual formula, and that large values of the angle of inci- 
dence and of diffraction in such a grating lead to considerable 
deviations. 

These considerations lead to the conclusion that for the exact 
delineation of fine structure of lines, a concave grating with a 
large ruled spacing is not so effective as interterometers of high 
resolving power, due to the gradual intermixture of neigh- 
bouring lines. To remedy this defect, the only course that 
may be followed is to increase the radius of the sphere on which 
the lines are ruled. Another means would be to rule at smaller 
intervals, and thus have such a large numter of lines within 
a narrow space as would make the terms of correction above 
discussed less disturbing in the result. 


ABSTRACT. 


The Paper describes a further development of the work done by 
the author and Mr. Takamine on the distribution of the satellites of 
the mercury lines. The apparatus employed was a Fabry-Perot 
interferometer crossed with an echelon or Lummer-Gehrcke plate. 
An account of the theory governing the interpretation of crossed 
spectra is given. 

It is shown that much of the discord between the results of various 
observers of these satellites is due to the unsatisfactory nature of the 
principal line as a datum from which to define their positions, and 
that if the distances be measured from one of the distinct satellites, 
good agreement is obtained. 

If these separations be expressed as diferenees of wave-number, 
instead of wave-length, a remarkable symmetry in their distribution 
becomes apparent. For example, among the satellites of the green 
line, 5,461, can be found three groups of symmetrical triplets, of which 
the wave-number differences are in the simple ratios 1: 3: 12. 

Similar results are obtained for other lines, the principal com- 
ponent of 4,359 being shown for the first time to consist of a triplet, 
of which the middle component is relatively weak. 

A similarity in the distribution of the satellites exists for all the lines 
examined, and certain wave-number intervals are common to all. 


; : é . Cc 
It is observed that the intervals given by Pe m7 and n-, where 


c=0-71, and J, m, and 7 are whole numbers, are found among the 
satellites of the eight lines quoted for /=1 to 4, m=1 to 7, and n=1 to 7. 

The possible origin of satellites is discussed in the light of the 
Zeeman and Stark effects, the magnetic or electric fields being elec- 
tronic in origin, and many of the results are shown to be consistent 
with Voigt’s theory of the vibrations of electrons in an isotropic, quasi 
elastic, electric field. The suggested explanations can only be tentative 
as yet, pending further development of our knowledge of the theory 
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of the Zeeman effect, and the extension of Sir J. J. Thomson’s work on 
positive rays to a larger number of substances. 

The second part of the Paper consists of a mathematical investi- 
gation of terms of correction in the theory of large sized concave 
gratings, which prevent the theoretical resolving power from being 
realised in practice. 


DISCUSSION. 


Dr. H. S. Atten thought the Paper contained many interesting and 
important points. That simple numerical relationships had been shown 
to hold for the separations of the satellites was likely to prove very helpful 
to those who were trying to solve the constitution of the atom. He was 
interested in the discussion of the part which might be played by the mag. 
netic fields of atomic origin in these phenomena. He had himself held this 
idea for some time. 

Dr. R. 8. Wittows did not quite understand the statement made at tlie 
beginning of the Paper that there was, as yet, no observations of the effect 
of an electric field on the satellites, in view of the experiments of Stark, 
Lo Surdo and others. 

Prof. NrcHoLson, in reply, said he presumed the statement was intended 
to refer to the mercury satellites only. 
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I. INTRODUCTION. 


In designing a pendulum clock provision has to be made for 
automatically counting the swings and for maintaining the arc 
of the pendulum. In general practice these are effected by 
some form of release, actuated by the pendulum itself, or of 
contact with the pendulum whereby the vibrations are recorded 
and the signal given to the motive mechanism that the pendu- 
lum is in the position to receive its impulse. Such methods 
are unobjectionable so far as the disturbance thereby caused 
to the free swing of the pendulum is constant. In practice 
this is impossible. 

In the clock described below, with a view to this mechanical 
disturbance, and the variations of this disturbance, being 
reduced to a minimum, a division of labour is introduced, an 
auxiliary or slave clock recording the time and releasing the 
impulse while a master pendulum controls the slave clock. 

The master pendulum, rigidly suspended, is intended to be 
surrounded with an air-tight case and placed below ground 
or in a locality as far as possible free from vibration and from 
change of temperature. The slave clock, connected with the 
master pendulum with electric wires, can be placed in the 
laboratory or olservatory with only ordinary precautions 
against disturbing vibrations and variations of temperature. 

When the writer designed this clock he was unaware that the 
method of relieving the regulating pendulum by throwing some 
of its labours upon a slave clock had been previously applied. 
He has since learned that the clock built for the Royal Observa- 
tory, Cape Town, during the régime of Sir David Gill was on 
this principle. This latter clock, however, was not.a practical 
success, owing to the uncertainty of a delicate electric contact, 
and was discarded. No description of the Cape clock has been 
published, but the account given the writer by Sir David Gill 
showed it to differ in its application of the slave clock method 
trom the clock now being described. 


II. DESCRIPTION. 

1. The Master Pendulum.—The controlling pendulum 
vibrates seconds, and is compensated for temperature, the 
compensation being adjusted for conditions where the sur- 
rounding air does not change in density with temperature.* 

* The master pendulumin the model is by Riefler, of Munich, with nickel 
steel rod of low coefficient of expansion and brass bob. No details are dis- 


cussed of the method of maintaining the constancy of air-density in the 
pendulum case, as they are not essential to the subject of the Paper. 
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2. Impulse Pallet.—At its lower end is attached an impulse 
pallet, preferably of stone,* A (Fig. 1), the upper surface ot 
which is horizontal, passing at one end to a slope as shown in 
the diagram. The figure of the pallet in vertical section 1s 
described in § 16. 


3. Gravity Impulse Lever.;—A gravity impulse lever BC 
(Fig. 1), pivoted at C, having a small wheel, D, mounted with 


a Fic. 2. hie 
1 | 
Pb Circuria& 
PaG sa. 
THE LowER END OF THE MASTER PENDULUM AND ITS IMPULSE 
MECHANISM. 


jewelled pivots at its distal end, is held in a nearly horizontal 
position by a detent, E. The lever is adjusted by the screw F, 
so that the periphery of the wheel is as near as possible to the 
surface of the pallet without danger of its touching. 


4. Releasing Electromagnet, Circuit I.—Once in _ every 
minute, when the pendulum is approaching its zero position 


* The impulse pallet in the model is of steel. 

t The general form of the gravity lever adopted was probably suggested 
to the writer’s mind by the detached gravity escapement of Sir H. H.- 
Cunynghame. 
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towards the left, an electric current, I, from the slave clock, 
energising the electromagnet G, releases the impulse lever, 
the wheel drops through a fraction of a millimetre on to the 
pallet, rolls down the impulse slope and falls free, giving the 
pendulum sufficient energy to maintain its swing at the re- 
quired amplitude.* The period during which the impulse 
lever is engaged with the pallet 1 is a small fraction of a second, 
and for the remainder of the minute the pendulum is flee. 
The catch mechanism E is so arranged that the lever is free 
fiom the moment of its :eleace, the pawl, e, being driven out 
of contact with the detent by the spring H. The only forces 
act-ng on the impulse lever during its fall are gravity and the 

reactions at C and D. 


5. Restoring Lever—The impulse lever after leaving the 
pallet ialls freely through a short distance, and then strikes a 
restoring lever, J K. The latter carries on the face that is 
struck a light spring, L M, electrically insulated at M from the 
body of the lever, and bearing at its end, L, a wedge-shaped 
platinum contact piece, L. The restoring lever is split at its 
end, J (see Figs. 2 and 3), ie: edges of the split being faced with 
platinum. 


6. Restoring Electromagnet, Curcuit II.—The impulse lever 
on falling upon the restoring lever drives the platinum surface ; 
into good contact, thereby closing an electric circuit, I, 
which, through the medium ot the electromagnet N, throws 
the impulse lever up into its resting position, where it is re- 
tained by the detent. 

The stop against which the restoring lever rests consists of a 
spring, P, of such elasticity that the period of electric contact 
is sufficient for the electromagnet to become saturated before 
the lever is thrown back. This insures an absence of “ chatter- 
ing’ and premature break ot the current. 


7. The Slave Clock.—The slave clock is an ordinary seconds 
regulator. It is maintained in synchrony with the master 
pendulum by a method described in (§§ 11 to 15). 


&. The Counting Mechanism.}—- As mentioned above (§ 4), at 
intervals of one minute an electric current controlled by this 
clock releases the impulse lever of the master pendulum. This 


* The semi-amplitude adopted in the model is 1 deg. (see § 32). 
+ In the case of the model this period is about 0-18 second. 
{ The writer owes the idea of a counting whee] to Mr. Hope Jones. 


Wee XIX L 
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_ is effected as follows : In the Fig. 4, A is a counting wheel of 
30 teeth, B D is a short pendulum with a gathering pawl, C, at 
its lower end. By means of a horizontal connecting rod, D E, 
the pendulum moves the wheel one tooth every complete 
vibration. On the face of the wheel is a platinum pin, F, 
which at one position of the wheel passes between two platinum 
contact points, G, closing the electric circuit I. The length of 
the connecting rod is so adjusted that this momentary closing 


B 


Fic. 4.—THEe CotntTing MECHANISM. 


of the electric circuit 1s effected when the slave pendulum is at 
its zero position. The length of the short pendulum B D bears 
such a relation to the radius of the wheel, and the normal 
amplitude of the point of the main pendulum which drives it, 
that the gathering pawl is free of the wheel except near the 
middle of its path. A light lever, H J, ending in a thin flat 
spring, J, presses on the teeth of the wheel and also functions 
as a ratchet pawl. The pressure of this spring can be adjusted 
by altering the tension of the spiral spring K. It is important 
that this counting mechanism be as light and as little absor- 
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bent of energy as possible, in order not to overburden the pen- » 
dulum and the train of the clock.* 


Fig. 5.—THE PRINCIPAL AND SUPPLEMENTARY RATING SPRINGS. 


9. The Rating Spring.—On the opposite side of the pendu- 
lum to the counting mechanism is hinged a light horizontal rod, 
AB (Fig. 5), its distal end suspended by a fine wire to a 


* A light coatact on the ’scape wheel, if adopted in place of this counting 
wheel, would absorb less energy, but it is doubtful whether such a contact 
would define the epoch with such a degree of accuracy. Such accuracy is 
essential for the close syachronising of the two pendulums, 


L 2 
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cock, C, on a level with the cock of tke yerndu‘um. 
Below the horizontal rod, and attached at the same point 
as the suspension wire is a spiral spring, D E. The lower end of 
the spiral spring is continued by a watch fusee chain, which is 
wound round a barrel on the arbor of the star-wheel F. When 
the pendulum is at its vertical position the rod A B is hori- 
zontal and the suspension wire and spiral spring are vertical. 
An increase of the tension of the spiral spring brought about by 
turning the star-wheel F will increase the rate of the clock 
(§ 19); moreover, this mode of altering the clock’s rate is free 
from appreciable backlash,* a point that will be found later 
(§ 13) to be of importance. A small weight, P, about equal to 
the tension of the spring at its mean value, hangs by a silk 
thread wound round the same barrel, and renders the star- 
wheel subject only to the small difference of the forces of the 
two. 


10. Supplementary Rating Spring.—A rocking lever, G H, 
friction-tight on the arbor J of the star-wheel, is limited in its 
movements by the two stops K and L; a supplementary 
spiral spring, M G, parallel with the above, is attached by its 
upper end to the horizontal rod at M and by its lower end to 
the rocking lever at G. This second spring is counterpoised by 
an exactly similar spring attached by its upper end to the 
rocking lever and by its lower to a friction-tight arbor, N. 
This arbor can be turned by a milled head for the adjustment 
to equality of the tension of the two springs MG and GN, 
when the lever remains indifferently against either stop. The 
function of this supplementary spring will be explained later 
(§ 13). 


ll. The Synchromsing Mechanism.—In $§4 and 6 two 
electric circuits were referred to—viz., (I.) that closed by the 
counting wheel, whereby the impulse lever of the master 
pendulum was released, and (II.) that closed by this lever on 
its fall, and whereby it was restored to its initial position. 
These two circuits pass also through electromagnets in the 
synchronising mechanism. 


* Tf, when the star-wheel, moving clockwise, reaches a certain position, 
. the tension of the spring is the same as that attained when the star-wheel, 
moving counter-clockwise, reaches the same position, there is no backlash. 
In general, withsuch arrangements, the tensionis less while the motion is in 
the direction to increase the tension. In the above arrangement the difference 
is very small. 
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12. The Principle—The principle of the method of syn- 
chronising the slave clock with the master pendulum is as 
follows: Every minute the impulse lever is released at an 
instant dependent on the position of the slave pendulum. The 
lever rolls on the pallet and falls on its contact at a time 
dependent on the position of the master pendulum. There is 
an interval, ¢, of about + second between the closing of circuit I. 
and circuit II. It is the function of the synchronising mecha- 
nism to maintain this interval constant. When the interval 
is greater than ¢ the slave pendulum is in advance and its error 
is positive. Every minute a measurement of this interval is 
automatically made, when, if the error of the slave pendulum 
is positive, its rate is reduced by a constant amount, N; if 
negative, the rate is increased by the same quantity. These 
changes of rate are effected by altering the length of the rating 
spring (§ 9), and, therefore, its tension, by a constant quantity. 


13. False Synchronism.—lt is shown in § 20 that this 
method alone will result in a false synchronism, a hunting of 
error and rate, the error and rate passing through periodic 
variations of constant amplitude, the variation of the error 
following that of the rate with a difference of phase of a 
quarter of a period. Further, it is there shown that if there is 
any backlash of the rating mechanism, in the sense in which 
that word is used in §9 Footnote, the amplitude of these 
periodic variations of error and rate will continually increase 
without limit. The function of the supplementary spring is 
to introduce a negative backlash, so to speak, which effectually 
reduces the amplitudes of these variations till they nearly dis- 
appear. When, by any change of conditions, the rate of the 
slave clock is altered, periodic variations of the error and rate 
are set up, which in course of time are damped out, and the 
rate of the slave pendulum readjusted to that of the master 
pendulum. In practice it is found that there is a continual 
wavering, of small amplitude, of the error and rate about a 
mean position,* this mean position continually adjusting itself 
to changing conditions. 


14. Description of Synchronising Mechanism.—The electric 
current of circuit II. passes through the electromagnet A 
(Fig. 6). The armature B of this magnet is attached to the 
lever C (Fig. 6 and 7), which is held away from the poles of the 


* With the exoerimental model the amplitude of these variations of error 
rarcly exceed +0-005 (see Footnote to § 20). 
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magnet by the spring D. Attached to the end of this lever is 
the tongue E (Figs. 6, 7 and 8), movable about a vertical axis 
through a small distance of about twice its horizontal thick- 
ness determined by two stops (not seen in the figures) and 


f& 


Circuit I 


Fia. 6, 


THE SYNCHRONISING MECHANISM. 


sliding with a little friction on its guide. The end of this 
tongue is shown enlarged in Fig. 8. Engaging with the star- 
wheel referred to in §9, Figs. 5 and 7, are two pawls, GG 
(Figs. 7 and 8), movable about pivots, H H, and held against 


oy, 
2 


Pics: 


the stops J J by the springs K K. The points of these pawls 
when pressed upon the wheel F move it to the right or left, 
the movement through the space of one tooth being completed 
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by the jumper L. Theends of these pawls are shaped as shown 
In Fig. 8. 

When the lever C is drawn down by the electromagnet A 
and the tongue E is against its left stop, the latter engages 
with the lett pawl, and the wheel is turned one tooth to the 
leit ; similarly, when the tongue is against its right stop the 
wheel is turned one tooth to the right. At intermediate posi- 
tions of the tongue one or other of the pawls will generally be 
engaged ; between the ends of the pawls there is but ba e'y 
sufficient room to let the tongue pass. 


- _ 


Master Fendulum. Slave Clock, 
Fic. 9.—THE EtLectric CoNnNECTIONS. 


Above the star-wheel is the timing wheel MM (Fig. 7). 
This carries weights, N N, movable along a radius, whereby it 
is thrown out ot balance, and these weights are so adjusted 
that the period of time the wheel takes to turn from rest 
through 90 deg. to its position of equilibrium is the period ¢ 
- referred to in § 12. 

The lever QR, pivoted at Q, attached to the armature § 
of the electromagnet T (circuit I.) holds the timing wheel by 
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the tension of the spring U, and through the pressure against. 
the ruby pin V, in a position 90 deg. from its position of equi- 
librium. The lever Q Ris held against a screw stop, P. The 
pin W on the periphery of the wheel presses the tongue KE to its 
left position. In this position the timing wheel is held during 
the intervals between successive minute impulses. 


15. Mode of Working.—At the completion of each minute 
the counting wheel (Fig. 4) closes circuit I., the impulse lever 
is released on the pallet of the master pendulum, the lever 
QR (Fig. 7) is drawn to the electromagnet, and is held by the 
detent X Z, and the timing wheel begins to fall. As this wheel 
_ turns the impulse lever runs down the impulse pallet. On falling 
off the pallet the impulse lever closes circuit I1., is thrown back, 
and the lever C (Figs. 6 and 7) is drawn down, releasing the 
lever QR. If the two pendulums are in synchrony the timing 
wheel will have reached its position of equilibrium when this 
occurs, and the pin Y on its periphery will have pushed the 
tongue to the right a sufficient distance for the latter to pass 
between the two pawls GG; the star-wheel will not be turned, 
and no change will be made in the rate of the slave pendulum. 
It, however, the latter is in retard the timing wheel will be 
released late, the tongue will engage with the left pawl, and the 
rate of the slave pendulum be increased ; if in advance its rate 
will be decreased. This automatic comparison and adjust- 
ment is made each minute, and the synchrony of the two pen- 
dulums maintained as explained in §§ 12 and 13. 

The electric connections are shown in Fig. 9. 


III. MaTHEMATICAL DISCUSSION. 


Table of Sumbols. 


Quantities in C.G.S. units unless otherwise stated, 
Values in model. 
4a Latus rectum of parabola (figure of pallet)} J-40 cm. 
E Totalenergy of master pendulum........... —— 
AE Energy conveyed by each minute impulse} 1-87 x 103 gm. cm.?sec.—2 
Ae’ Change of daily rate, in seconds ............ — 
F Couple retarding pendulum by wheel fric-| { About 2-4 103 gm. cm.2 


LAOH MON eae aes tid. os ces seh tas espa metas sec. —2 
Moment of inertia of master pendulum...... 6-47 x 107 gm. cm.? 
« Moment of inertia of impulse lever.......... 2-07 x 102 gm. cm.? 
K Gravity couple ofimpulse lever....,.......... 3:69 x 10g gm. cm. ?sec, — 2 
L Length of master pendulum, suspension to 
Pallehc >, Mew eeweeee aise see c dash i eeceees 1-19 x 102 cm. 
1 Length ofimpulse lever, pivots to centre of 
WOO] see yt, ree cor ack auck eke oie pil 9-2 cm. 


N Change of rate in seconds per day imposed 
Gach MINUiEA Vioar eek reese sem corea eWeek — 
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| Values in model. 
P Horizontal component of wheel pressure | 
OE TPG ie te ok gs ct h ev a cise «sstlcce ere meons — 
s Angular distance of centre ofimpulce wheel 
from beginning of impulse face when | 
é=0; positive ‘to right alee rages tereaes aes | = 


T' Semi- period OPM GMT +5, sek ces cc cunereess 1 second 
t Time interval between the closing of the 
EOC LEOETIG OITCINIUS 2.55 Wigs chee ges ke'ev'eae cafe — 
V Linear coy of pallet ae O=YS 25.57. | 6-52 cm. see. —1 
1 da 1 Glog yt, w \) Teele 10 tect 


X The quantity - Gg las al a emaaO 
O10 


#,) athe caren travel of the pallet while the | 


whee] is rolling down the impulse face... 8-3 10-1 cm. 
a Semi-amplitude of pendulum in radians...| 7/180 6 
6 Position of pendulum at time under con. | 

sideration ; positive to the right......... — 


16. The Figure of the Impulse Pallet.—With a view to a 
steady fall of the impulse wheel, the impulse slope is so shaped 
that the path of the wheel relative to the pallet is a parabola. 
The wheel then falls with a constant acceleration.* The 
extent of the impulse is confined to about the middle fifth of 
the complete amplitude of the pendulum. Within these 
Inmits the velocity V of the pallet is nearly constant. 

It can be shown that the horizontal component of the force 


Fic, 10.—Tse Figure or THE Impuuse Pater. 
exerted by the wheel on the pallet (see Fig. 10) is 
Sn / ee) (1) 
Qa Qal 
and the energy conveyed to the pendulum with each minute 


impulse is 
oo (K—_ eh Se eshs ae a) 


* In order that the parabolic path may be strictly followed the radius of 
the wheel must not exceed a certain value dependent on the latus rectum and 
the constants K and 7 of the lever. 
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No special importance is attached to the above figuring of 
the impulse face. If dis the distance through which the wheel 
falls and 6 the angle with the horizontal made by the path of 
the wheel relative to the pendulum at the end of the impulse, 
the la_t equation can be written 

Kd V* 
AE, — op tan 7/, 
and in this form is applicable to any figuring. 

The first term is the energy of fall of the lever and the second 
the energy of motion with which the lever leaves the pallet. 

The second term on the right of equation (2), involving the 
moment of inertia of the impulse lever, increases with the 
square of the amplitude. Hence the impulse conveyed to the 
pendulum is less when the arc is greater. The inertia of the 
lever, therefore, exercises some degree of control over the arc. 
As the writer is of opinion that it is advisable that the lever be 
as light as possible its inertia is made as small as is consistent 
with a sufficient value of K. 


17. The Energy Required to Maintain the Master Pendulum.— 
The energy necessary to maintain the are at the amplitude 
decided upon can be found by determining the decrement 
da/dt of arc when the pendulum is set to swing freely. 

We have 

da -adlooa) va. wdilor na 
di t= (adh. alee de Ouaews 

Log 19 a@ is then plotted against time, and a graph obtained 
which is nearly linear. The tangent at the point corresponding 
to the amplitude decided upon gives d log  a/dt. 

It can be shown that the energy required to be conveyed each 
nunute to maintain the amplitude at a radians is 


60 (2 ,dlog,,a 


wa 2 ie ey Pa O1V i 
ee ar oT eed (9) 
Combining this with (2) we have 
ce V%y 60 5 ond log soo: 
—— = — — a = _ 5 
4al 2al/— logyye 1 dt 


from which suitable values of K, 7, &c., can be calculated that 
will give the required are. 

18. The Couple Retarding the Pendulum Due to the Friction of 
the Wheel on the Pallet—A knowledge oi the value of this 
couple is useful in order that its effects on the rate of the pendu- 
lum may be estimated (sce § 27).: 


» 
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To determine this value the pendulum is swung with the 
wheel rolling under the weight of the lever on the horizontal 
portion of the pallet, which is made some centimetres long for 
this purpose. The decrement of amplitude with time is ob- 
served. Under these conditions. this decrement is that due 
to the friction, in addition to that to which the free pendulum is 
subject. The latter has been found by the method of § 17, and 
the difference is that due to friction. 

If F be the friction couple retarding the pendulum and Aa 
the change of amplitude due to wheel friction in time 7’, it can 
be shown that 

2FT? 
AG Taz” 

Within the limits of error of experiment, which are some- 
what large, this couple is found to be independent of the 
amplitude.* 


19. The Rating Spring.—In Fig. 11, A C is the slave pendu- 
lum, BE the horizontal connecting rod, D E the suspension 


Hig? tf], 


wire attached to the rod at E, E F the spiral spring and its 
connections with the star-wheel. When the pendulum is 
vertical D, E and F are in a vertical straight line. 


* It may be of interest to refer to the changes in the value of F that were 
found with the experimental model under different conditions. When the 
wheel and its jewelled pivots were new and freshly lubricated F had the value 
2-13 x10 grammes em.?sec.~2, After a year when the pallet was dusty and 
the pivots not re-lubricated, this figure rose to 2-75; and after cleaning the 
pallet it fell to2-39. The figure in the last decimal place is probably of little 
significance. 
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Let f be the tension of the spring and MW the mass of the slave 
pendulum bob, and let DE=AB=l, and HF=l,. Then, if 
AT be the change of period due to a change of tension A/, we 
have with sufficient accuracy 


nt (U, +1,) 


2MgT 
From this the constants of the two springs to give the necessary 
change of period can be calculated. 


AT=— Aj. 


20. The method of synchronising the slave clock with the 
master pendulum can be explained graphically. In Fig. 12, 
with the lower curves, ordinates represent rate imposed on the 
slave pendulum by the rating spring, zero rate being that 
attained when the two pendulums ‘have the same period. 
Abscissee represent time. Rate is imposed at each minute 
‘comparison in constant quantity NV, positively when the error 
is negative, negatively when the error is positive. Curve I. - 
represents the hypothetical case in which there is no backlash 
on reversal in the action of the mechanism altering the rate. 
In curve II. there is backlash of value 2, as shown by. the 
dotted line following behind the full line when a change of 
direction takes place. In curve III. a negative backlash of 
value 2NV imposed by the supplementary spring is shown by the 
dotted line preceding the full line on change of direction. 

The full line represents in the reversed direction the position 
of the lower end of the principal rating spring. 

In each case the initial state (¢t=0) is taken when error—0, 
rate=5 N+backlash. The error accumulated (N?) is repre- 
sented by the area between the graph and the zero line, chang- 
ing positively when the graph is above, negatively when below . 
the line. 

In curve [., at the end of the first minute, rate being positive, 
a positive error has accumulated, and consequently the rate 
falls, and in five minutes a positive error represented by the 
area a, b, c has been acquired. The rate continues to fall 
until the positive error has been wiped out, which, from the 
symmetry of the figure, obviously occurs when it has reached a 
negative value equal to the positive value from which it started. 
This hunting of error and rate with constant amplitudes about 
their zeros, with error a quarter of a period in phase behind 
rate, will continue indefinitely until a disturbance increases or 
decreases the amplitude. , 

In curve II., owing to backlash, the real rate imposed, 
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shown by the dotted line, follows behind the action of the 
mechanism. Consequently a greater fall in the rate takes 
place before the area c, d, e equals the area a, b, c—that is, 
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f Fig.” 13,—REcorDS oF THE MOVEMENTS OF THE RATING SPRINGS OF 
THE EXPERIMENTAL MODEL. 


before the negative rate has wiped out the accumulated posi-- 
tive error. The area d, e, / is again larger for the same reason. 
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In this way the amplitudes and the periods of the swings grow 
larger indefinitely. 

Curve III. shows the opposite effect of negative backlash 
due to the supplementary spring, the amplitudes and periods 
of the changes in rate and error becoming less until they are 
reduced to small waverings on alternate sides of the zero. 
These small changes never cease, but the accumulated error 
at any time is inconsiderable. 7 

The same three cases are plotted in the upper curves, but 
with ordinates denoting error. 

In Fig. 13 are represented some actual records of the move- 
ments of the rating spring; of the experimental model. Here 
N is about 4 second per day and the movement of the supple- 
mentary spring imposes a rate of 2N. The zero line changes 
with changing conditions of the slave cock. There is a small 
unknown margin of error within which no change of rate 
takes place. There are theretore periods of varying length 
during which no change of position of the rating spring is 
made.* 


21. The timing wheel, weighted at one side, is held at 
90 deg. from its equilibrium position. It is adjusted so that 
the time taken in falling through 90 deg is the interval ¢ 
between the closing of the two electric circuits (see §§ 12 and 
14). Let 7, be the moment of inertia of the wheel and 
K,, sin @ its restoring couple when displaced 6 from the ver- 
tical. 


The time occupied in falling through @ to the equilibrium 
position is 


ale ee f +(4)? sins 455). sin 2 Pee) | . (4) 


Putting A Ts 
oy et / K. 
9 we have t=1-85 K, 


* With the experimental model the accumulations of error rarely, if ever, 
amount to +1/200 second. The slave clock used has a poor train, and its 
pendulum shows periodic changes of amplitude ; morgover, the synchronis- 
ing mechanism is somewhat crude, the parts having been designed by esti- 
mation and never subsequently altered ; also the value of N and the unit of 
negative backlash have been made greater than has proved to be necessary. 
_ With a better slave clock, having aheavier pendulum, and with improvements 
in the synchronising mechanism learned by experience to be advisable, the 


accumulations of¢rror could very probably be made never toexceed +1/1000 
second, 
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The angular velocity on reaching the equilibrium position is 


aa ey tee 
ia t 
From (4) we have— 
Le any (lap AS 


Hence, if ¢ is $ second, a variation of the initial position of 
the wheel of 1 deg. will cause a variation of the time of fall of 
only 1/1000 of a second, a point of practical importance. ~ 


1V. Discussion oF CERTAIN CAUSES OF VARIATION AND 
THEIR PROBABLE EFFECTS ON THE RATE. 


22. The effect of change of temperature acting directly on 
the rate of the master pendulum is not considered, as it is 
assumed that this has been correctly compensated in the 
pendulum, and that the uniform conditions as regards tem- 
perature to which the pendulum is intended to be exposed will 
render these negligible. 

Neither is any consideration given to change of atmospheric 
» density, this, it is assumed, having been eliminated by the 
enclosing of the pendulum in an airtight case. 

The variations requiring consideration seem to be com- 
prised in the following :—Changes in 

(a) The friction of the wheel on the impulse pallet. 

(b) The instant of release of the lever on the pallet. 

(c) The relative position of the pallet and the impulse lever 
due to tilting sideways of the master pendulum and its mecha- 
nsm and of the sustaining wall. 

(d) The conditions of the impulse lever. 

(e) The effect of the blow of the wheel on the impulse 
pallet. 

These variations may generally affect the rate in two dis- 
tinct ways, which can be considered separately—viz., (i.) by 
varying the amplitude and so altering the rate by circular 
error, and (u.) by varying the disturbance to the free swing 


* In the experimental model the radius of the wheel at the point where the 
pin engages with the tongue (c, Fig. 7) is 1-7 cm., and ¢ is about } second, 
hence, the velocity acquired is 18 cm. per second. The dead space within 
which the tongue can move without engaging either the accelerating or 
retarding pawl is less than }mm., so that the dead interval of time is less 
than 1/500 second. 
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during contact between the wheel and the pallet and so intro- 
ducing escapement error.* 


23. Circular Error.—There is some reason to doubt the 
strict applicability in practice of the theoretical formula. In 
the first place a pendulum suspended by a spring does not 
exactly follow a circular path, and, secondly, with change of 
amplitude there result changes of non-conservative resistances. 
which probably slightly affect the period. In default of 
better information we will calculate on the lines of the ele- 
mentary theory. 

Consideration of circular error may be resolved into con- | 
sideration of changes of total energy of the pendulum. 

The semi-period of a pendulum is | 


leg pat A / l 
T=(1+i sn gt &e.) 7 \/ - 
Hence, with sufficient accuracy 
aT =~ le. meee ee) et (ON 


We have seen (§ 17) in dealing with the decrement of ampli- 
tude with time due to air-resistance that the expression 
Ida_ 1 = dlogyoa 
adt log, e dt 
is nearly constant, and a method oi determining this was given.. 
Calling this quantity X, we have from (3) 


AE=60I7, Xo?. 


Hanson e GAB) 100I=Xads, 7... | (6) 


Hence, from (5) and (6) a small change A’E in the energy 
conveyed each minute effects a small change AT in the period 
expressed by : 


a 

See eae 
. ATS a7 i (7) 
r Up 318 AER . . . e . e e 3 1 


_ * This term is used as a convenient one for change of rate due to change of 
the disturbance of the free swing, though in the present case there is no» 
escapement. 


VOL, XXIX, M 
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And the change in the rate due thereto is— 
Ae’= —86,400AT. 5.) se 
in seconds per day. 


24. Escapement Error.—The loss or gain of time AT in a 
single vibration due to a disturbance at a point 6, thereby 
changing the energy of the pendulum by A’£ can be shown to 
be expressed by 

Rpt nae Bi (9) 
~ Im? g2y/ og? — 6? > peta a 
the positive sign applying to the case where the disturbance 
occurs when the pendulum is rising, the negative when falling, 
6 being positive. 

If this change of period occurs with each minute impulse, 
the change of rate due thereto is 
Ae’= — LAAN AT... 


in seconds per day. 


25. The application of the above expression for escapement 
error to friction of the impulse wheel is of importance and wil 
-be required in the discussion to tollow. 

From the definition of the frictional retarding couple (§ 18) 

di=+ Fd, 
the upper sign applying when the pendulum is rising and @ is 
positive, whence from (9) 
iT een 
TPL g24/ 92 — G2 

In integrating this expression it is to be noted that both 
a and 6 are variable. With such values as F is likely to have 
the error involved in treating a as constant is negligible. The 
change of period of an individual vibration due to friction of 
the wheel between 0, and 6, is then 

TS gig Samer 2 nc, at 
= aT ge \Y Ga VY OOo) 


26. The application of the same expression (9) to the dis- 
turbance of tree-swing brought about by the impulse will also 
be required. This will depend on the position of the pendulum 
at which the impulse is adjusted to take place. 

* See G. B. Airy, “On the Disturbances of Pendulums, &e.,” Camb. Phil. 


Soc. Trans., Vol. IIT’, 1830, p. 105; J. M. Bloxam, Memoirs A.S., Vol. 
XXIL; 1853. 
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In Fig. 10 let the position of the wheel as drawn represent 
that which it occupies on the pallet when the pendulum is at 
its vertical position. The pallet is moving to the left, and the 
wheel is rolling down the impulse face from «=0 to v=2,. 
Let s be the angular distance Oa. 

It can be shown from (1) and (9), the positive direction of 0 
being taken towards the right, that the change of the indi- 
vidual period due to the element of impulse through dé is 


27°? AE 6(s—6)d6 

wl oF Vat —6 
and the whole change of period due to the impulse, treating a as 
constant, 18 


TM ie 


4 
abt 


ToL? AE ie 8 
a? sin- 


Olt a oe 


a 

tsvae—#—(s+7') Jf a-(-7)} eae tA) 

Owing to the greater forces acting in this case the discrep- 

ancy involved in assuming the constancy of a is appreciable. 

In the application in §30 the value of AZ obtained from the 

use of this expression was found to differ by about 2 per cent. 
from the rigid value. 


—q? gsin-! 


AT= 


27. We are now in a position to consider the effect on the 
rate of the clock of the changes set out in § 22. In order to do 
this the data supplied by the experimental model will be used 
(see Table of Symbols). 

(a) A Change in the Value of the Friction of the Wheel on the 
Impulse Pallet.—(i.) Circular Error —Assuming that friction is 
proportional to the varying pressure, and neglecting the inertia 
term in (1), we find (see §§ 18 and 25) the change of energy of 
the pendulum due to friction during one impulse is 


A,L=F(60;—9)), 
where 6, is the position when the lever falls on, and 0, when it 
falls off, the pallet. 
Hence, the change due to change of friction 1s 
A'H=AF(6,—9),). 
_ And irom (7) and (8) the change of daily rate is 


ae AF(05—9,). 


Ae’ — 86,400 | IGAR 


M2 
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Putting 6,=0-3a, and 6;=—0-25a, as in the adjustment 
made in the model; and putting AF=6-2x 10?, probably an 
extreme value (see Footnote to § 18), we find 

Ae'=-+0-0052 second per day. 

(ii.) Escapement Error.—Using the same value for the change 
of friction, we have from (10) and (11) 

Ae'= —0-00036 second per day. 


28. (b) A Change wm the Instant of Release of the Impulse 
Lever.—Such changes inevitably occur by the nature of the 
mode of synchronising, but they are periodic, and their effects 
are not cumulative. Probably an extreme value of such a 
change, taking one whole day with another, would be +1/100 
second. The normal value 0,—0-3a becomes 6,=0-3a+0-03a. 

This change may conceivably affect the rate by (a) varying 
the length of pallet along which the wheel rolls, whence by 
(i.) circular error 

Ae'=—0-0011 second per day, 
and by (i1.) escapement error 
Ae’= -+0-0009 second per day. 

(6) This change may also affect the rate by altering the 
position in the are at which energy is drafted by starting the 
wheel or by the blow on the pallet. The effect of the former is 
negligible, and that of the latter is dealt with in § 31. 


29. (c) A Shift of the Point of Suspension Sideways Relatively 
to the Impulse Lever.—Such a shift or tilt might arise from a 
want of stability of the wall to which the master pendulum was 
attached, or from a faulty attachment of the pendulum or the 
impulse mechanism to such wall. 

(a) The immediate effect will be to alter the value of s (see 
§ 26). Differentiating the expression (12) with respect to s, we 
get by escapement error 


OTs12AE| a a + : 
U(AP)=— FA 22 he ds ; (13) 
. 1 


vee 


Putting, as in the model, s=0-15a, and giving ds the value 
1’ of arc, we find 
Ae’ =0-076 second per day. 


This is a large variation ; moreover, since d?AT/ds? is very 
small with all possible values of s, this figure cannot be materially 


» 
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reduced by altering the position in the arc at which the impulse 
is given. 

This investigation points to the necessity of firm attachment 
of the pendulum and its mechanism to their support. The 
same effect would obtain with the Graham dead-beat and the 
generality of escapements, but with those where the impulse is 
given symmetrically in two directions the effect in one direc- 
tion is compensated by the counter effect in the other when the 
tilt is small. 

This effect is not a consequence of the particular way in 
which the impulse is given. The most ideal impulse where all 
the energy is given at the position 0=0 would yield an almost 
identical figure. 

(() Another effect of such a tilt will be one similar to that 
dealt with in § 28 (b), but the changes of rate are smaller than 
there resulting. 


30. (d) A Change im the Conditions of the Impulse Lever.— 
(a) One of the conditions here to be considered is that of friction 
at the pivots. Such friction will affect the rate by altering the 
value of the impulse. 

In order to gain some knowledge of the pivot friction a 
simple experiment was made. The pivots and their holes had 
not}been cleaned for about two years. The static friction was 
found to amount to about K/400. 

(i.) Circular Error.—We have from (2), neglecting the 
> Inertia term, 


A’E AK 
Nae 
and from (7) and (8) 
ne Ta? AK 
Ae’ = — 86,400 Te Kk: 


Assuming an increase of friction amounting to 100 per cent. 

of its value, we get 
Ae’ = +-0-0041 second per day. 

(il.) Escapement Error.—Applying the formula (12), putting 

s=0-15a, we get, with the same increase of friction, 
Ae’= --0-0013 second per day. 

It may be pointed out that by altering the position of the 
pendulum at which the impulse is given the disturbance to the 
pendulum by the impulse may be reduced or made to vanish, 
and changes of this disturbance with change of impulse to 
vanish also. Thus, if s=0-27a, AT of expression (12) becomes 
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zero. As, however, the absolute value of this disturbance is of 
no account if it remains constant, as the probable variations of 
the impulse are small, and as a higher value of s involves the 
pushing of the point at which the lever falls further from the 
zero position, it has been judged advisable to give s the value 
0-15a. 

(6) Another condition of the impulse lever is that ot tem- 
perature. It is assumed (see Introduction) that the changes of 
temperature to which the master pendulum are exposed are 
small. A small change of temperature, however, may have 
a serious effect if it alters the position in the swing at which the 
impulse is made. Suppose, for instance, that the pivots of the 
lever remain in constant relation to the pallet while the steel 
lever expands, then s will change by the quantity 

l 


\se= mig > PORUTL x5 


for an increase of 5°C., putting 0-000011 as the coefficient of 
expansion of steel. 
From (13) and (10) the change of rate will be 
Ae’= —0-0011 second per day. 


31. (e). A Change in the Effect of the Fall of the Wheel on the 
Impulse Pallet.—In order that the blow of the wheel.on the 
pallet shall be small it is essential that the wheel shall be held 
but a fraction of a millimetre above the pallet. This involves 
the rigid attachment of the impulse mechanism to the suspen- 
sion. It is proposed to suspend the pendulum in a cast-iron 
box with a plate-glass window, and to attach the impulse 
mechanism to the cast iron. The relative change of vertical 
position of the wheel and pallet due to expansion through 
5°C. would be about 0-0055 em. | 

Careful consideration has been given to the question whether 
the impulse should not preferably be given at a point higher 
up the pendulum with a view to diminishing any relative 
change in position of wheel and pallet. . It appears that any 
advantages of so doing are outweighed by the difficulties and 
disadavantages. 

With a view to measure the effect of the blow a series of 
experiments were made, in each of which during a measured 
time (20 minutes) the wheel was dropped a large number of 
times (337 to 400) through a distance of 0-02 cm., and, after a 
short measured run along the horizontal pallet, was raised. 
The decrement of amplitude was read. The experiments were: 
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rough, but within the probable limits ot error the decrement of 
amplitude was fairly closely accounted for by the air resis- 
tance and the frictional resistance of the run. ‘The resistance 
to the pendulum due to the blow of the wheel seemed very 
small. 

Table of Resulting Changes of Rate. 


By By 
Due to— , circular escapement| 
error. error. 


Second per day. 

(a) Change of friction of impulse wheel (25 p.c.)...) +0-0052 | =0-00036 
(b) Change of instant of release (0-01 second) of | 
mn Pulse IOVET 5 cos, tcsakink, eucde rete cette: +0-:0011  =0-0009 


(c) Tilt of master pendulum attachments (1 of arc) | +0-076 
(d) (a) Change of friction at impulse lever pivots 
| BLUME SO. eee eaten dele s nemcdera sence aca) aie tem an +0-0041 | +0-0013 | 
| (8) Expansion or contraction of impulse lever | 
PRT VEST Gare a srenteic es ches Saver te teatro: wise oe ae | 00-0011 


The change in each case is taken as acting through one whole day. 


It may appear that in the course of this discussion of 
probable causes of variation of rate, the mathematical mill 
has been applied to grind out results of greater refinement 
than is consistent with the trustworthiness of the data that 
can be used. Considering, however, the simplicity ot the con- 
ditions to which this pendulum is exposed, this mathematical 
application seems to the writer to be justified; he believes 
that these results give useful evidence of the order of magni- 
tude of the variation of rate to be expected from the various 
causes considered. It is possible that other causes of variation 
that have not occurred to him may be found to be of equal or 
creater importance. 


32. The Best Value for the Amplitude of the Master Pendulum. 
—The degree of freedom from frictional disturbance and the 
coafining of the impulse and all mechanical contact to a 
small angle on each side of the vertical position lead one to 
infer that escapement errors will be of less importance as com- 
pared with circular errors in the case of this clock than usually 
obtains, and this consideration seems to justify the adoption ot 
the unusually small semi-amplitude of 1 deg. 

The following table has been calculated for a semi-amplitude 
of 2 deg., certain reasonable and convenient necessary mod'fica- 
tions of other conditions having been made. A comparison of this 
table with that of § 31 will illustrate the argument used above. 


146 MR. BARTRUM ON 


It is anticipated that the error due to the change (c) can be 
reduced to small value :— 
Table of Changes of Rate with Semi-ampiitude doubled (2 deg.). 


By By 
Dre to— circular \escapement 


error. error. 


Second ‘per day. 
(a) Change of friction of impulse wheel (25 p.c.)...| +0-006 +0-0002 


(Dd) Change of instant of ice of impulse lever 
(0: ‘01 second) G.uls...n eee ibon ce eeeeeeeecnats +0-002 =-0-0003 
(ec) Tilt of master pendulum wivechineee (1’ of arc) be +0-038 
(/) (a) Change of friction at impulse lever pivots 
(YOO Ys0!).2.. Segae~seante ste e Mens aewel be daetaretes +0-016 +0-0006 | 
(8) Expansion or contraction of impulse lever 
through D°C, See. ae Peer hein ees eae eee ee Sere 7-0-0006 


V. CONCLUSION. 


It is unusual to put forward a new piece of physical apparatus 
without any attempt to report as to its efficiency in practice. 
But in this case the conditions are unusual. No comparison 
of a clock of the precision to which this aims is of any use 
except with the daily records of a first class observatory. The 
Paris rhythmic time signals have not been available to private 
observers during the war. Moreover, the purpose of the 
experimental model is merely to show the practicability of the 
method of synchronising the two pendulums and of the mode 
of giving the impulse to the master pendulum ; to show that 
the clock works without risk of failure of the electric contacts 
or other details. This the writer claims has been achieved. 
He suggests that, the practicability of the method being shown, 
the conditions for good timekeeping are assured. 

The mode] exhibited has involved considerable expenditure, 
and the writer feels justified in bringing the subject forward 
in its present stage in the hope that he may be sufficiently 
encouraged to expend greater sums on an instrument capable 
of undergoing the severest tests. 

Warm acknowledgment is due by the writer to Mr. Joseph 
Kirner for the skilful way he has carried out the ideas embodied 
in this piece of apparatus, for the many valuable practical 
suggestions he had made, and for the great interest he has 
shown. 

The writer is much indebted to Prot. Alfred W. Porter for 
kindly reading the manuscript, and to Prof. C. V. Boys, who 
has read the Paper and advised as to its publication. 
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ABSTRACT. 


The principal ieature of the author’s arrangement is the employ- 
ment of a “ slave ” clock to do the great part of the work, leaving the 
master pendulum no function beyond that of controlling the rate of 
the other. The master pendulum swings ireely except for a short 
period (about one-fifth of a second) every minute, during which it 
receives an impulse from a small falling wheel electromagnetically 
released by the slave clock. At the end oi its fall the impulse 
mechanism closes a second circuit and is restored to its initial 
position. These two electric circuits also energise parts of the 
mechanism in the slave clock by which the latter is kept in time 
with the master pendulum. The lagging otf correction behind error, 
with the resulting periodic fluctuation in the rate, is reduced almost 
to the vanishing point by the introduction of a “negative backlash” 
in the control mechanism, 

The Paper contains a mathematical discussion of the best working 
‘conditions and of the possible magnitude of errors which might arise 


from various causes. : 
DISCUSSION. 


Prof. Boys contributed the following remarks : The subject with which 
Mr. Bartrum has dealt with such ingenuity and success is one which has 
the greatest fascination for me, and I am sure that the members of the 
Society will join with me in congratulating him. I feel that we should 
welcome this contribution the more because the author’s daily work is 
quite in another walk of life. He hasreferred to the late Sir David Gill’s 
clock with two rendulums, which I saw when I was at Capetown, and 
which Sir David explained to me very fully. While admiring the 
ingenuity of this, I felt that it was not a convenient solution of the 
general problem. In particular I distrusted the use of a pendulum 
hooked up and liberated every two seconds, so that the slave clock, in 
fact, was started and stopped 30 times a minute by the master pendulum. 
Mr. Bartrum has undoubtedly worked on safer and more practicable lines 
in employing for the slave clock a complete going clock which is onlv 
rated instead of being kept alive by the master pendulum, and the less 
frequent interactions, which are sufficient, are certainly much more 
desirable. Of the numerous elements which go to make up the com- 
plete device, I think that which I most admire is the device for negative 
back lash, and the short account of this and the purpose that it serves 
would I think, be read with advantage by anyone who has to do with 
governors of any kind, and of the difficulties due to hunting which are 
met with in such varied directions. The author has realised with very 
great perfection the ideal conditions of a free pendulum which may be 
placed 60 ft. below the ground ir a place of uniform temperature and 
within a casing, so as to be protected from variations of atmospheric 
dexsity, whether due to change of temperature, if any, or of barometric 
pressure. Such a pendulum, free from mechanical friction variations, 
and with a gravity impulse related exactly as wished to the centre 
position, should give the most perfect time keeping that can be realised. 
At the end of the Paper the author refers to the question of the most 
suitable are of vibration. Itis possible that this can only be determined 
experimentally, as it has been with escapemert clocks, for there are here 
as elsewhere the counteracting advantages of improving isochronism 
‘with reduction of arc and improving stability of amplitude with increase 
of arc. However, such tests could only be made usefully under the most 
perfect conditions for the master pendulum. which up to the present the 
author has not been able to realise. He has, however, shown that his 
‘device will work, and that one pendulum will govern that of the other 
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clock for some two years without trouble, and I consider that he has 
proved his proposition. This is not a mere paper invention full of 
ingenuity which, to use a common but erroneous expression, is all right 
in theory but in practice won’t work. In practice it does work, and it 
does not appear to me to be as a corollary all wrong in theory. When 
any inventor breaks up new ground and brings to light new material of 
value he is apt to be shadowed by a host of minor inventors who very 
possibly may make some improvements in detail. In the present case 
it is certain that the comparatively small number of people who are 
interested in the production of the perfect clock will see other ways of 
doing what Mr. Bartrum has done. In fact, each one, if he thinks about 
it, will probably devise two or three different ways, and among all these, 
bits here and bits there, may very well be combined to produce a more 
convenient design. But there is no particular merit in doing this ; the 
merit is in the device which others seek to modify rather than in the 
modifications. Itis rare that there is so much merit in a parody as in an 
original composition. I wish to lay stress on this, because after seeing 
Mr. Bartrum’s clock I found it impossible to avoid thinking of other 
devices. These were mainlv due to features in Mr. Bartrum’s design 
which I did not quite like. For instance, that against which my mecha- 
nical sense most rebelled was the labour imposed upon the slave pen- 
dulum of dragging round the timing wheel. I also disliked the idea of 
the springs and connections to the pendulum of the regulating gear, I 
feel that these impose such a burden on the slave pendulum as possibly 
to make regulation far more frequently needed than it would be if this 
pendulum were as untramelledas that of an ordinary regulator. In other 
words, that the pendulum is truly described as a slave rather than as a 
colleague. I wanted, therefore, to see if the regulator clock could not 
be left just as free and undisturbed as any regulator, for in that case the 
problem of governing it should be simplified. For instance, there are 
86,400 seconds in a day, and an uncertainty of one second a day should 
not be possible in any such type of clock. A correction of rate of 1/80,000 
in round figures is all that can ever be needed to keep the colleague 
clock in order. Such a correction is effected by attaching to the pen- 
dulum rod half way down to the centre or oscillation a weight of 1/10,000 
of that of the bob. In any one minute the cumulated effect of such a 
change of rate is about 1/1,400 second. If, therefore, a bicycle ball of 
convenient weight can be tipped into a hole in a shelf half way down or 
lifted out again we have sufficient correction for any possible variation 
of rate, and with this alone, which is Mr. Bartrum’s negative back lash, 
and no other correction at all, the necessary governing can be done, and 
never a 1,000th of a second divergence arise between the pendulums. 

In the master pendulum case, which it ought not to be necessary to 
visit more often perhaps than once in 20 vears, there should be no pivots 
and no lubrication. The clock maker dotes on pivots, and here I think 
Mr. Bartrum has come unduly under his influence. I think the impulse 
could better be given by a weight resting upon an arm carried by and one 
with the pendulum on one side of the suspension spring, with en effective 
fall of precisely limited extent, and operating once a minute. An electro- 
magnetic device for holding this weight out of the way or for placing it 
in a defined position, so that it may be picked up by the rising arm and 
arrested in a lower position from the falling arm is easily designed, and if 
here a pivot should be found convenient it need not involve lubrication. 

The timing wheel and its operation is onc of Mr. Bartrum’s devices 
which I admire, but, together with the counting wheel, itcan be abolished 
altogether if the two pendulums are made synchronous in phase and kept 
so. In order to make such a method possible I would suggest that the 
escapement wheel of the colleague clock should make a relay contact 
when the clock ticks which should cause a spring supported plate below 
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each pendulum to rise into operative position and there be held for about 
one second. Each of these carrying a rod of Acheson graphite would 
then make contact with fine wires carried at the ends of the pendulums 
justas they pass their middle positions. These two contacts would one of 
them send a current to a racing rolay if the other had not sent one first. 
Whichever one, therefore, won the race, and got in first, would cause the 
relay to send on the appropriate one of two currents, one to put the ball 
on the regulating shelf of the colleague pendulum and the other to take 
it off. The colleague clock would also make a contact in the pendulum 
plate in plenty of time to cause the impulse weight to be put in its place 
ready to be picked up by the master pendulum, and another one to 
elevate it out of reach when it had done its work. It seems quite un- 
necessary to describe the very simple electromagnetic devices needed, 

I should put a second pendulum plate near the end of the swing of the 
master pendulum, which the operator could lift for a couple of seconds 
once a day or once a month as found desirable, so that four successive 
contacts could be recorded on a chronograph from which the amplitude 
could at once be determined. J should also bring up two pipes from the- 
bottom and the top of the master pendulum case to the observatory, 
where a pressure gauge would show the pressure,and so that if it were 
desired to regulate to a very small extent the rate of the master pendu- 
lum this could be done by small variations of pressure, or better by passing 
to the bottom of the case a known quantity of dry hydrogen gas, or to the 
top of the case dry heavy gas suchas CO,, so as to alter the density of the 
surrounding medium to a known but small extent. In normal times I 
could have made in a few days all that would be necessary to put these 
suggested modifications of Mr. Bartrum’s invention into practice, and I 
should certainly have done so, as the problem is to me one of very great 
interest, but it is not possible now to find time for such excursions, and so 
I have put these forward as suggestions only. I had hoped to have been 
able to make some experiments.in contacts between Acheson graphite 
and tungsten or tantalum wires, using a number of specimens of these 
wires, which the British Thomson-Houston Company have kindly given 
to me for this purpose, but at present this has not been possible. How- 
ever, in these days contact difficulties are not what they were, if, indeed, 
they exist at all. The automatic telephone exchange and many other 
things would wholly fail if contacts were the bogey that they used to be 
considered. 

Mr. Dupps tt said that at the Paris Observatory there was a standard 
seconds pendulum in a chamber 60 ft. below the surface of the ground. 
The temperature was constant, and there were no pressure variations, 
as the pendulum was in avacuum, It was driven electrically, and main- 
tained a perfectly constant rate, requiring no attention whatever, It 
gave a signal in a telephone every second. 

The AutTHor, in a communicated reply, said that he agreed that only 
experience could show ths best amplitude to adopt. The President had 
pointed out that if the time-keeping conditions of the auxiliary clock 
were so good that its possible variations were small, the control of the 
master pendulum might be limited to the imposition of two rates, respec- 
tively above and below the true rate. This, the author thinks, contains 
a valuable suggestion. He points out that the master having such 
limited influence over its colleague, these rates would require to be care- 
fully selected to avoid the danger of the colleague becoming beyond 
control. The further suggestion that the two pendulums should he 
maintained without difference of phase involves an electric contact being 
‘made by the master, an arrangement the author had been anxious to 
avoid from fear of its probable variability. If modern materials would 
enable such a contact to be made safely important simplifications could 
be effected. 
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VIII. The Effect of the Water-vapour in the Atmosphere on the 
Propagation of Electromagnetic Waves. By FREDERICK 
Scuwers, D.Sc. 

RECEIVED OcToBER 30, 1916. 
I propose in the following pages to discuss a point in connection 
with the propagation of electromagnetic waves in space. . It 
seems well founded that the propagation of these waves is 
strongly influenced by the conditions of ionisation of the air ; 
yet a quantitative theory has not been established since the 
actual facts—namely the change of intensity at the receiver 
from day to night, during solar eclipses, &c.—are not known 

with sufficient accuracy.* For the present, however, let us . 

disregard the effect of ionisation and consider only the refrac- 

tion of these waves through the atmosphere. 

Suppose our sending and receiving stations are on the oppo- 
site shores of an ocean, so that they are separated by salt water 
only ; in this case, the energy sent from an antenna, as shown 
by Sommerfeld,t is propagated for the larger part in the form 
of space waves, and only in smaller part in the form of surface 
waves. 

Kiebitz + has made an attempt to calculate the influence of 
the atmosphere in refracting the space waves towards the 
surface of the earth. Considering a layer of air 1 km. thick, 
he found that the refraction produced in this medium of feeble 
dielectric constant is quite insufficient to bring all the spacial 
waves down to the surface of the earth ; it would thus appear 
that refraction through the medium air exerts but a small 
favourable influence on the intensity at the receiving antenna. 
Considering further the influence of moisture, Kiebitz found 
that it only increases the dielectric constant by 10 per cent., 
i.e. only toa small extent. In this last respect the calculation 
of Kiebitz seems to me quite erroneous. Without considering 
the experimental figures for the dielectric constant of water- 
vapour, he simply assumed that the expression of Clausius- 


Mosotti —— -— remains constant when passing from the 


kts od 
liquid to the gaseous state. If we put for liquid water at 
T=293° k=81, we find for water-vapour at 293° and 760 mm. 
the value k= 1.0022, and with this figure Kiebitz tus his 
further calculations. 
* See E. G. Eccles, “ Jahrb. f. Drahtl. Telegr.,” Vol. VIL, p. 191 (1913). 


+ “ Annalen der Physik ” (IV.), Vol. XXVIIL., p. 665 (1909). 
t “ Jahrb. f. Drahtl. Telegr.,” Vol. VIL, p. 154 (1913). 
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As a matter of fact, it can easily be shown by a few examples 
that the Clausius-Mosotti formula does not remain constant 
when passing to another state of aggregation of a substance. 
For the i eaey state particularly, we find very high values 


of A (= ee =), 


liquid state is already very high. The following table gives a 
few figures in this respect* :— 


especially when the dielectric constant in the 


TABLE I. 
ee T. | A liquid T. A gas 
Deg. Deg. 
Ethyl alcohol ...... 287-7 1-12 383-0 1-47 (Baede ker)+ 
(185-4 1-01 a Pa ae 
Acetone ...........64 f  273°0 1:06 290-3 | 3-54 (Pohrt) t¢ 
(| 291-8 1-12 BS2-2 R277 ee 
288-0 1-35 291-4 | 3-40 (Baedeker) 
is des 2920 3-29 a 
See ee 332-4 2-9] . 
Ammonia. ......... { ee! Ae 335°1 | 2°88 ‘ 
tee es 356°8 =| 2°75 - 
368-3. | 267 & 
Ss | cate 381-4 | 2°65 +3 
Pea b al 1-03 413-0 4-54 (Baedeker) 
| 283-0 0-98 415:2 | 4-57 i 
Water ee es. Delia fais 5 di 4162 | 439 |, 
| a ~ rere RET ee 
| figs a a6 |390 7 


The A-values for water and ammonia in the gaseous state 
are plotted on diagrams I. and IJ. Ammonia is interesting as 
compared with water, since the values extend over a much 
wider range of temperature. Baedeker states that in both 
cases experiments could not be made at lower temperatures 
because of the conductivity of the gas ; in fact, we notice that 
for water as well as for ammonia the two first values are some- 
what off the general curve. 

If for water-vapour we extrapolate down to T=293°, by 
assuming the straight line given by the diagram, we arrive at 
A=16-45, which gives k=1-037 for 760 mm., thus much more 
than the previously calculated figure 10022. It must be ad- 
mitted that such an extrapolation is hazardous ; there is every 


* We consider the values of k for large A, thus practically for \ «. 
+ “‘ Zeitschr. Phys. Chemie.,”’ Vol. XX XVI., p. 308 (1901). 
t “‘ Ann. der Physik,” Vol. XLIL, p. 569 (1913). 
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reason to believe that the temperature function of A runs, not 
according to a straight line, but according to a curve, the con- 
vexity of which is turned towards the abscissa, as in the case 


of ammonia vapour. For the latter increases from 0-005 


aT 


412° 414° 416° 418° 420° 422°—>T 


DtaGRaM J.—VARIATION oF THE CrLAUSIUS-MosoTTI EXPRESSION (A) FOR 
WATER-VAPOUR AS A FUNCTION OF THE TEMPERATURE. 


“280° 300° 320° 540° 360° 330° —>T 


Diagram IJ.—VaRIATION OF THE CLAUsIUS-MosoTTI EXPRESSION (A) 
FOR AMMONIA-VAPOUR AS A FUNCTION OF THE TEMPERATURE. 


to 0-012 for a temperature decrease of 90° only. Yet, since we 
have no means of ascertaining from the present data the accu- 
rate shape of the curve in the case of water-vapour, we shall 
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admit our straight-line extrapolation, without forgetting that 
the values of the dielectric constant thus obtained are almost 
certainly too low. 

Let us now calculate the refraction undergone by electric 
waves in the atmosphere. Consider above the earth a layer 
of air having the height h. In order that the waves may follow 
exactly the curvature of the earth, the front ab, which is normal 
to its surface, must be displaced so that cd be also perpendicular 
at the point d (see Fig. 1). 


Surface of _, 
the earth. 


igak: 


Ii we put r=the radius of the earth (mean— 6366-2 km.), 
this condition will be satisfied if the relative Latins od are 


40,000 
40,000 +27 

We must now assume certain definite and regular conditions 
of the atmosphere—as far as possible the mean conditions that 
prevail. We suppose, as stated before, that the sending and 
receiving stations are separated by an ocean and that at sea- 
level (h,), the pressure is 760mm. Ath, we can admit succes- 
sively different temperatures according to the latitude. For 
the change of temperature with increasing f/ it is somewhat 
difficult to take an average value. I propose to consider a 
rather small positive temperature gradient for the first kilo- 
meter, say a decrease of 0-2 deg. for every 100 metres, on 
account of the fact that there is sometimes a negative gradient ; 
in the second and third kilometre I propose to consider larger 
values of the gradient, say 0-5 deg. and 0-55 deg. respectively. 

The relative humidity of air above the oceans will be put 
at 80 per cent.* For example, at 295° 1 ke. of moist alr con- 
tains 19-53 gr. of water-vapour, when completely saturated ; 
-on our hypothesis it will contain only 15-62 gr. (or 0-01562 ke.). 
From the known relation 0-623e/760—0-377e=0-01562 ‘we 
deduce the value of the vapour pressure e as 18-82 mm. 


r 
a8 ty, OF 38 Kiebitz puts it, as 


* Hann, loc. cit., p. 234. 
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For other values of h, the water vapour pressure diminishes: 


above the oceans according to Suering’s empirical formula * : 
h ; 


h 

e,<e 10,8¢'*%0) In the case just considered (temp. 298°,,,. 
at h=0) this would give for h=1 km., the value e,= 
12-52 mm., corresponding to 11-53 gr. water-vapour in lkg. 
of air. At this height the temperature would be 296°-0 (tem- 
perature gradient 0-2°) and the total pressure P, calculated from 
the well-known formula: log 760/P = h/18,400(1 +at) (1+ 
0°377e/P) would be 677-9 mm. Hg. Under such conditions of 
temperature, moisture and pressure the density of air is 
0-001173 at 298° and 0-001056 at 296°. For other values of h 
we get the figures indicated in Table II. 


TaBLeE II. 
| | Specific | Density A k 
h | T°k yg e mois- (moist (H,O (moist 
ture. air). vapour). air). 
Deg. 


0 298-0 | 760-0 | 18°82 15:62 | 0-001173 16-00 | 1-001407 
5 Le 29TO 719-9 4 tag 13°53 | 0-001114 16:09 | 1001230 
‘0 296:0 |. 677°9 | 12-52 11:58 | 0:001056 16-18 | 1001070 
0 
0 


292-5 | 603-5 8-11 8:43 | 0-:0090954 16-50 | 1-000830 
287-0 | 536°3 | 5-01 | 5-84 | 0-000863 17:00 | 1-000650 


Let us now consider the dielectric constant. For dry air 
we have k=1-000590 + at 298° and 760mm. For other tem- 
peratures and pressures within the range we have to consider, 
it has been shown that 4 remains absolutely constant. Thus 
the value of A for air (dry) will be put 0-152 in all cases. By 
means of the formula for binary mixtures,} we can calculate 
the value of the dielectric constant of air with 80 per cent. 
moisture at 298° and 760mm. We get 

k—1 1 
+2 ° 0-001173 

From this we find =1-001407. Ii we calculate in the same 
way for other values or h, we get the figures of the last column 
of 'fable I]. As just said, we may use a constant value for 


air (0-152); but for water-vapour we must take the values. 
from the extrapolated curve, which are to be found in column 7. 


=0-152 x 0-98438 +16-0 x 0-01562. 


* “ Wissensch Luftschiffahrten,” Vol. III., p. 157 (1900). 

+ Boltzmann, ‘‘ Pogg. Ann.,” Vol. CLV., p. 403 (1873), and others. | 

+t See Graetz, ‘‘ Handb. der Elektr. u. des Magn.,” Vol. I. (2), p. 175. 
(formula 81). 
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_ We have now to calculate, taking k=1-001407 for the at- 
mosphere at sea-level, what must be the values for different 
h’s in order that the whole of the electromagnetic waves 
may be refracted along a curve corresponding to that of the 
earth’s surface. Admitting that k is the square of the electric 
refractive index, we have that the velocity of propagation ex- 
pressed in km. is equal to the velocity in vacuo divided by 
pe 3.10-9 3.10-5 
V k, thus v/( 1-001407) Or 10007035 for h=0. 
For any other value of h we have . 
3-10-° 
6366-2 10007035. Vi, 
6366-2+h  3-10-> ~~ 1-0007035° 
Miles 
lf we calculate \/k, for the values of h considered and take 
the square, we get the figures under k’ in Table III. 


TABLE III. 
h k k’ k’—k 
0 1:001407 [1001407] | mie 
0:5 1:00 1230 | 1:001250 +0-000020 
1-0 1:001070 | 1:001092 +0-000022 
2-0 1:000830 | 1:000778 | —0:000052 
3:0 1:000650 | 1:000464 —0-000186 


We see that the figures under 4, representing the actual di- 
electric constant, are first lower then higher than the figures 
under k’. If we put the difference between k/ and k’ as ordinates 
and h as abscissa, the maximum of the curve will correspond 
to the height below which all waves are refracted towards 


the earth. This can be done accurately by. calculating ae 
which is found to be equal to a (0 -4X%107%); “for A= 


dh 

0-825 kin. , 

The calculation can be repeated for other initial temperatures ; 
e.g.,if we start from 7 =296°, we get the values of Table IV. 
The thickness of the layer in which the refraction is such as to 
give waves directed towards the surface of the earth is only 
about 350 metres under these conditions. Thus we rapidly 
reach a temperature for which only the air layer directly above 
the water refracts the whole amount of the electromagnetic 
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Tass IV. 
| Specific d be id 0 Se 
ee ns he P | e | mois-| moist water | moist ke’ 
poture. ye sain | Vapour. air. 


— 


0 | 296-0! 760-0 16-68) 13-79 0-001183 | 16°18 | 1001325 [1-001325] 
0-5 295-0} 717-6 13-76 12-05 0-0011122 16-27 1-001166) 1-:001167 
1-0; 294-0} 677-3) 11:09 10-29 |0-001063 | 16-36 | 1001017 1:001010 
2-0) 290-5 | 602-7 | 7:19} 7:50 (0-000956 16-67 | 1-000791 .1-000675 | 


Dea eal | 


waves towards the earth. Assuming that the results calcu- 
lated would exactly correspond to the reality, we could state 
that in the tropical and subtropical regions, where the tem- 
perature of the atmosphere close to the water remains above 


4+5.10° 


DracraM [Il.—Dirrerence K’—K at DirreReENt HeErcuTs (A In KiLo- 
METRE) AND FOR DIFFERENT TEMPERATURE CONDITIONS. 


292°--293°, the conditions of the lower layers are such that the 
totality of the waves are refracted downwards. Thus we come 
to the conclusion that the electric “ space ” waves, instead of 
being lost for the major part before they reach a distant re- 
ceiving antenna—as it was thought by Kiebitz—can, under 
favourable conditions, be totally refracted downwards ; and 
under less favourable temperature conditions the greater part 
of them still reaches the receiver. 

But the actual figures arrived at can only be approximate, 
for (a) they depend upon the rather uncertain value of & 
for water-vapour ; (b) they refer to ideal conditions, without 
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regard to local changes (temperature, wind, clouds, rain, &c.). 
With regard to (a) it may again be emphasised that by em- 
ploying a larger k-value for water-vapour—which would very 
likely better correspond to reality—the area above the oceans 
in which electric waves are totally refracted would extend to 
the temperate, and possibly even to arctic regions. With 
regard to (b) the discussion of local conditions would lead us 
to rather vague results as long as the point (a) is not settled ; 
at any rate, it would only be worth while discussing the in- 
fluence of local factors in connection with actual experi- 
mental data, which are lacking at present.* 

Yet certain general conclusions can already be drawn; e.9., 
since the average temperature above the oceans varies by less 
than 1° within 24 hours, the changes of intensity observed at 
the receiver, when comparing day with night, can hardly be 
the result of changes of the temperature and corresponding 
variations of the hygrometric state of the atmosphere. 

Similar calculations could be made for the. propagation of 
electric waves above the land. In this case the prismatic 
effect of the atmosphere is less important, since the relative 
amount of “space”? waves is smaller (see Sommerfeld, loc. 
cit.). We shall not attempt any general calculation, because 
the temperature and other physical conditions are far less 
constant than above the oceans. 

In conclusion, I think that, next to the ionisation of air, the 
variation of its electric refractive index—due principally to its 
hygrometric state—constitutes an important factor in the pro- 
pagation of electromagnetic “ space ” waves and the intensity 
at a receiving wireless station. 


ABSTRACT. 


The author discusses the probable influence of moisture in the 
atmosphere on the refraction of electromagnetic waves round the 
earth’s surface. The conclusion of Kiebitz that the presence of 
moisture does not affect the dielectric constant by more than 10 per 
cent. is shown to be erroneous, being based on the assumption that 


katt 
the Clausius-Mossoti formula, bi qa Constant, holds when passing 


from the liquid to the gaseous state. Examples are quoted to show 


* A serious effort to set up regular and accurate measurements in con- 
nection with wireless telegraphy has been started recently by an inter- 
national committee, known under the name ‘ Télégraphie sans fil scienti- 
fique ” (T.S.F.S.), which has its central seat in Brussels. It had hardly 
started its activity when the work was interrupted by the war. This Paper 
is part of the work I have done in that laboratory, with a grant from the 
“Institut International de Physique Solvay,’ which I gladly acknowledge. 
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that this law fails in many cases, especially where the diblewtize con- 
stant is high in the liquid state. 

In the absence of more accurate data for ordinary temperatures, 
the author prefers to assume a value for the dielectric constant of 
water vapour obtained by extrapolating the results obtained by 
Baedeker for higher temperatures. The extrapolated value is almost 
certainly too low. 

. From this result, and the average conditions of the atmosphere 
over the ocean with regard to temperature gradient, &c., deduced 
from meteorological data, it is shown that the lowest layers of the 
atmosphere (1,000 to 1,500 metres approximately in depth) refract 
electromagnetic waves towards the earth, so that the greater part of 
the space waves will reach the receiver, contrary to the conclusion 
of Kiebitz. 


DISCUSSION. 


Dr. C. Corer (communicated remarks): The author, presumably 
unaware of their existence, does not refer to the somewhat numerous 
upper air data which have been published in this country by the Meteoro- 
logical Office. A study of these data as to the temperature gradients 
would I think, have proved useful. Inversions are not confined to the 
lowest layers, but in these layers they are exceptional, and do not suffice 
to reduce the average temperature gradient to such low values as the 
author has taken for the first and second kilometres. For these, 5 deg. 
or 6 deg. per kilometre would not have been too high, especially for 
tropical regions. If the empirical exponential formula for vapour 
pressure be assumed, the pressure at any given height varies directly with 
that at ground level, and so in temperate latitudes is much lower in 
winter than in summer. It thus seems rather a fundamental point 
whether wireless phenomena in temperate latitudes show a marked 
annual variation corresponding with that of vapour pressure at ground 
level. 

The AutHor, replying to Dr. Chree, said: A temperature decrease of 
5 deg. to 6 deg. in the first kilometre may be or may not be more accurate 
than the decrease of 2 deg. which I have proposed; the scanty available 
observations above the oceans only allow us to state that both figures 
are probable values for the yearly average of the temperature gradient. 
If there were serious reasons to prefer the figures proposed by Dr. C. 
Chree, it would simply mean that the height of the air layer within 
which total refraction occurs is smaller than it appears from any calcula- 
tions ; but the order of magnitude of the phenomenon remains the same. 
The question of an inversion of the temperature gradient in upper 
atmospheric layers has not been considered in this connection. For 
large h’s the waves are bent apart from the surface of the earth (see my 
calculations), and even a strong negative gradient is not likely to deter- 
mine the bend in the other direction. It would be very interesting to 
verify how far a relation between vapour pressure and annual variation 
at a wireless receiver—as well as many other relations—is verified by 
actual observatiors. But, as far as the wireless phenomena are con- 
cerned, there are practically no data available at present. At the eve of 
starting such measurements it was precisely interesting to try to find out 
which could possibly be the meteorological factors most likely to affect 
the propagation of electromagnetic waves; and whatever may be ~ 
disputed now or later with regard to the actual numbers given in my 
Paper, I think it will remain true that the amount of water vapour 
present in the atmosphere is one of the important factors, 
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TX. Note on the Calculation of the Coefficient of Diffusion of 
a Salt at a Definite Concentration. By A. Grirritus, D.Sc. 


RECEIVED OcToBeER 20, 1916. Rervisep January 26, 1917. 


In the calculation of the coefficient of diffusion, by B. W. 
Clack, a simple relation is assumed between the density of a 
solution of a salt and the concentration. This simple relation 
is only approximately correct and compromises are made 
which require justification. 

This note suggests— 

(1) A method of calculating the coefficient of diffusion which, 
to a high degree of theoretical accuracy, gives values for the 
coefficient which are independent of a precise relationship 
between density and concentration ; and 

(2) Justifies the method of calculation adopted by B. W. 
Clack. 

§ 1. Consider the case of a tube of unit-cross-section and of 
length Ly. The lower end dips into a closed vessel which 
contains a solution whose concentration is NV grams per cubic 
centimetre. The upper end opens into a large unclosed vessel 
containing water. 

Let v,=velocity of water at upper end of tube. 

n=concentration at distance / from top of tube. 

o, =density of solution at distance / {rom top of tube. 

Cy=mass of salt transmitted per second after attain- 
ment of the steady state when concentration at 
bottom of tube is NV. 

/(n)=coefficient of diffusion at concentration n. 

dy=ratio of increment of volume of solution to mass of 

salt added at concentration NV. 


Then 
d 
at {(n) = =ON 
. 7} v= CnOns 
whence Nf(n)( 
Pn—1) ty Rist 
ik rma pasa oe i cydl=C y Ly. 


_ Differentiating both sides of the equation with respect to V 


pf pw-N don "f(m) (9, —2) cd 
AR +N+Noy dN of (N) (o, —n-+n6y)° | 
d 
= gy (En En) 13s . .- @ (1) 
VOL. X XIX. O 
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The second term within the bracket : ( {} ) 1s relatively small ; 

it is approximately correct to neglect it and to write 
jw) tenn) x (ey—N+Noy) ae (2) 
dN (py —) 

Thus, if the relation between LyCy and N be determined 
experimentally, the approximate value of the coefficient of 
diffusion at concentration NV is given without any hypothesis 
as to the precise relationship between the density and the 
concentration. 

Having found from equation (2) a first approximation to 
/(N), and therefore to /(n), (for the forms of the two functions 
are identical), the value of the second term within the bracket 
({\) can be determined ; and, finally, equation (1) can be used 
to determine /() with an increased and high degree of accuracy. 

Let us consider the case of a solution which has the pro- 
perties of an aqueous solution of KC], but m which the relation- 
ship between the density and the concentration may be specified 


by py =1+0-62N —0-13N2. 
This equation is approximately true for a solution of potassium 
chloride at 18°C. In the published work of B. W. Clack and 
of the author a linear relationship is assumed. 
This equation gives 
5 _0-38 +0-26N 
N™ 140-13? 
d5y, 0-26 —0-0988N —0-0338N? 
dN~ — (1+0-13NV?)? 
The values of /(N) deduced by intrapolation and extra- 
polation from B. W. Clack’s Paper are as follows :— 
/(0-05)=1-545x 10-5; f(0-1)=1-651 107 
f(0-15)=1-757X 10-3; {(0-20)}=1-863x 10-9 
The value of the integral in the second term within the 


brackets ( { } ) may be found by plotting a curve on squared paper 
and when V=0-2 (1) becomes, aiter a little re-arrangement, 


par Ty lo. noe ee 
(IN) — "Nay (L900 =—ay +) 
[Note.+N=0-2.| 
It may be particularly noted that equation (3) holds only 
for the special case that N=0-2. A difierent value of V would 


and 
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necessitate a calculation of the new value of the second term 
within the brackets ({ } ). 

It may incidentally be mentioned that an approximate 
value of the integral within the brackets ({ }) of equation (1) 
is N?/2.. If this approximation be used then the second term 
within the brackets ({}) of equation (2) becomes 0°0052. 


§ 2. B. W. Clack in his Papers, writes :— 
Noy 


CyLy=K, (ls )X. 


dy Ly _ N6éy\ d N? ddy. 
“ay =N(1— ayoKn) Ko —Nbv—5 aN) 


and, when V =0-2, from equation (3), 


(ey -W +N9y)[ on (1 Non aa iN) +1 Mee \ i )] 


HN) = ~ (ey —W) {1 —0-0050} 
d 
——(}.O- ae ee 
=0-9398, Kw +0-2104-—(,Ky) 2. . 2 ee ee (4) 


{ Note.—N =0-2. | 
The equation adopted by B. W. Clack in his recent Paper is 


N6n 
Bee aa a, 
(scien lama pgfan ° 
whence 
{(N)= hay +0: 2093.50 Ky). 2 ° . . ° (5) 


[Note.—N =0-2. | 
To compare the numerical values given by (4) and (5), let 
hy=l-7x 10>, when N=0-2. Also let IN Ky,)=0-5x 10. 


Equation (4) gives {(V)=1-8049 x 10-° ; equation (5) gives 
{ N)=1-8047 x 10-°. 

Thus, the equation used by B. W. Clack is completely 
justified. 
_ It may be mentioned that the simple equation given by B. W. 


d Se 
Clack in an earlier Paper (viz. {(N)=,Ky +N qo w)) gives 


a good approximation to the correct value. 
02 
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ABSTRACT. 


In the calculation of the coefficient of diffusion, by B. W. Clack, a 
simple relation is assumed between the density of a solution of a 
salt and the concentration. This simple relation is only approxi- 
mately correct, and compromises are made which require justification. 
vwaThis note— 

1. Suggests a method of calculating the coefficient of diffusion 
which, to a high degree of theoretical accuracy, gives values for the 
coefficient which are independent of a precise relationship between 
density and concentration ; and 

2. Justifies the method of calculation adopted by B. W. Clack. 


DISCUSSION. 


Mr. B. W. Cuack: The coefficient of diffusion is not a constant, but 
varies with the concentration to a considerable extent. In most experi- 
mental work the coefficient varies at different positions in the apparatus, 
ee ay work which helps towards the proper interpretation of results is 
of value. 
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X. A Special Test on the Temperature Effect of Gravitation.* 
By P. E. Suaw, B.A., D.Sc., and C. Hayes, B.Sc. 


RECEIVED DECEMBER 29, 1916 


1. Introduction. 


In the ‘‘ Philosophical Transactions” of the Royal Society 
for 1916 + there is a Paper. by one of us dealing with the pos- 
sible existence of a temperature coefficient in the law of gravi- 
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Fig. 1.—AN ELEVATION OF THE APPARATUS. 


The central vacuum tube contains the torsion balance whose movements 
ace observed through the window W. The special brass cylinders on which 
the contacts are made are shown thick on the hanging wires ww. — 


tation, and giving an account of experiments made to discover 
this coefficient. 
The essential parts of the apparatus used are shown in Fig. 1. 


* Briefly described in the discussion on Gravitation atameeting of Section 
A, British Association, Neweastle, 1916. 
+ Shaw, Vol. CCOXVLI., pp. 349-392. 
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From this sketch many details have been omitted, but full 
drawings and description will be found in the Paper quoted. 

The glass tube A B is 120 cm. long and 5 cm. bore, and is 
exhausted to a pressure of 15mm. of mercury. Two fine 
wires, ss, of length 15 cm. and 35 cm. respectively, are sus- 
pended from the ends of a torsion beam which is hung by a 
quartz fibre, F, 60 cm. in length. Each of these wire: carries a 
very pure silver ball weighing 2-5 gm. The movements of the 
torsion beam, carrying a mirror which reflects light from a dis- 
tant scale, are observed through the window W by a telescope 
4-5 metres distant. ‘The vacuum tube is well lagged with 
cotton wool, and this is surrounded by a helix of “‘ compo ” 
tubing through which water is continually passing. 

Outside the vacuum tube a lead sphere, weighing 47 kilos, 
was placed on the same horizontal level as each of the silver 
balls. These spheres were suspended by stout copper wires, 
ww, from a turntable which could be rotated about a vertical 
axis with ease and smoothness on the ball-bearings shown in the 
figure Two holes were drilled in each sphere to admit a heat- 
ing coil of nichrome, and over the cotton-wool covering the 
spheres there is a layer of tinfoil. The leads // for the heating 
coils are carried up to the turn-table arms, and, therefore, 
exert no influence on the hang of the spheres. Stops are placed 
on the dial of the swing-table in such positions (found by 
experiment) as to give the maximum deflection of the torsion 
system as the lead spheres moved from the A to the B positions 
(see Fig. 2). This change of deflection, called the range, was 
measured when the lead spheres were at 18°C., and also when 
ihey were at other temperatures up to 250°C. The tempera- 
ture coefficient was found by dividing the change of range by 
the whote range and by the change of temperature. 


2. Object of the Test. 


From these experiments it was deduced that, at least for the 
materials used, there is a temperature effect of gravitation 
when the emperature of the large mass rises, while that of the 
small mass remains constant. 

Supposing that this effect is linear it can b> expressed by the 
relation M 

F=G(1-La) — 
where F is the force of attraction and 6 is the increment in 
temperature of the large mass, G being the Newtonian con- 
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stant at ordinary temperatures, and d being the distance be- 

tween the centre of mass of either large sphere and i:s corre- 

sponding small mass. The value found fora was +1:240~° 
per 1°C. ) 

There are many possible sources of error mentioned in the 

’ Paper which might account for the observed small change in 


Fie. 2..—A PLAN VIEW. 


The large spheres are shown with the hanging wires in section at their 
centres. The section of the vacuum tube is seen at the centre. The micro- 
meter and frame ars shown on the right and the micrometer alone on the 
left for the A position. The B position is indicated by a section of the 
hanging wires. 


the deflection. All these were considered to have been satis- 
factorily eliminated by the precautions taken; but another 
possible source was mentioned in the criticism after the reading 
of the Paper. This will be found on p. 391 as follows: “ It.is 
suggested that with the high temperature of the lead spheres 
(250°C.) considerable convection currents would be set up 
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round them even when lagged.’ In the region where the 
spheres are close to the tube, the air velocity might be very 
much larger than on the outer regions ; and, as a consequence, 
a difference of pressure would be called into play, pushing the 
suspended spheres towards the tube, and therefore increasing 
the actual attraction on the suspended small balls. It is 
calculated that an inward displacement of 0-15 mm. in each 
lead sphere would account for the change observed. In reply 
to this criticism it should be mentioned that the vacuum tube 
is surrounded by a water screen at about 11°C., so that one 
would expect the inner side of the sphere to be colder than else- 
where, and the push on the sphere due to convection differ- 
ences would be outwards, not inwards. 

It was thus felt that this criticism would not be weighty, 
but we thought that a direct observation on the point should be 
made on the apparatus exactly as used in the experiments 
described in the above Paper. Again, there may bedistark ing 
effects other than convection tending to displace the lead 
spheres radially. The proposed test should indicate any 
such influence. 


3. Method of Testing. 


To put the above point to an experimental test, the following 
method of procedure was adopted. A piece of T-iron, to one 
end of which was attached a short vertical rod of steel, was 
fastened to each of the four wooden pillars supporting the 
apparatus. The attachment was made in such a manner that 
for the A or B position, the steel rods, the copper wire carry- 
ing the lead sphere and the silver ball (associated with the 
lead sphere) were in the same vertical plane. On to the steel 
rod fitted an arrangement, shown in Fig. 2, which carries a 
micrometer. In use this micrometer screw was adjusted by 
swinging the micrometer on its vertical pin and by turning 
the screw until it just made contact with the vertical wire. 
When this occurred an electric circuit was completed through 
the wire and the micrometer, which caused a sound in a 
telephone receiver, and the reading of the micrometer was 
then taken. The position of the copper wire was thus accurately 
determined, and any movenient to or from the silver sphere 
could be detected. Unless the copper wire were quite 
straight, we should not be able to repeat our readings if any 
rotation occurred about a vertical axis passing through the 
wire. 
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In order to overcome this difficulty, brass cylinders, each 
8 cm. Jong, were accurately turned, so that the inside and out- 
side surfaces were concentric and the inner diameter equal to 
that of the copper wire. A small longitudinal opening was 
made in each cylinder, through which the wire was passed, and 
attached with a little solder. Any slight rotation of the lead 
spheres will now introduce no error, seeing that the axis of 
rotation is the geometric axis of the outside surface. 

The method of taking the readings was as follows: The 
micrometer readings for the two wires were taken for the A 
position and then for the B position (Part I. in table). The 
temperature of the lead spheres was then raised to 220°C., and 
the four micrometer readings again taken (Part II. in table). 
This was again repeated when the spheres were cold (Part III. 
in table). In order to be certain that the torsion system was 
moving freely the scale reading of the torsion beam wa; taken 
roughly for each of the above positions. 

To assist in keeping the position of the steel rods fixed during 
the experiment the four pieces of T-iron were wrapped with 
felt, cotton and cardboard, and the four wooden pillars were 
bound together by other pieces of T-iron, which were similarly 
lagged to prevent appreciable rise of temperature during the 
experiment. 


4. Readings. 


The readings are shown in the table on next page. In the 
first column is the position of the lead balls, while in the second 
is the tube reading. The latter is obtamed by the mirror 
which is attached to the vacuum tube, which records any 
rotation of the apparatus as a whole. In the third column are 
the readings of the position of the torsion system. This was 
never at rest, but from two consecut.ve readings of the extreme 
positions the exact position of rest can be calculated if the 
decrement of the system be known. In the next column we 
have the temperature of the lead balls. 

A wooden pillar is referred to as the north, south, east 
or west pillar, according to its position with respect to the 
cardinal points of the compass. Thus in the A position of the 
lead balls we have readings of the micrometer {rom the east an] 
west pillars, while for the B position they are from the north 
and south pillars. Since a movement of the wire towards the 
vacuum tube will give a smaller micrometer reading, it will be 
seen that the swm of the east and west (or north and south) 
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Table of Results. 


Beas | Radial readings of M.M. in mm. 


Posh TLR RD Cid ee ee ea 
mm. | mm. N. S. K. W. | N+S. | E+W. 
PEE SSR BIO LAN. TAN BBLS TE Abed 
L| B | 324-9/1382-7, 19°C, || 6-525] 15-841] 2. |... 
4 324.3 |{7204 Ses Ea ... | 12-350) 10-310 
64-9 19°C. ||... ... | 12-360] 10-303 
| B |... | 19°C, || 6-527] 15-845 if. 
| 6-523| 15-843) 12-355) 10-307) 22-366| 22-662 
aoa lf 53°91 £216°C.|| vo. nm ey te 
Hi.) A | 324-0 |) 173.91202°C.|| ... | ... | 12-385] 10-984 
: | | (206°C. | 6-540] 15-862)... oN 
190°C. | 6-542] 15-855). 
‘ 199°C. |}... Na i Lae 
“> 11182°C.|| . | 12-415} 10-267 
B | 304.8 /f404-1] 190°C. oe a 


| 268-9 (176-C.| 6-540] 15-858 


6-541 | 15-858) 12-400 10-275| 22-399) 22-675 


433-1 


TIL.) B | 3249 949.9| 23°C, || 6-586| 15-830]... |. ... | 22-365 
| A | 324-4/\ 204-6] 23°0. |] <1. |... | 12-840| 10-897| 1 | 29-667 
| Mean for cold ......scscessees. 22.366| 22-665 
os, Ota ee cae 22.399| 22.675 
Differetioe y Wan asc 40-033 |-+.0.010 


Mean difference =+0:02! mm. 


' 


readings, together with some unknown constant length will give 
us the distance between the wires for the A (or B) position of 
the lead balls. The difference in the numbers in the ninth and 
tenth columns are due to the chance that the vertical pins for 
supporting the micrometer are not equidistant from the central 
axis. 

From these results it will be seen that for the A position we 
have an OUTWARD movement of 0-01 mm. and for the B position 
an OUTWARD movement of 0-03 mm., giving a mean outward 
movement of 0-02 mm. 


5. Result. 


As pointed out earlier the’ temperature effect observed in 
the original research could be produced if an INWARD move- 
ment of 0-15 mm. occurred in each lead sphere. 

The present test shows that the total movement of both lead 
spheres is 0-02 mm., so that each lead sphere would only move 
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0-01 mm. This is one-fifteenth of the effect looked for, and it 
is outward—t.e., in the. contrary sense. Thus, the gravita- 
tion-temperature effect will now have to be increased slightly. 

Before calculating the correction to be applied to the tem- 
perature coefficient for this small observed displacement, we 
notice that it would require a rise in temperature of only 4°C. 
in the turn-table beam to produce the outward movement of 
0:02 mm. Itis not unlikely that the beam would rise in tem- 
perature by this amount, and we feel incl ned to attribute the 
effect observed in this test to this cause rather than to any 
Bernouilli effect or radiation pressure. 

In the original research the probable result is 

| a= -+(1:2+0-05) x 10~°. 

As a result of the present test this must now be amended to— 

a= +(1-3+0-05) x 10—°. 

In conclusion, we might say that the present method, rather 
_ than an optical one, was chosen chiefly because of the difficulty 
o. working any optical device with the gravitation apparatus as 
already installed. 

In order to avoid small errors of displacement it seems 
advisable always in future to apply a test for the horizontal 
distance between the suspending wires in making gravi- 
tation-temperature experiments, and we are inclined in future 
to give opti-al methods a trial as the above method is rather 
tedious. We find that mechanical contact of the micrometer 
screw on the suspending wires tends to set these in vibration ; 
whereas if a microscope or an opiical lever device were used 
there would, of course, be no actual contact or, in the latter 
case, only a very slight one. 


ABSTRACT. 


In the Philosophical ‘* Transactions’? of the Royal Society, 
Vol. CCXVI., pp. 349 to 392, there is a Paper by one of the authors 
dealing with the possible existence of a temperature coefficient of the 
constant of gravitation. It was suggested in the discussion that the 
effect might be due to an inward displacement of the large lead 
spheres, at the higher temperatures, due to convection currents. 

In the present Paper experiments are described in which this 
point is tested by micrometric measurements of the positions of the 
supporting wires. It is shown that, at the higher temperatures, 
there is a small outward displacement of the spheres, probably due 
to the expansion of the crosshead from which they are suspended. 
A slightly higher value has, therefore, to be given to the temperature 
coefficient of gravitation. 
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DISCUSSION. . ; 

Mr. F. E. Smiru suggested that since it appeared to be necessary to 
measure the deflection of the large spheres in order to arrive at the 
correct result, this could be more advantageously done with an arrange- 
ment of microscopes than with the micrometers employed. 

Prof. C. V. Boys thought the subject was one of vital importance. 
He was not yet convinced that the results obtained by Dr. Shaw were 
necessarily true; but the apparatus was in many ways so beautifully 
designed that it was difficult to see what could give rise to the discrep- 
ancy. It seemed to him that Dr. Shaw’s method of measuring the 
constant at two different temperatures was not the best way of measuring 
the difference between these values, which was thus subject to the inaccu- 
racy of the complete determination. It seemed a better plan to have two 
sets of balls, one in the A position and one in the B position, and to 
measure any change in‘the deflection produced when one pair were hot 
and the other cold, and vice versa. This would be a null method, and 
would measure only the temperature coefficient if such existed. He had 
mentioned this to Dr. Shaw, who had brought forward some difficulty 
in connection with it which he could not at the moment remember. 

Mr. C. C. Paterson asked if it was not possible for convection currents 
to be set up inside the vacuum tube and to affect the small spheres. 

Dr. SHaw replied as follows : Mr. Smith would prefer a set of microscopes 
to a set of electric micrometers for the measurements. We state at the end 
of the Paper that we should have tried, and very likely adopted, this method 
if we had been able ; but the scaffolding and permanent tables surrounding 
the gravitation apparatus prevented that free access which would have been 
required for optical measurement. We should on another occasion make 
attempts to use a microscope, though, of course, there are special difficulties 
(e.g., vibration) involved in its use on a long wire. The alternative method 
suggested by the President, ideal in some experiments, would seem to suffer 
in comparison with the method used in'tworespects. (1) The observed tem- 
perature effect would be reduced to one-half, since the hot sphere would, in 
effect, act on one side only, instead of acting, as at present, on both sides. The 
effect, already small, would thus be measurable with only half the accuracy. 
(2) A more serious technical trouble would arise from the complete inability 
to check the zero of the torsion beam. This zero may drift in the method so 
far used, without directly invalidating the result ; but in the proposed 
method any drift would enter the result as a direct error. In the method 
used we can observe zero continually, and the constancy of the zero really 
afiords some indication of the accurate working of the apparatus. The pos- 
sibility of movements of gas in the vacuum must be kept in mind, as Mr. 
Paterson urges. The arguments against the occurrence of these movements 
in the experiments are given in the original Paper. The hot lead spheres are 
separated from the vacuum chamber containing the torsion system by a 
screen of flowing water at constant temperature, and by a composite lagging 
of cotton wool, flannel, &. The only agency. which could cause gas niove- 
ments would be the one factor which changes during the experiment—viz., 
the heat introduced into the lead. This heat on leaving the lead would have 
to pass in succession through cotton wool, flowing water, cotton wool, glass 
tubing, silver tubing. On reaching the inner wall of the silver tubing it 
would be liberated to the gas in the vacuum chamber. Now, the cycle from 
the A position to the B position and back to the A position takes only 12 
minutes. Is it conceivable that the supposed flow of heat from the lead to 
the gas can be so abundant and quick through the composite screen that the 
gas movement can reverse its direction in six minutes ? But, apart from 
conjecture, actual tests were made of the effect when the lead spheres were 
kept a very short time at the A and B position. No time effect could be 
observed. Again, the lagging was varied greatly in thickness without 
observable effect. The test described in this Paper is the only one I have 
been able to make since 1915, on account of the practical impossibility of 
obtaining necessary material (copper or tungsten) at present. 
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XI. To Measure the Pressure in a High Vacuum by Observation 
of Logarithnuc Decrement. By P. K. Suaw, B.A., D.Sc. 


RECEIVED JANUARY 9, 1917. 


In experiments on the Newtonian constant ( Phil. Trans.,” 
May, 1916) [ used a torsion balance, in a vacuum which varied 
in different cases from 15 mm. to 0-01 w pressure. Before the 
vacuum vessel is sealed off the pressure is determined by a 
McLeod gauge, but after sealing off there does not seem to be 
any ready, accurate method in general use for this determina- 
tion. But by observing the damping of the vibration of the 
torsion system in high vacuum, we have a means at our dis- 
posal. We merely use the ordinary readings of amplitude, and 
no special readings or special apparatus are required ‘or the 
determination oi pressure. 

For a vacuum pressure of the order of 1 4 (=0-001 mm.) of 
mercury the mean free path of oxygen, the gas in use, is at 
0° C. of the order 10cm. This is large compared with the 
diameter of the vacuum vegs¢l, and the size of the suspended 
bodies, so that the density of the mass coming up to the 
suspended body is unaffected by the motions. For almost 
every particle reaching the body comes from the bounding 
surface of the vacuum vessel, and its velocity will depend 
on the temperature of the bounding surface, so that the dis- 
tribution of paths will be always equally irregular. 

Divide the mass of gas particles in front o. the suspended 
body into six streams. The stream moving towards the body, 
supposed a flat plane, has velocity V, say —» ; the stream 
moving away from it has velocity V +2v —<—, where v is velocity 
of the plane, and the mass moving to the plane per unit area 
per second=o(V +v)/6, eo being the gas density. 

The momentum imparted per second, 7.¢., the pressure, 
1s :— 

o(V +v)2(V +2)/6. 

This is practically 

o( V242Vv)/3. 


On the back face the pressure is :— 
e( V?—2Vv)/3. 
The excess on the front face is :-— 
40Vv/3. 
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It s=area of the plane, and a=its arm, v=a6 ; and we have: 
as equation of motion :— 


| 19 +-40Vsab +y6=0. 
Putting this as :-— _ . 
6+kK6-+n70=0, 
where K=4oeVsa/3l. 


Solving the above differential equation we obtain :— 
log dec., A=AT/A, 


where 7’=periodic time. 

In September, 1910, when discussing my gravitation research 
with the late Prof. J. H. Poynting, I said that I thought of 
measuring the vacuum by observations of damping. Next day 
Prof. Poynting, with his well-known kindness, sent me the above 
proof, unsolicited, and his concluding remarks were: * I think 
the formula K=4eVsa/3/ is only likely to be wrong by some 
factor like z, or 4/3, or \/2, or some combination thereof. If 
KT/4 is cf anything like the order 1/10,000, I doubt whether 
the air damping can be disentangled from the fatigue of the 
suspending fibre.” In a subsequent letter Prof. Poynting 
wrote that he had just found that something like a similar 
solution had been already obtained by Sir G. G. Stokes. Prof. 
Poynting made it clear that his proof was only approximate,, 
and that he did not see how to work the problem accurately. 
In thanking Prof. Poynting, I said that if I published this. 
solution I should, of course, acknowledge the authorship, so I 
take it that he would not have objected to my mentioning his 
name as I have done, in connection with this proof. 

Before proceeding to apply the formula, it should be re- 
marked that the numerical value of A7/4 in the following cases. 
is much greater than 1/10,000, and so the criterion above is 
satisfied. 

It is seen that from the above expressions 

=311/VsaT, 
760 


.. the vacuum pressure, P (in mm.)=T585 10- sates 


In these experiments V (7.e., velocity of mean square) 


=5x 104, for oxygen at 17°C. 
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In any given experiment J/saT is constant. But with 
lapse of time, as the vacuum deteriorates after the sealing off, 
A will increase, so, for convenience, we have :— 


Pe=(30°0) 3 Cady 
C being a constant. : 
To quote an example : Readings were taken over a period of 
five weeks in 1914, the data are :— 


a=1-6 cm. 

L=7-2X (1-6)? gm. cm.?. 

s=145x0-07 cm. (Silver chains were used for the 
masses carried by the torsion beam, 
the wire diameter being 0-7 mm.) 

LF=1832 sec. 

log. C=2-0343. 


From these figures and the readings of amplitude we derive, 
from the last equation, values of P,as in the table below and 
curve on following page :— 


Date, | me | P. 
19, Iv., 14 0.0009 0:35 nu 
23. IV. 0.0011 0-40 
28, IV. 0-0016 0°65 i: 

LW 0-0023 0-75 u 

Phi 0.0034 1:30 1 
18, V. 0-004 1-55 wu 
aoaeV: 0-004 1-55 wu 


At the end of the five weeks considerable damping occurred 
in the torsion beam oscillations, so that the tube was opened 
and re-exhausted, and a new series of readings taken. The. 
vacuum for which these results are given had been prepared 
during four days of heating and pumping, a total of 55 hours’ 
exhaust ng, during which the whole system, except the Gaede 
pump, had been kept at over 100 deg. C. A large carbon tube, 
included in the vacuum, had been at 350 deg. C. for the whole 
time. At the end of evacuation the tube was well washed out 
wi hoxygen. It was then sealed off and allowed to cool. The 
carbon, let down to room temperature and kept connected to 
the vacuum, would then absorb residual! gases. 

1 w of mercury is used throughout as the unit of pressure for 
high vacua, as being more convenient than a lengthy decimal 
fraction of 1 mm. of mercury. 
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The relation of gas pressure to damping in a vacuum has been 
investigated by J. L. Hogg (Amer. Acad. “ Proc.” XLY., 
pp. 3-7, 1909), who obtained an empirical expression from 
observations of both pressure and damping. 


CS a 
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This method could not readily be applied in my experi- 
ments, for it would involve extensive subsidiary experiments. 


ABSTRACT. 


In experiments on the Newtonian Constant (*‘ Phil. Trans.,”’ May, 
1916) the author used a torsion balance in a vacuum which varied in 
different cases from 15mm. to 0-00001 mm. pressure. Before sealing the 
vessel the pressure was determined by a McLeod gauge. Values of the 
pressure after sealing off were deduced, in the case of the higher 
vacua, from observations of the damping of the torsion system. 

The formula employed is due to the late Prof. Poynting, and can 
be expressed in the form— 


I 
P=35:6——), 
sal 


where J=moment of inertia of suspended system, s=area of surface 
(supposed plane) which is experiencing the resistance, a=mean 
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distance of plane from centre of rotation, 7’=period of oscillation, 
and A=the observed logarithmic decrement. 
A table and curve are given showing the relation between P and X. 


DISCUSSION. 


Mr. F. J. W. WHIppLeE (communicated remarks): Dr. Shaw’s quotation 
from Prof. Poynting’s letter is in the nature of an invitation to a search for 
missing factors in the formula for the resistance to the motion of a solid in 
a rarefied gas. It appears to me that there are two reasons for the intro- 
duction of such factors. In the first place, the mean velocity of the particles 
of the gas is not the same as the root-mean-square velocity. If Prof. 
Poynting’s argument is modified to allow for this distinction, the velocities 
being supposed to be distributed according to Maxwell’s law, the formula 
in question becomes, I believe, 


2 
K=4 N/ = Vsap|I: 


Some further modification in the formula would seem to be necessary if it is 
to be applied to the motion of a cylinder. The particles will rebound from 
a eylinder and a plane lamina in quite different ways, and it is not to be 
supposed that the resultant force on a cylinder is equal to that which would 
be experienced by a lamina occupying the central section. May I be allowed 
to add a word in favour of the use of absolute units for the measurement of 
pressure. In the theoretical part of this Paper the pressure is given in 
absolute measure—i.e., if the C.G.S. system is used, in dynes per, square 
centimetre ; but when the results of experiment are under discussion there 
is a transition to micrometers of mercury. [or meterological work the 
millibar, 1,000 dynes per square centimetre, is now in general use. As it 
happens that the pressure due to a millimetre of mercury under the standard 
conditions—.e., at the fusing point of water at sea level in latitude 45° is 
very nearly four-thirds of a millibar—the change of units is easily effected. 
The pressures shown in Dr. Shaw’s table run from 0-47 to 2:07 dynes per 
square centimetre or microbars. 

Dr. SHaw communicated the following reply : The value of K, according 
to Mr. Whipple, should be raised by multiplying it by about 4/2. This 
possibility was foreseen by Prof. Poynting, and is mentioned in the text of 
the Paper. The forces due to molecula? rebound on (a) a plane lamina 
area A,and on (b) a cylinder whose aerial section has area A, are not identical, 
but Timagine that (a) and (6) would give results differing by less than, say,. 
20 per cent., so that for this approximate solution we need not discriminate 
between the two cases. Any plea for uniformity in our symbols and for the: 
C.G.S. system is well-nigh irresistible, especially where, as here, the results 
are not accurate enough to preclude the use of the simple multiplier 4/3. 
Still, an experimentalist measures pressures in millimetres of mercury both 
on barometer and McLeod gauge. For exact conversion to C.G.S. units one 
remembers that latmos. pressure is not accurately 10° dynes/cm.*, and that 
1000 /760 is not accurately 4/3; and thereis some excuse for the experimen- 
talist if he forbears to do the troublesome conversion from the measuring 
units to the ideal units, and leaves that process to the philosopher on those: 
rare occasions when the conversion is required. 
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XII. A Diffraction Colour Box. By ArtHur W. CLAYDEN, 
M.A., Principal of the Royal Albert Memorial University 
College, Exeter. 


RECEIVED JANUARY lI], 1917. 


THE apparatus described in the following pages was con- 
structed with the object of ascertaining whether the known 
phenomena of colour vision were based upon any numerical 
relations between the oscillation periods of the waves of light 
concerned ; and, if so, of endeavouring to determine those 
numerical relations. 

For the purpose in view it was necessary to have some form 
of apparatus which would yield pure rays whose vibration 
periods or whose wave-lengths could be easily read with sufh- 
cient accuracy, and which would admit of two or three rays of 
known periods being easily superposed and combined. 

Neither Maxwell’s colour box nor Abney’s colour patch 
apparatus seemed quite suitable, and after numerous pre- 
liminary experiments with various arrangements a device was 
adopted which meets all requirements, and has the advantage 
of very great simplicity of manipulation. 

It is a combination of the principle of the concave grating 
with Maxwell’s colour box. 

A silver on glass speculum by Calver, 6 in. in diameter, and 
4 ft. focus, was removed from a telescope, and supported in a 
vertical position on adjusting screws, as at M in the diagram. 

An adjustatle slit was supported at Sat the centre of curva- 
ture of the mirror, so that the image of the slit should be formed 
on the slit itself. ; 

A Thorpe grating of 14,475 lines to the inch on parallel glass 
was placed in front of the mirror, so that the grating pressed 
gently against the silver surface of the mirror, and the rest of 
the mirror was covered with a diaphragm of black card. 

This arrangement is found to give well defined spectra on 
both sides of the central image in sharp focus along the cir- 
cumference of a circle, of which the slit and mirror form the 
ends of a diameter. 

The position of the grating was carefully adjusted, so that 
the spectra were spread out in a horizontal plane. 


The spectrum of the first order on one side was selected for 
use. 
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The accompanying diagram explains the construction of the 
apparatus. ios 

S is the slit and G the grating, each carried on a stand which 
permits the necessary adjustments tor exact focus and paral- 
lelism between the slit and the lines of the grating. 

After getting accurate focus the distance GS was divided 
equally at P. | 

A wooden arc at A A’ shows the position of the spectrum. 

Two equal arms P B and P B’ are pivoted at P, and carry 
sliding carriages C and C’, which move smoothly on the are 
A A’. 

Brass pivots are fixed to each sliding carriage, so that the 
axis of the pivot coincides exactly with the arc on which the 
spectrum is In focus. 


@ 


DIAGRAM OF THE APPARATUS. 


A telescope eye-piece attached to the sliding carriage and 
focussed for one part of the spectrum would be in focus for all 
parts, but in order to see the spectrum properly it would need 
to be directed towards the grating. This is automatically 
effected, thus :— . 

Two long light rods D D’, are pivoted on an axis immediately 
below the grating, and are attached at their other ends by 
tubes sliding smoothly to upper portions of the carriages C C’, 
so constructed as to swing steadily on the brass pivots. 

The eye pieces are attached to these upper portions. 

The action of the apparatus is as follows: The arms P B, 
_P B’, constrain the sliding carriers to slide on the correct arc, 
and the rods DD’ oblige the eye-piece . to turn always to the 


Pe 
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grating, so that if any part of the spectrum is brought to focus 
in either eye-piece, any other part of the spectrum may be 
observed by simply sliding the carriage from point to pomt. 

The whoe apparatus is encased in a light proof covering 
(except where the eye-pieces move) made of a wooden frame- 
work covered with thick brown paper lined with black cotton 
cloth. Pieces of the same black cloth are suspended inside the 
framework to act as numerous diaphragms, and the moving 
parts are separated from the path of the rays by a division of 
black cloth. 

Sliding black curtains are provided on each side of, and 
between, the sliding carriages, so that practically no extra- 
neous light can disturb the results. 

The use of the Thorpe replica on parallel glass is probably 
responsible for the formation of a second spectum, which is 
not in good focus, but m my apparatus there is an upper 
spectrum of excellent definition showing a very large number 
of the Fraunhofer lines from the A group up to the extreme 
violet. 

The other, fainter, spectrum falls below this, and the eve- 
pieces are so placed as not to see it at all. 


Graduation of the Apparatus. 


The first step was to graduate the are CC’. 

A paper strip was attached to the are and a mark affixed to 
the slider C in line with the axis on which its upper part moved, 

A considerable series of spectral Jines was then observed, 
taking lines of known wave-lengths from the flame spectra of 
sodium, lithium, strontium, indium and potassium, the vacuum 
tube spectra of hydrogen and mercury, and the spark spectra 
of magnesium and zinc. 

The position of the mark on the carrier when each line was 
central in the field of view was marked on the paper, and found 
to be proportional to the wave-length. 

The dispersion of the apparatus may be gathered from the 
facts that the sodium D lines are about +5 in. apart; there is 
approximately lin. between the red lines of lithium and 
hydrogen, and the whole spectrum is about 22 in. long. | «&. 

Having made a series of observations with one carrier the 
second was brought into use and centred on the hydrogen red 
ine. A mark was then made on the carrier coincident with the 
mark on the scale, and on moving the carrier it was found to 
read the same as the first In all parts of the spectrum. 


Transformer. 


Observing 
Telescope di- 
rected to slit, 
to the left of 
which is the 


clidine mae 
sliding con- 


Additional => 
Arc to carry~ 
third lamp. 


wosenaconnmrsonsnninncon 


Graduated => 
Arc. 


The Apparatus as it stands in my study. When in use the curtain is dropped over the whole front to cover the sliding 


carriers, eye-pieces and lamps ; and the window on the right of the picture is closed with shutters, 


[70 face page 178. 
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As it seemed desirable to deal rather with vibration fre- 
quencies than with wave-lengths the next step was to prepare a 
second scale giving such values. 

The oscillation frequencies employed in recent spectro- 
scopic work are inconveniently large numbers, and give the 
number of waves in a given space. It seemed preferable to 
deal with the number of oscillations in a given time. 

The number of oscillations per second was then computed 
for a number of different wave-lengths taken at intervals along 
the spectrum, and the results were plotted in the form of a 
eurve from which the periodicity of any wave-length could be 
read. 

The number of oscillations per second varies from about 
39x 10™ in the extreme red up to about 76 x 10% at the other 
end of the visible spectrum. 

Observation soon showed that the smallest change of wave- 
length that could be recognised by the eye as a change of colour 
was greater than that which corresponded to a change of period 
of 10! vibrations per second, or to a change of one vibration 
more cr less in 1/10}? second. 

li we take this as our unit of time ‘we get the vibration 
frequencies of visible light expressed by a series of three figure 
numbers easily comparable with those expressing the vibra- 
tions of sound. 

The unit 1/101? second might be called a twelfth-second aiter 
the analogy of the tenth-metre. 

Having the curve showing wave-lengths in terms of vibra- 
tion periodicity per twelfth-second another scale was con- 
structed and fitted to the wave-length scale on the graduated 
are of the apparatus. 

The accuracy of the graduation was tested repeatedly and 
minor readjustments made until it was found to read correctly 
to within the experimental limits of one vibration per 
tweltth-second. 

Miztures of Colours. 

To study the phenomena presented by the mixture of two or 
more colours the following method is adopted :— 

li a hydrogen vacuum tube is placed before the slit and an 
induction discharge passed through it, one eye-piece can be so 
placed as to see the red line and the second one of the other 
lines, say, the blue. 

If, now, an incandescent filament giving white light is placed 
in the same position in the eye-piece as the image of the red 
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line, red light of exactly that same period will be returned to the 
slit. If, then, the slit is opened widely and a small observing 
telescope is focussed on the grating it will be seen tobe brightly 
illuminated by light of that wave-length only. 

Similarly with the blue line, or any other line; and, if both 
white filaments are incandescent at the same time, ‘the telescope 
will show the grating illuminated by light of those two periodi- 
cities, and none other than those two. | 

For this purpose some small metallic filament lamps such 
as are used for motor work are mounted so that they can be 
slipped into the eye-pieces in such a position that the filament, 
is In the position of the image of a spectral line. The fila- 
ment is a small Osram spiral whose width is less than half the 
distance between the sodium D lines. 

In the earlier experiments the current for the lamps was 
drawn from batteries, but subsequently these were replaced 
by a low voltage current obtained by transforming the domestic 
supply down to 8 and 5 volts. 

The two lamps are connected with the two branches of a 
divided circuit, one end of which is a sliding contact moving 
upon a coil of fine iron wire wound on a long bone knitting 
needle. By altering the position of the contact the relative 
resistances of the two arms of the circuit can be varied and the 
intrinsic brilliancy of the lamps easily adjusted at pleasure. 

Each lamp circuit also includes a spring tapping key. 

A board is fixed under the slit of the apparatus, and this 
carries the observing telescope, the keys and the sliding con- 
tact. 

Meanwhile the nearer of the two sliding carriers is easily 
reached and moved by the left hand. 

Hence the lamps can be turned on and off, their relative 
brilliancy changed, and the colour of the light received from 
one of them modified, without removing the eye from the 
observing telescope. 

The purity of the light returned to the observing telescope 
was repeatedly tested by substituting an ordinary spectro- 
scope. The analysis of the light always gave clear, sharply 
defined Imes without any trace of any light other than that of 
the periodicities indicated by the position of the carriers on the 
scale. 

As it 1s necessary for some purposes to have a third lamp, one 
is mounted so that it can be placed by hand in any desired 
position on the arc, but its support 1s not provided with the 
automatic focussing and directing rods. 
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ABSTRACT. 


The apparatus consists essentially of a very simple concave grating 
spectroscope, of which the slit and grating are situated at opposite 
diameters of a circle, the spectrum being formed on the arc of this circle. 
Two independent arms carry fittings on which may be placed either 
telescope eyepieces or small electric lamps. With the slit of the 
instrument illuminated by a suitable source, the eyepieces can be 
set so that any two desired wave-lengths are in the centres of their 
respective fields of view. The eyepieces are then replaced by the 
small lamps (the filaments cointiding with the previous positions of 
the crosslines), and the grating is observed with a small telescope 
pointed towards the widened slit: the whole of its surface is seen 
to be illuminated with a mixture of the two colours on which the 
eyepieces were originally set. 

The. ‘* concave grating ’’ employed consists of a Thorpe replica 
of a Rowland plane grating of 14,475 lines to the inch, mounted with 
its ruled surface in contact with the surface of a concave mirror of 
4 ft. focal length. This forms an admirable substitute for the more 
expensive concave grating. 

The author prefers to state results in terms of the number of 
oscillations per unit of time. 

Observations showed that the smallest change of wave-length 
which could be recognised by the eye as a change of colour was 
greater than that which corresponded to a change of period of 101? 
vibrations per second, or to a change of one vibration more or less 
in 1/10'? second. 


DISCUSSTON. 


Mr. Trotrer asked how the minimum difference of wave-length 
detectable as colour difference compared with the values obtained by 
Dr. Edridge-Green. 

Mr.T. Smiru said that experiments on the minimum colour difference 
which the eye could detect were valueless unless the exact conditions under 
which the experiments were made were stated. For example, the com- 
parison of twocolours side by side is materially affected by the presence of a 
black space between them. In Dr. Edridge-Green’s experiments the . 
conditions were not good. The experiments were made somewhat as 
follows :—While viewing the extreme red end of the spectrum, a shutter 
is brought down towards the red so as to cut off everything above the 
region to whieh the observer would give one distinguishing name, such as 
deen red. A second shutter was then brought up from the red end to 
cut o* the first patch, and the first shutter moved along the spectrum 
util the boundary of the next ‘‘ monochromatic ”’ patch was located. 
Pv this means the whole spectrum was divided up into about 25 mono- 
chromatic patches. It is not difficult to repeat these observations, but 
if they are compared with measurements made in another way entirely 
different results are obtained. Lord Rayleigh was able, for instance, to 
distinguish between the colour of the two sodium lines, He had two 
spectra, one above the other, the upper one being inverted, so that D, 
and D, of one spectrum coincided with D, and D, of the other. Colour 
comparisons should always be made from simultaneous observations of 
the two colours, 

Prof. C. V..Boys said he would like to emphasise Mr. Smith’s remarks 
about the effect of varying conditions on the visual] estimates of colour, 
In the colours of soap films, for instance, this difficulty is met with. 


1&2 MR. A. W. CLAYDEN. 


Where the thickness is nearly zero the colour is black. As the thick- 
ness increases the colours of the first order are successively encountered. 
Between the blue and yellow there is a tint which can only be described 
as a bad white. He had long been puzzled as to what this colour was, 
but had eventually discovered a method of overcoming the deceptive 
influence of the adjacent colours. Usually these films are traversed by 
jong thin folds. The thickness of the folded film is evervwhere three 
times that of the adjacent unfolded film. Points can be found where 
this doubtful region between the blue and yellow, occurring on the triple 
film, can be directly contrasted with the first order white in the adjacent 
single film. It is then seen to be a very good green. A point which 
had surprised him in connection with Mr. Clavden’s apparatus was that 
the plane grating, which could not be in actual contact with the mirror 
except at its edges, nevertheless behaved as if it were in good optical 
contact. 

Dr. W. Eccies pointed out that the minimum colour difference esti- 
mated by Mr. Clayden to be perceptible to the eve, if expressed in the 
same way as an interval in music, works out as about 1-0013.. The tone 
difference just perceptible to the trained musical ear has been stated 
to be one seven-hundredth of an octave, which works out as 1-001. It 
is interesting to observe that the sensitiveness of the eye to pitch differ- 
ences is, like its sensitiveness to inflow of energy, of the same order as 
that of the ear. 

Mr. CLAYDEN, in reply, said that in making his experiments on the 
minimum difference of wave-iength required to produce a noticeable 
change of colour he had arranged matters so that by using a reversing 
or non-reversing eyepiece in the observing telescope one or other colour 
was uppermost in the field of view. The difference in wave-length was 
then reduced until it was impossible to say which was which. By this 
method he could detect a difference of two vibrations per 1/10 sec., 
but at the red and violet ends of the spectrum the detectable difference 
greatly increased. With regard to the President’s last remarks, he had 
himself been very agreeably ‘surprised to find that the performance of the 
grating was so satisfactory, 
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An Arrangement for Showing, by Projection on a Screen, the 
Co oured Fringes Produced when a Transparent Grating is 
Laid with its Ruled Face against a Plane Mirror, was shown 
at the Meeting-on March 9th, by Mr. A. W. CuayDEN. 


THE light from a small lantern is ncident in an approxi- 
mately paralel beam on the interface of the grating and 
mirror, which are held together in a wooden framework sup- 
ported on a stand. The position of the grating-mirror com- 
bination 1s adjusted so that the central reflected beam, or any 
one of the diffracted beams, is returned just alongside the 
lantern. The beam passes through a projection lens which 
focuses the fringes on a distant screen. The fringes thus 
obtained are very bright, and the simplest apparatus and 
adjustments suffice for their production. 


DISCUSSION. 


Dr. R. 8S. Wittows mentioned that Fellows had informed him that 
these fringes had been described by Barus in the ‘‘ Philosophical Maga. 
zine’ (July, 1910, and July, 1911). He understood that they had also 
been exhibited by Rheinberg at the Optical Convention in 1910. Mr, 
Clavden’s method of exhibiting them by projection would, he thought, 
be distinctly useful to teachers, 
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An Apparatus for Studying the Effect of Hertzian Waves on the 
Beating of the Heart was Exhibited at the Meeting on March 
9th by Prof. W. M. CoLEMAN, 


A SIMPLE pendulum, consisting of a cylindrical brass bob 
terminating in a pointed wire coaxial with the bob, hangs by a 
piece of string above one of the term nals of an induction coil, 
so that in its lowest position the point of the bob is within 
sparking distance of the terminal and vertically above it. The 
bob is connected by a piece of flexible wire to the other ter- 
minal of the coil. When the pendulum is set oscillating there 
is a shower of sparks every time the bob passes its lowest posi- 
tion. The frequency of intermittence can be varied by alter- 
ing the length of the suspension. By adjusting the period of the 
pendulum nearly to the time of a heart-beat any possible effect 
on the rate of the beating may be observed. Prof. Coleman 
stated it to be his experience that the heart beats tend to 
acquire the same rate as the sparking. 

The condensed discharge from two Leyden jars is employed. 
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XIil. A Note on the Derivation of the General Equation for 
Wave Motion in an Elastic Medium. By J. A. FLEMING, 
M.A., D.Se., PRS. 


RecEIVED Marcu 1, 1917, 


In order that a wave may-be propagated in a medium the 
latter must possess the power of storing energy im each element 
of volume in two ways—viz., as potential energy or energy of 
strain in its most general sense, due to some type of displace- 
ment made against an elastic resistance; and also as kinetic 
energy in virtue of the possession of some quality comparable 
with density, such that change of displacement bestows on the 
element energy, whilst the strain is changing. The elasticity 
of the medium is measured by the ratio of stress to strain 
involved in the displacement. A wave consists in a periodic 
transformation of the energy stored per element o- volume of 
the medium from kinetic to potential and vice versa, in such 
fashion that at points lying on a line called the direction of 
wave propagation the energy continuously varies in form from 
point to point; being wholly kinetic or wholly potential at 
the same moment at certain equidistant points at intervals 
called half a wave length; whilst at intermediate points it is 
partly in one form and partly in the other. The characteristic 
of wave motion is therefore that a certain physical state in the 
medium, which may generally be called a strain, varies from 
point to point in a cyclical manner along certain lines at the 
same instant, and also varies at the same point in a cyclical 
manner from instant to instant. 

If, therefore, we choose two closely adjacent points in the 
line of propagation it is possible to say that at the same instant 
the difference in the states of the strain at these points is pre- 
cisely the same as the difference between the states at one of 
these points at some two successive closely adjacent intervals 
of time. 

This strain may be regarded as produced by a corresponding 
type of stress, and since the quotient of stress by strain is a 
measure of the elasticity concerned, we can say that the pro- 
duct of strain and elasticity is a measure of the stress producing 
that strain. The stress may also be measured in another 
manner as the product of the mass per unit volume—or density 
of the medium—or equivalent constant and the strain accelera- 
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tion or rate of change of the displacement or strain. If we 
then express in mathematical language this fact, we arrive at a 
differential equation the solution of which gives us all possible 
information about the wave motion. 

Let us take first the simple case of wave propagation in an 
elastic material contained in a rigid tube, no friction existing 
between the material contamed in the tube and is walls. 
Let the tube be of uniform cross-section of unit area. Let 
m be the density of the medium or kinetic energy iactor, and 
let e be the elasticity or potential energy factor. Let o denote 
some iorm o. strain in the material which is propagated 
through it, whether ongitudinal or lateral displacement, 
tors.on, shear or compression. Let o=dg/dt denote the 
strain-velocity or time rate of change of displacement, and 
o=d’q/dt? denote the strain acceleration or rate of change of 
displacement at the same point. Let 7 be the distance along 
the tube axis measured from some origin, and let two parallel 
right sections be taken at distances r and ror. 

Let 9 be the strain in the cross section at distance » and 
p+dq at r-+dr. 

Then the proper measure of the wave-making strain at the 
distance r is the limiting value of the ratio 60/6r—viz., do/dr. 
This is clear from the analogy with a bar of length /, increased 
in length by 6l by any applied stress, where 6L/I 1s called the 
longitudinal strain, and this last multiplied by Young’s modu- 
lus is the stress causing that strain. 

Hence, if e is the elastic coefficient, the wave-making str2es or 
effective stress at the same point will be edo/dr, and the 


quantity 
d/ do 
dr (¢ By, oe 


will represent the difference between the wave-making stress 
at r and that at r+dr. This change in the stres. may 
be aso expressed by the product of the mass of he inter- 
mediate section and the strain acceleration—viz., by moro. 
Accordingly, if e is independent of r, we have the equation— 


dt» do | 
mn Je Ty ea 3) ESF tnd ease eee (1) 
or oe ae a ee ce 8 


dt? m dr? 
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Which is the well-known differentia! equation for such plane: 
waves. 
The solution 0° the equation (1) is :— 


e=h(r-/* i! are (oui ), i) 


as can easily be sound by trial. 

This equation indicates -a*wave moving with velocity 
Ve/./m, having a wave form whose profile has the equation. 
o=/(’), or a certain iunction of r. 

For o=/ (r) denotes a certain curve, of which the abscissa 1s. 


r and ordinate 9, the curve be ngat rest. But parle Ns ‘ t) 


denotes the same curve moving bodily forward without change 
of form with a velocity Ve/Vm, since @ remains the ame in 
the last expression if for r we put r-+-7’, and for ¢ we put t+’, 
prov:ded tha 1’/t’/=Ve/Vm. 

In other words the ordinate of magnitude 9 arrives a: a 
point at a distance 7’ further on at a time later by ?¢’. 

Accordingly a disturbance of any kind made in an elastic- 
dense non-viscous medium filling a rigid tube is propagated 
with a velocity Ve/Vm, and without change 07 wave-iorm, if 
we assume the absence of friction between the elastic med um 
and the walls of the tube. 

We can next derive in the same simple manner the differential 
equation for wave motion in a homogeneous, infinitely extended, 
elastic, dense medium due to a disturbance made at some point 
taken as origin, if we assume that the elasticity e of the medium 
and its density m are constant and independent of the distance 
irom the origin. 

Describe round the origin two concentric spheres of radii r 
and r-+dr respectively. As before, let 9 be the value oi the 
strain at distance rand 9+ dq, that at r-+-dr at the same instant. 
Then the wave-making strain at all pomts of the sphere oi 
radius r 1s dg/dr, and the wave-making stress is edg/dr. This 
last expression is, however, the stress per unit area, and hence: 
the total stress for the whole spherical surface of radius r is 


d d mad 3 
4nr’e apa dner The mcrement in this in passing from. 


radius r to radius r+dr is es (e) or. 


dr\ dr 
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The mass of the spherical shell of thickness dr is 42r?mér, 
where m is the density and hence, equating the two expressions 
for the total stress, we have :— 


do gat uae d sto : 
We mAzr*dr <dnes (7 = or, (9) 
do e d 39 
or Ue erste (? dr) 4) 


or, if e is independent of 7 :— 
a eee 2 do 
de Ndr a) 
If the rectangular co-ordinates of the extremity of the radius 
rare x, y and 2, so that, 
ra Hy? 
then it is easy to show that if ¢ is independent of angular 
direction, 


do ,2d9o doe do 
eats dr Tete a 
and, therefore, we have from (5) and (6)— 
ao). € do do 
da <( dys shee ne a 
aN 
m= * 


and this is the well-known wave equation for space waves. 

The solution of (5) and, therefore, of (7) is easily obtained as 
follows :— 

We note that 


d’p 2d _ 1 d*(rq) 
det ty dre ld 


as can be found by differentiation. Hence, since r is inde- 
pendent of ¢, we can write (5) in the form 


Pre) _ e d*(re) 


it aga 
: Butithe solution of this is | 
ro=f,(r—cl) +f, (rte), . . . . . (10) 


where c=Ve/\/ m. 
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Accordingly the solution of (5) and (7) is 
1 1 
o=—F(r—et) + P(r +t), eerie Mates (LD) 


where 7 and F stand for some function of the quantity r= ct. 

This shows that the waves travelling outward from the 
source attenuate in amplitude imversely as the distance, 
but travel without change in wave-form, with velocity 
c=Ve/Vm. In the above Gase we are dealing with a single 
spherical wave originating in a point source. 

On showing this method of arriving at equation (7) to 
Prof. J. W. Nicholson he suggested to the author that the 
~ method could be adapted to the case of waves generally, not 
limited to the above simple point source instance, by the appli- 
cation of Huyghen’s prince ple. The transformation given in 
equation (6) above, viz. :— 

do 2do 

dr?‘ r dr 
is, of course, only true when 9 is a function of r and not of 
angles or orientations. The Laplacean operator 

dima 5 

dx? aye! ae = 
is, however, an invariant with regard to origin—that is, it 
retains the same mathematical form if for x, y and z we sub- 
stitute x+a, y+, z+ , where a, f, y are constants. Hence 
it is independent of a shift of origin. 

Huyghen’s principle states that when any set of waves affect 
a point in a medium they cause that point to send out its own 
spherical disturbance, and the waves from each point therefore 
satisfy equation (7) with that point as origin. But since the 
operator A? is independent of origin in form, this means that 
the equation is satisfied for every origin. The strains also are 
additive by the principle of superposition of small motions, 
and hence the equation. 


CaO wena me a (12) 


is satisfied generally for the whole assembly of waves or for 
the general wave motion at any place and time, no matter how . 
or where originating. Hence, it is true generally. 

Finally, we can apply the same method of building up the 
differential equation to the case of electromagnetic waves in a 
pure dielectric and arrive at the familiar Maxwell equation for 
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this type of wave. In this case we consider that the magnetic 
permeability ju of the dielectric is the kinetic energy factor — 
corresponding to the density of the medium, and that the 
reciprocal of the dielectric coefficient K is the elasticity 
coefficient of the medium. For if D is the dielectric displace- 
ment or strain and £ the electric force or stress at: any point 
in the dielectric then on a rational system of units D=KE or 


1 Pid , 
£— =D. As above, the wave-making strain is dD/dr, if we 
assume that the waves originate in a point source at distance . 

1 dD 
r. The wave-making stress is, therefore, RK dp Pe unit of 


surface perpendicular to the direction of r. 


a4 Hence, for a spherical 


shell of the medium of radius 7 and thickness 67, we have the 
equation as before— 


The strain-acceleration is D= 


dard = Be -) OF. (13) 
GD gd lid (gdp 
te d® uk 7? dr (7 Fe) 
ee (tee ated 
i HH ei ei 3 
or — = AND. pi} 00. Fe 


This assumes that D is a function of r only, and that « and 
K are constants. It follows that such spherical electro- 
magnetic wave travels outwards with velocity 1/V uk, and 
that the amplitude varies inversely as the distance from the 
origin. 

The equation (14) is usually obtained directly from the 
Faraday law of electromagnetic induction, and the Maxwell- 
Ampere law by the Maxwell’s applications to a pure dielectric 
as follows :— 

By Faraday’s law we have— 

+ nH=Curl’B; 02055, <a 
where H is magnetic force and E£ electric force at any point in 
the dielectric. 

By the Maxwell-Ampere law— 

RE=Cull Bee Oo ae) 
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but if D is displacement or electric strain then in rational units 


D=KE. Hence, eliminating H, H, FE, E from the last three 
equations we have— 

| WE D1 Cpe pare atin cer al rie iy CLT) 
But L, D and H are here non-divergent vectors, as we assume 
no electrified bodies or magnetic poles are in the field. 

For such vectors it is easy to show that the operator 
—Curl* (_ ) is identical with the Laplacean operator A? (_ ) 
(see ~ The Wireless Telegraphists’ Pocket Book,” J. A. Fleming, 
p. 45, for simple proof of this). 

Hence, (17) becomes in this case— 


4e 1 i : 


which is the same equation as (14). 


The solution is— 


D=-Flr xe), Pe en i an ere Ed | 


where c=1/V/ uk, and F is some function. 

The above method of arriving at the well-known differential 
equation (7) for wave motion will probably be found by some 
students of physics more easy to foliow than the methods based 
on the hydrodynamic equations ; whilst it is more general 
than the method given in most books on acoustics, in which 
the displacement is limited to the form of a wave of condensa- 
tion and rarefaction in a gaseous medium. It is a'so equally 
applicable as shown to the case of electromagnetic waves. 


Added April 30th. 

The above treatment assumes an isotropic medium for the 
wave propagation, but it is easy to modify it for the case of 
ani otropic media. Consider the cae oi electromagnetic 
waves in a dielectric with principal dielectric coefficients K,, 
K,, K, in the three axial directions and constant permeability 
uw. Then, if D,, D,, Ds; are the electric displacements in the 
axial directions corresponding to any general displacement D, 
and if (Curl ?D),, (Curl 2D),, (Curl 2D), denote the axial com- 
ponents of the vector Curl 2D or Curl (Curl D), we can write the 
three equations true for the axial directions as follows :—. 


uK,D,= “ee (Curl 2D) x, 
uK,D.=—(Curl 2D), 
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But the axial components of the vector Curl D are respec- 
tively— | 
dD, fs) (2) d (ie pe 


dy dz dz dap dx dy 
and the axial components of the vector Curl 2D are, therefore, 
d ( dD a (oe a4) 


dy\ de dy! de\de dx 

d ( iey _d (Geeee) 
dz dy dz! da\dx dy/ 
d (eee) _d (oo 
da\ dz das dy\dy dz} 


Equating these last expressions to —wK “Di — wk D>, 
— KD, respectively, we have the equations— 
#D,_@D, ED, @D, &D; 
Te dp | de dady dad? 
@D,_@D, CD, ED, CD, 
2 dt = dx? — dz? dady = dydz’ 
PD; CD, CD, @D, @D, 
OTR dae dy? dadz dydz 
But these equations are identical with those given by Max- 
well (see “* Electricity and Magnetism,” Vol. II., second edition, 
§ 794), which he shows lead to Fresnel’s expressions for wave 
propagation in a non-isotropic medium, provided we consider 
. the electrostatic potential to be zero. 


WA 


ABSTRACT. 


The Paper explains a simple method of arriving at the general 
differential equation for wave motion—viz., 


es (#2,@2 9) 
dt® da*” dy?" dz* 


where c is the velocity of propagation of the wave. A wave motion 
consists in the propagation of some form of strain through an 
elastic dense medium or one having comparable qualities. Cor- 
responding to this strain there is an analogous stress in the medium, 
and we can express this stress mathematically in two ways—viz., 
kinetically, as the product of the density, and the time rate of 


2 
change of the strain, or by me per unit of volume, and also 


statically as the space increment of the expression et, where € is a 
ir 
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coefficient of elasticity and 7 is a vector denoting direction of pro- 
pagation. Hence, for plane waves we can write the equation 


a? 
el (3) or, 


i. es 
or if m and e are independent of distance, we have 
aa 2 
page: 


dt? mdr?’ 7 
which is the known differential équation of wave motion for plane 


waves. Its solution is CNA <1), where F is some function. 


In the same manner for spherical waves originating in a point source 
we can write the stress equation 


dor? mb P= o f (Annee Por, 
di? ar\ 


which at once gives 


a? dr? 
or if r?=2?+ y?+27, we have 


dp __e Vo, de ey 
di= m\dxu* dy? dz? 


ap fey ; 
m r dr}? 


The solution of this last equation is 


i Br 
9= 7 Faz ee -). 
t m 


where F is some function. 

The general equation for electromagnetic wave propagation in a 
pure dielectric may also be obtained in the same manner. In this 
case the strain on the medium is the electric displacement D, and, if 
# is electric force, then on a system of rational units 1/K, where K is 
the dielectric constant, is the electric elasticity. Hence we can 
consistently assume that the magnetic permeability » corresponds 

2D 
to density, and then the kinetic measure of the electric stress is a 


and this must be equated to the space variation of the static measure 
oi the electric stress. 
For the spherical wave from a point source this leads to the equation 
’D~ | eas —) 
dt? pK\dx? | dy? | dz /’ 


with the solution 


1 1 
Desens 
r (es oa): 


The wave is, therefore, propagated outwards without change of 
wave form ; but the amplitude varies inversely as the distance from 
the source. 


Since the Laplacean operator dat dy? a aie ; is an invariant, and 
z 
Q 2 
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ig not altered in form by a shift of or gin: and since we can by 
Huyghen’s principle consider a wave of any kind as the resultant 
of a set of spherical waves originating at various point sources, we 
can apply the above method to the case of wave motion generally. 
The method above described may be epitomised by saying that we 
obtain the differential equation by equating the product of strain- 


9 


acceleration eat and density to the static measure of the stress 


expressed as the space variation of the product of the elasticity and 
d 
the strain slope (2), which is the proper measure of the stress at 
yy 
the point considered. 


DISCUSSION. 


Mr. F. J. W. WutprLe thought that the validity of Prof. Fleming’s 
application of Huyghen’s principle might be questioned. In the first 
place, he thought that the principle itself required proof just as much as 
the property that it was used to establish. Further, the secondary 
wavelet from each point in a wave front was assumed to be spherical. 
Was it not the case that the phase of these disturbances was a function 
of the direction, relative to the main wave front, as wellas of the distance 
from the origin of the wavelet ? Another interesting question was how 
the equations would have to be modified in the case of the energy reflected 
at the boundary surfaces of the medium. 

Prof. C. H. Lrzs did not quite see how Prof. Fleming’s treatment of 
the problem differed fromthat given in Love’s “Elasticity,” forexample. 

Prof. J. A. FLEMING, in reply, wrote:that the criticisms of the two 
speakers in the discussion rather missed the point of the Paper. The 
validity of Huyghen’s principle is not in question. Most writers on 
physical optics have resorted to it, and he (Dr. Fleming) had never seen 
any explanation of the phenomena of diffraction which did not rest upon 
it. The proof given in the Paper that the characteristic equation proved 
for spherical waves with origin at the centre may be applied to waves. 
however originating is made to rest upon the fact that the Laplacean 
operator is invariant with regard to origin. The object of the Paper was 
not to write a complete theory of wave motion, nor of elasticity, but 
merely to give a method, which seems valid, for arriving immediately 
at the characteristic equation in a manner which would appeal to students 
not very well versed in hydrodynamics or the theory of elasticity. Prof. 
Lees asks how far the treatment differs from that given, say, in Love’s 
‘Theory of Elasticity.” The answer is not at all in the result ; but the 
method used in the Paper enables us to arrive by simple considerations 
at the characteristic differential equation, and then to elucidate the 
physical meaning of its solution. It seems better for a physical and 
engineering student to have some approach to such conception rather 
than none at all. The treatment of the subject of wave motion is 
generally very difficult to follow in advanced text-books, whereas the 
practical applications of sound, water and electromagnetic waves makes 
some theoretical knowledge of the subject necessary. 
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XIV. The Effect of Stretching on the Thermal Conductivity of 
Wires. By A. Jounstone, B.Sc. 


RECEIVED Marcu 7, 1917. 


COMMUNICATED BY Pror. C. H. Less, F.R.S. 


OUTLINE OF METHOD USED. 


1. Most observers, in determining the thermal conductivity 
of substances which conduct heat readily, have found it ad- 
visable to use the material in the form of wire and to let the 
heat flow along the axis. This method was adopted in the 
present experiments. The method is simplified f the heat 
flows from the centre of the wire to the two ends, which are 
kept at a constant temperature. In the following experiments 
the wire was surrounded by a vessel to ensure this, heat was 
supplied to the centre of the wire by passing a current of elec- 
tricity through a manganin coil wound on the wire, and the 
temperature difference between two points on the same side of 
the centre was ascertained by means of two platinum coils also 
wound on the wire. 


THE APPARATUS. 


2. The wire to be tested 4 4,(Fig. 1) was fixed at each end 
between the jaws of screw clamps, B, joined to the brass cylin- 
ders, through which water could be circulated. To one clamp 
was attached a rod, 7’, passing through a framework, so that the 
tension could be applied by a nut working ona thread, 7’; and 
to the other was attached a spring balance, K, by which the 
tension was measured. 

The heating coil H, was made from 14 cms. of No. 40 man- 
ganin wire closely wound on cylindrical sleeves of micanite, 
whch could just slide on to the wire; 0-5 cm. of the wire was 
left unwound at each end, and to these ends were soldered 
covered copper leads of No. 30 gauge. The platinum thermo- 
meters (H, C, J’) used were made from No. 40 single silk- 
covered platinum wire each of 35 cms. length, wound like the 
heating coil and having similar leads. This gave them a re- 
sistance of about 3 ohms at ordinary temperatures. The heat- 
ing coil was placed at the centre of the wire under examination 
which was about 16 cms. long; one platinum thermometer was 
placed near to it, and the other near one of the clamps. For 
purposes of reference the former will be called the “ hot coil” 
and the other the “ cold coil.” To support the leads from the 
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coils against breakage, each coil was tied by silk threads to a 
light wooden strip which it touched at two points and to which 
the leads were fixed. The coils were kept at a constant dis- 
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tance apart by a cross strip of mica and were strengthened by a 
coating of shellac to prevent collapse during subsequent re- 
moval. The insulated leads from the coils were passed through 
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a brass tube in one of the end clamps to mercury cups in the 
wood frame, and the wire and end pieces were surrounded by 
a water jacket. Inside and touching the jacket was a supple- 
mentary platinum coil to enable changes in the jacket tem- 
perature to be detected. 

The resistances of the coils were determined by means of a 
Callendar-Griffitths bridge, which was read in ohms to the 
fourth decimal place. For the galvanometer used a deflection 
of 1 mm. on the scale represented a difference of 0-0002 ohm, 
and for the coils used this would represent a temperature 
difference of about 0-01°C. For the conditions of the experi- 
ments performed this would enable a difference in the con- 
ductivity of 0-05 per cent. to be detected. The current to the 
heating coil was supplied by an accumulator and was regulated 
by an adjustable resistance. The current for the bridge was 
supplied by a Leclanché cell in series with an adjustable re- 
sistance. Each of the platinum coils could be connected in 
turn with the bridge at P through the mercury key as shown 
in the diagram, 


THEORY OF THE METHOD USED. 


3. If athin rod of uniform cross section is entirely surrounded 
by air in a vessel kept at constant temperature, while heat is 
supplied to it near one end and the other is kept in good thermal! 
contact with the wall of the vessel, then * 


=p: sinh (#2) 2 2| cosh (2) Tr a: ) 


where v is excess of temperature of rod at the cross section 
xem. from the end in contact with the vessel, over that of 
the vessel, p is the perimeter, q is the area of cross section, 
h the emissivity, k the thermal conductivity of the rod, and 
Q is the amount of heat per second crossing the section at any 
point 2x, 

If the heat is supplied at a uniform rate per centimetre to 
the surface of the rod between xz, and the free end, the mean 
temperature of the suriace between x,, and the end may be 
taken as v,, the temperature which would be observed at a 
point x,,, dividing the distance between «, and the free end in 
the ratio 1:2, if the equation (1) held throughout the heated 


* See Lees, Bakerian Lecture, ‘“‘ Phil. Trans.” Roy. Soc. A 208, pp. 381, 
443 (1908). 
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part of the rod. If s is the area of the surface of the rod 
beyond «,.and H is the total heat supplied to the rod, then 


QO=H-histy®.: .. 5a eee 


If the temperature excesses v, and v, of the rod over the ° 
air at two sections x, and z, are SSHRnECEd then, 


pe {[H(x,S,—#,S,) 
mine 


—hse So} Io cosh ax, . . (3) 


where a is written for (ph/qk)! and S, for sinh ax,/ax,, &e. 
From equation (3) k may be calculated with sufficient 
accuracy by taking, sinh az/ax—cosh az—1 approximately, 


and neglecting the term =), which, for the experiments de- 


scribed, introduces an error in k of approximately 0-003 per 
cent. 


We thus get fot, tee 


q U4 Py 0 ie 


Since for any one experment H, 7, x,—Z,, were constant 
we may take k proportional to 


(v,—0,) Atay 

If R, is the resistance of the platinum thermometer used to 
determine v,, and r, is that for v, when both are at the jacket 
temperature, and if R, and r, are the corresponding values 
when a temperature res exists ; then it may be shown 


that mes os 
tye (ae a (6) 
where B is a constant. 
Hence for any experiment we may take 
Lio tN Te F 2 
k proportional to aH — =e) (2. —@7,)(Current)=\; 9. oan 
q°khy ty 


In order to detect inconsistencies in readings during an 
experiment a method for findmg v,—v, wgueisinctiel to was 
also used. 

METHOD OF EXPERIMENTING. 


4. When taking a resistance reading for any of the coils, to 
avoid thermo-effects the galvanometer was kept in circuit and 
the deflection of the galvanometer noted when the Leclanché 
cell was connected to the bridge. At the beginning of an ex- 
periment tap water was circulated through the jacket and the 
resistance of the jacket coil was read at intervals. After about 
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45 minutes the temperatures usually became steady. The 
resistances of the “hot” and “ cold ”’ coils were then read. 
Then a suitable current was sent through the heating coil. 
After about 30 minutes the resistances of the coils had become 
steady and were again read. Owing to slight variations in the 
jacket temperature it was seldom possible to repeat these 
readings and obtain exactly the same values. Consequently an 
attempt was made to read tlie resistances of the two coils with 
as small a time difference as possible. A number of such 
double readings was taken and the mean temperature differ- 
ence of the coil calculated The resistance of the jacket coil 
was read at intervals to detect abnormal changes. The wire 
was then stretched by a force about 0-7 of the elastic limit 
and the resistances of the coils read again. The stretching 
force was then removed and readings again taken. The tem- 
perature difference between the hot and cold coils varied 
between 10°C. and 20°C. 

The wires tested were all (except the nickel one, which was 
No. 16 gauge) of No. 14 gauge. When new wires were used 
the results for successive experiments were not consistent with 
each other until about the third experiment, owing probably to 
initial stresses in the wires; and the results were more con- 
sistent during the summer months, when the temperature of 
the jacket water was not affected by the heating apparatus. 
The effect of the stretching on the dimensions of the wire is 
neglected, as its influence on the conductivity is too small. 


5. COMMENTS ON THE RESULTS. 


For all the wires used, stretching produced a slight increase 
in thermal conductivity. Although difficulty was experienced 
in getting results which were consistent throughout, those ob- 
tained when conditions were most satisfactory show an increase 
of about 0-5 per cent. for a tension about 0-7 of the elastic limit. 
A few experiments apparently showed a decrease in conduc- 
tivity o the order 0-1 per cent. w th stretching, but in these 
cases the readings were always unsteady and unsatisfactory. 
In all cases when readings were steady an increase was ob- 
served. Several attempts were made to determine the change 
in conductivity for smaller tensions, and the results seem to 
indicate that the change is not appreciable until the tension 
approaches the elastic limit. After the tension was with- 
drawn the conductivity returned approximately to its original 
value, although in most cases the value was slightly in excess 
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Copper Wire, No. 14 Gauge. 


OBSERVATIONS AND RESULTS. 


t4—XLpZ =4-25 cm. 


Duration ; R._%2\—-1| Per- | Current | f&2_72\—} 
Date. jofexperi- Tensions. Rk, = centage | used to Sears 
ments. —_—___——| proportional | increase | give H. | x (curre™t)? 
1914. Hrs. | Kilos.| Kilos/em.? tok, in k. Amps. | X(%4—%g). 
| July 8th...) 4 0 L 26-88 0-3 10-28 
: 15 | 463 26-98 0-37 10-32 
0 26-90 10-29 
Sept. 8th .| 5 0 16-03 0-4 11-03 
10 309 16-12 0-56 11-09 
0 16-09 11-07 
|Sept. 9th .| 6 | O 15-82 0-4 10-88 
i ras (8 309 15-84 0-13 10-90 
bead) 15-82 10-88 
| Sept. 10th.) 5 0 27-10 | 0-3 10-37 
| 10 309 27-29 0-70 | 10-44 
0 27-12 | 10-38 
Sept. 11th. 5 0 27-03 ; 0-3 10-34 
10 309 27-25 0-81 10-42 
0 27-10 10-37 
Steel Wire, No. 14 Gauge. %4—X%—4-45 cm. 
‘ Oct. 21st .| 4} 0 16-66 0-2 2-966 
| 40 1,235 16-74 0-48 | 2-980 
| 0 16-69 | 2-97] 
| Oct. 28th .| 43 0 16-57 0-2 2-949 
| 40 1,235 16-77 1-21 2-985 
3 16-66 2-966 
Nov. 4th. 16-36 0-2 - 2.912 
1,235 16-46 0-61 2.929 
| 16-36 2.912 
1915, Nickel Wire, No. 16 Gauge. 24—X%p=4-75 cm. 
June 23rd.) 4 0 | 25-46 0-16 3-095 
| 15 723 25-51 0-20 3-101 
0 25-21 3-066 
| June 24th} 4 0 29-33 0-16 3-567 
: 20 964 29-40 0-24 3°575 
0 29-35 3-569 
| June 30th. 34 0 | 25-51 0-16 3°104 
| 20 964 25-66 0-59 3-120 
are 25.50 3-100 
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Aluminium Wire, No. 14 Gauge. w4—r%p=4-55 cm. 
Duration eee fRo 1% —1l|. Per-- | Current {Bom 
Date. jofexperi- a URy iit centage | usedto|\R, 7,/ 
ments. ——————| proportional | increase | give H. | (current)? 
1914. Hrs. — Kilos.| Kilos/em.? to k. in k, Amps. | X(%4—*p) | 
‘Nov. 18th.| 44 0 14-64 0-3 5-995 
15 463 14-68 0-27 6012 | 
: 0 | 14-68 6-012 
\Nov.25th.| 43 0 18-66 0-26 5-740 | 
15 463 18-75 0-48 5-768 
| 0 18-66 : 5-740 | 
Dec.2nd...) 3- |. 0 18-94 0-26 5-826 
15 463 19-18 EQ 5-899 
0 18-79 | 5-780 
r Brass Wire, No.14 Gauge. 2,—xXp=4-6 cm. 
Dec. 16th. 41 0 463 15-5] 0-2 2-854 
15 15-55 0-26 2-861 
0 15-44 2-841 | 
Japeaith, et 0 463 15-20 ee ee 297: 
1915 15 15-25 0-33 2-805 
i eG 15-19 2-795 | 
1915, Zine Wire, No.4 Gauge. xv4—2%7p—4-65 em. 
Mar. 3rd...) 4 0 21-82 02 | 4-059 
| 15 463 | 21.90 0-37 | 4.072 
| 0 21-72 | 4-040 
May 5th...) 44 0 21-17 0-2 3-938 
15 lh geld ee PARE: 0-28 | 3-950 
0 21-21 3-945 
| May 12th.; 4 0 21-93 0-2 |- 4079 
15 463 22-03 0-46 4-098 
0 i wunsatis- unsatis- 
factory | factory 
May 19th.| 34 0 Reon agtie Peniaiod® 0.2 “biatp ison o 
15 463 | 22-68 0-71 4:218 | 
| 0 2 22-62 | 4-207 
“May 26th. 4 0 22.93 0.2 4.265 
| 15 463. | 22-96 0-10 4-27} 
| 0 22-94 4-267 | 
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of the original value. The numbers quoted for é in the results 
are values proportional to the thermal conductivity. 

The relative conductivities calculated from the values of the 
heating currents and of x,—z,, on the assumption that the 
conductivity of copper is 0-90 are: copper 0-90, steel 0-25, 
nickel 0-18, aluminium 0-50, brass 0-24, zinc 0°35, whose 
relation is of the right order. 

The experiments described in this Paper were carried out at 
the suggestion of Prof. Lees, to whom I am indebted for the 
general design of the apparatus used and for valuable sugges- 
tions during the course of the work. 


ABSTRACT. 


In the experiments carried out, the wire to be tested was fixed at 
each end between the jaws of screw clamps joined to brass cylinders, 
through which water could be circulated. Attached to one clamp 
was a rod passing through a framework, enabling tension to be 
applied by a nut working on a thread. 

Heat was supplied to the centre of the wire by passing a current 
of electricity through a manganin coil wound on the wire, and the 
temperature difference between two points on the same side of the 
centre was ascertained by two platinum coils, also wound on the wire. 

The resistances of the coils were determined by means of a Cal- 
lendar-Griffiths bridge, enabling a temperature difference of 0-01°C. 
to be read. and making it possible to detect a difference in con- 
ductivity of 0-05 per cent. If R, is the resistance of the platinum 
thermometer nearer the heating coil, and 7, is that of the other 
platinum coil when both are at the jacket temperature ; and if R, 
and r, are corresponding values when a temperature difference exists, 
then it may be shown that the conductivity 

y -i1 
K is proportional to Gos 
Pie a 

For all the wires used (copper, steel, nickel, aluminium, brass, 
zinc), stretching produced a slight increase in thermal conductivity. 
The most satisfactory experiments showed an increase of about 0-5 
per cent. for a tension of about 0-7 of the elastic limit. 

After the tension was withdrawn the conductivity returned 
approximately to its original value. 


DISCUSSION. 

Mr. F. E. Situ suggested that it would have been of interest if the 
author had made simultaneous observations of electrical conductivity 
on the same apparatus. Had any experiments been made on liquids, 
such as mercury, for example ? 

Prof. Boys asked if the coefficient would be reversed if compression 
were applied instead of extension. He realised there would be some 
practical difficulties in making the experiments. 

Prof. LEEs, in reply, said that there would have been electrical measure - 
ments included in the Paper but for the author’s absence in the Army. 
He thought compression measurements could be made, though they had 
not so far been carried out. 
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XV. The Effect of Stretching on the Thermal and Electrical Con- 
ductivities of Wires. By CHaries H. Lens, D.Sc., F.RS. 


RECEIVED APRIL 26, 1917. 


THE measurements which have been made of the effect of 
stretching on the electrical conductivities of wires for currents 
flowing along them by Tomlinson, Gray, Smith, Credner and 
others * have all shown that the fractional decrease of con- 
ductivity produced is approximately proportional to the ten- 
sion, and for a force of a megadyne per square centimetre 
is of the order 10-®. This holds in all cases with the possible 
exception of nickel. 

For loads up to the limit of elasticity of the material of the 
wire the change of electrical conductivity which can be pro- 
duced does not exceed a few parts in a thousand. 

When we turn from the electrical to the thermal conduc- 
tivity we find that few measurements of the effect of stretching 
on it have been made. When Mr. Johnstone commenced his 
work on the subject the only information available was that 
given by Smith; for iron, steel, copper and brass. He found 
that the effect of loads up to the elastic limit was to increase 
the thermal conductivities by amounts of the order 2 to 7 per 
cent. The effect of the same load on the thermal was from 4 to 
13 times that on the electrical conductivity. 

In general the effect of any change in the purity or physical 
nature of a material has been found to be greater on the elec- 
trical than on the thermal conductivity. Thus, the differences 
in the electrical conductivities of the samples of nearly pure 
metals used by Jager and Diesselhorst and by myself § are 
considerably greater than those in the thermal conductivities. 

For alloys Schulze || and Eucken and Gehlhoff *’ have shown 
that the decrease in electrical conductivity as compared with 
the conductivities of the constituents is much more marked 

* References up to 1900 will be found in Wiedemann’s ‘“‘ Elektricitat,” 
Bd. 1, and in Winkelmann’s ‘‘ Handbuch der Physik,’’ Bd. 4. Later refe- 
rences are: Williams, ‘‘ Phil. Mag.” XIII, p. 635 (1907); Ercolini, “‘ N. 
Cimento,” XIV., p. 537 (1907); Smith, ‘‘ Physical Review,” XXVIIL, 
p. 107 (1909) ; Credner, “ Zeits. Phys. Chem.,” LX XXII., p. 457 (1913). 

+ Tomlinson’s coefficients of 10°® are, for iron, platinum, copper, alu- 
minium, magnesium and platinum-silver about 2; for silver, zinc and 
platinum-iridium about 4; for tin, 11; for lead, 17; and for nickel, —8 ; 
and subse quent work has not modified these numbers seriously. Wiedemann, 
“« Blektricitat,” 1, p. 501. 

~ Smith l.c. ‘ 

§ Compare the differences shown in Fig. 3 and plate 30 of the Bakerian 
Lecture, ‘‘ Phil. Trans.,”’ A. 208, p. 381 (1908). 


| Schulze, “‘ Ver. d. Phys. Ges.,” XIII., p. 856 (1911). 
§] Eucken and Gehlhoff, ‘‘ Ver. d. Phys. Ges.,”’ XIV., p. 169 (1912). 
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than the decrease in the thermal conductivity, and that in 
consequence the quotient of the thermal by the electrical 
conductivity, which is of prime importance in the electronic 
theories of conductivity, increases as the alloy deviates in 
composition from either of its pure constituents.* 

If we compare the two ranges of values within which 
the thermal and electrical conductivities of different materials 
lie, we find that the range for thermal is much less extensive 
than that for electrical conductivities. Thus, the thermal 
conductivities of glass and copper or silver are as 1 to 400, 
while the electrical conductivities are as 1 to 6x10. Or, 
confining ourselves to metals for the present purpose, the ther- 
mal conductivities of bismuth and copper or silver are as | to 
50 while their electrical conductivities are as | to 70. 

General considerations such as these made me hesitate to 
accept Smith’s high results for the effect of stretching on the 
thermal conductivities of the metals he used, and induced me 
to get Mr. Johnstone to measure the effect by the method he has 
described in the previous Paper. His results confirm those of 
Smith, as may be seen from the following table calculated from 
the observations now available :— 


Fractional Increase of Conductivity Due to Stretching. 


Cr eaaen Thermal conductivity. Electrical conductivity. 
Material. | megadyne. * a ee : ee ie es! Observer. 
“sq. em. | Observed. | per meaa Observed. | per oa 
| . . . 
2 eed aS One Beer ts. coda ee 
( 1,580 0-0080 | 5-10-& —0-0025 —1-6 10-6 Smith. | 

(Sane 4 1,150 OOS me ht 1121025 Je ee Smith. 
od tis Ro 303 00049 | 16108 ki Johnstone. 
L cy = | A —2-310°&  |Tomlinson. 
454 | 0-0038 8-4 107 = Johnstone. 
ane | —4-410°§  |Tomlinson. 
Alumi- Apa ee OOO T Cis a5 Ge ae Johnstone. 

nium —1:910°§ |Tomlinson. - 

BEC 946 0-0037 | 391078 ae Johnstone. 
Nickel ... 3-2 10°§ =| Tomlinson. 

{ 2,300 | 0-025 | LPa0%e —0-0031 —1-4 10-6 Smith. 

| Iron .... 1,150 | 0-018 16 1078 aft x Smith. 
| | —2-110°§  |Tomlinson. 

(|  6,030°°| 0-026 p2, 1072 —0-0018 —0-4 10° Smith. 

| Steel”... 2,300 0-030 13710°* a Sone Smith. 
1,210 0:0077 6-4 10-6 coe e Johnstone. 

2,590 | 0-022 | 8-5 10-6 —0-0028 —1-1 10-6 Smith. 

Brass ... 12 702 O16 14 10-6 * Smith. 
454 | 0-0030 6-6 10-8 Johnstone. 


* It should be noted, however, that Reitzsch, ‘‘ Ann. der. Phys.,”’ IIL., 


p. 403 (1900), found that the addition of small quantities of phosphorus or 
arsenic to copper reduced its thermal in a slightly greater ratio than its elec- 
trical conductivity. 
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Although the larger of the tensions used by Smith are outside 
the elastic limits for the materials, there is as fair an agree- 
ment as could reasonably be expected between the coefficients 
of the changes of conductivity per megadyne per square centi- 
metre of stress as calculated from his observations, those of 
Johnstone for the thermal conductivity and those of Tom- 
lison for the electrical conductivity. 

If we except the change of the electrical conductivity of the 
hard nickel used by Tomlinson, which was probably far from 
pure, the results so far available appear to justify the state- 
ment that when the commoner metals and alloys are subjected 
to a tension not exceeding the elastic limit for the material, the 
thermal conductivity in the direction of the tension 1s increased 
at a rate between 4 and 10x 10-® of itself per megadyne per 
square centimetre of section, while the electrical conductivity 
is decreased under the same circumstances at about a tenth of 
the above rate. The quotient of the thermal by the electrical 
conductivity increases at a rate between 4 and 11x 10-® of 
itself per megadyne of stretching force per square centimetre. 
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XVI. Cohesion. (Third Paper.) By HerBert CHaATLEyY, 
~ D.Sc.(Lond.) 
Recrtvep Marcu 15, 1917. 
THE objects of this Paper are two-fold :— 

1. To restate and add further evidence in favour of an 
electrical theory of cohesion. 

2. To provide certain tentative forms of empirical formule 
for the expression of the inter-molecular forces. 

Definitions. 

For the purposes of this inquiry, cohes on is defined as 
follows :— 

Cohesion is the net attraction (7.e., balance of attraction over 
repulsion, between molecules which are relatively chemically 
saturated, at distances not greatly exceeding the molecular 
diameters. Adhesion is the special case of cohesion where the 
molecules are dissimilar in constitution. 


The Electrical Theory of Cohesion. 


In B, p. 312, it is suggested that “ Presumably the enormous 
electrostatic forces which exist round free atoms are not wholly 
neutralised in the formation of molecules, and cohesion is due 
to what electricians call “* stray field.” 

On the score of magnitude the cohesive attraction fades into 
chemical affinity (electrostatic linkage) as the proximity in- 
creases, and diminishes into Newtonian gravitation as the 
particles are separated. 

The “ stray field ” of a bi-atomic molecule may be conceived 
in various ways according to the manner of linkage, e.g., with 
or without an electron as the medium. In any case the whole 
field must be polarised, and the stray field will be expressible 
in vector terms. Since the electrostatic bond between two 
monovalent ions in contact is about 10-4 dynes, the cohesive 
attraction should be less than this. Furthermore, at a dis- 
tance of about two molecular diameters the field must become 
almost uniform, and at ten diameters simple Newtonian con- 


ditions must exist. 


The Magnitude of Electrostatic and Newtonian Linkages. 


The following table indicates roughly the magnitude of the 
linkages conceivable between different simple bodies. 
The diameter of an electron has been taken as 3:0 x 10-erm. 
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. 10-8 cm. 


l-6w 


The mass of an electron as 0-61 x 10-?? grams. 


The diameter of an atom as 


§ 


J 


where w is the atomic weight and s is the density at absolute 
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The mean free path of a nascent atom or a molecule in a gas 
VOL. XXIX. 


at N.T.P. is taken as 7-6 10-® em. 
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The Magnitude of the Coheswe Force. 


The net va'ue of the cohesive attraction under certain given 
conditions of expansion is known from tensile tests. Surface: 
tension and the energy of liquefaction also help toward this 
end. The mean repulsion in the case ot a permanent gas also. 
shows what is required to maintain separation. 

For iron, in A, p. 447, a molecular linkage of 5-0 x 10-8 dynes. 
is suggested. In B, p. 310, a value of 2:0 10-* dynes is em- 
ployed. If a tetratomic molecule is considered and the ulti- 
mate stress is taken as 2,000,000 grammes per square centi-. 
metre the value, neglecting remforcement by adjacent mole- 
coles, is 2:5 10-®. The heat of liquefaction mdicates a mean 
resistance of 1-0 10-° dynes per molecular pair, if one half 
the energy is used in producing potential energy, but, of course, 
this is very approximate. 

If the tensile strength of ice is taken as 10 kilogrammes per 
square centimetre, and the molecules are 3-0 10-' cm. in 
diameter, then the bond per pair is about 10-® dynes. 

Similarly, it will be found that if the energy of a gas molecule. 
is converted to potential during a travel through half the mean 
free path, the mean resistance is about 10-° dynes. 

It appears, then, that the molecular bond at the condition of 
rupture is from 10-§ to 10-* dynes. The attraction is therefore. 
slight y more than this, and at the. point of equilibrium the 
repulsion must also be more than this, since it balances the 
attraction, and both increase with proximity. 


Tentative Formula for the Attraction. 


Pending a better rule, the following formula is proposed for: 


the attraction :— 
Gm 
d2+*4s) ° 
where G is the Newtonian constant of gravitation, 
m is the mass of a molecule, 
d is the molecular interval (centre to centre), 
d. is the molecular diameter. 


t= 


At absolute zero, d=d, and the exponent becomes 6, and 
to=Gs", where s is the density. 
For iron this makes the gross attraction 3-9x 10-* dynes. 
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when the molecules are in contact, 4:4 10-® when the ex- 
tension is 10 per cent., and becomes almost identical with 
gravity when the extension is 1,000 per cent. The ratio to 
Newtonian force falls from 1-68 x 10-*’ to unity as the extension 
proceeds. 

For ice the contact bond is 7:2 10-8 dynes, falling to 
4-1 10-18 for a 20 per cent. extension. The contact condition 
gives a ratio to Newtonian force of 1-2 x 102%. 

This formula thus gives 4 bond descending from about one- 
hundredth ot the electrostatic force to the ordinary Newtonian 
values as the proximity decreases irom absolute contact to 
some ten molecular diameters. 

The appropriate repulsion, which is presumably largely due 
to kinetic energy, must decrease with great rapidity as the 
molecules are separated. It will differ for different molecules, 
and for iron a iorm 


i == heder® 


where K is about 10-°° and y, is about 70, seems to apply. 

As collateral evidence should perhaps be included the ob- 
served facts that current gradually produces brittleness in 
metal wires, and that cohesive strength is slightly decreased 
during conduction. An electrified liquid evaporates more 
rapidly than a neutral one, and most substances expand 
slightly when charged. Further than this, it may be suggested 
that the production of frictional electricity is due to the dis- 
turbance or rupture of cohesive fields. 
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ABSTRACT. 


(a) To re-state and add further evidence in favour of an electrical 
theory of cohesion. 

(b) To provide tentative empirical formule for the expression of 
inter-molecular forces. 

The author defines cohesion as the net attraction (7.e., balance of 
attraction over repulsion) between molecules which are relatively 
chemically saturated, at distances not greatly exceeding the molecular 
diameters, and the following formula is proposed for this attraction : 

i= Gmajae oe 
where G is the Newtonian constant of gravitation, m the molecular: 
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mass, d the molecular interval (centre to centre), and dy is the mole- 
cular diameter. 


DISCUSSION. 


Dr. R. S. WiLLows (communicated remarks) pointed out that the 
statement that an electrified liquid evaporated more quickly than a 
neutral one is not true in all cases. C. T. R. Wilson’s fog experiments 
show, for small drops, that evaporation is most rapid when the drops 
do not contain an electric ion, 
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AVIT. A Note on the Graphs of the Bessel Functions of Integral 
Oraer wey By Wagons. Sc,.D.1.C.) 6 


THE differential equation 2 te +(x’ —n?\y=0 1s of very 


frequent occurrence in many branches of mathematical 
physics and it is shown in the standard treatises * that the 
solution of the equation is expressible in terms of special 
functions, known as Bessel functions. The solutions of the 
equation met with in the commonest practical problems are 
composed of functions of the first kind, defined by the infinite 
serles, 


c a (i 4 x n+2r 
EN akan Ter ets TL) . 3) ) 


where I’ is the Eulerian gamma funrtion, and n is gener- 
ally a positive integer. 

In a recent investigation the writer had occasion to plot the 
graph of the function for certain integral values of n, and the 
resulting curves seemed so interesting that a complete series 
of graphs was prepared for all integral values of n from zero to 
12 inclusive, using the tables recently published. by the British 
Association Committee. 

In the hope that the curves may be of interest to others 
engaged in practical work the author submits Figs. 1, 2 and 3 
for the consideration of the Society. In Fig. 1, J,(x) for 
n=0, 1, 2, and 3 is shown ; in Fig. 2 the series is extended up 
to n=7; andin Fig. 3 is completed to n=12. On the latter 
diagram a few points are shown of J,,(z) in order to emphasise 
the striking and well-known tendency otf J,(x) towards zero 
as n becomes large. 

Apart from the purpose for which the graphs were con- 
structed, they have also proved a useful means of verifying by 
graphical means the commoner properties of the functions and 
some of the simpler solutions of Bessel’s equation. 
= The mathematical theory of the J functions has been investi- 
gated with the greatest thoroughness, and tables of the values 
~ of the functions have been published from time to time. How- 
ever, with the exception of J, and J ,—the graphs of which are 


* Forsyth, “‘ Differential Equations,” and Gray and Mathews, “ A Treatise 
on Bessel Functions.” 
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given in Gray and Mathew’s treatise and of these and a few 
other orders in Jahnke and Emdes’ “ Functionentafeln ”—the 
writer does not recollect seeing the march of the functions 
illustrated for integral values of the parameter n. 


In concluding this short note the author wishes to thank 
Dr. A. R. Forsyth, F.R.S., for the interest which he has shown 
in the work, which was carried out at the City and Guilds 
(Kngineering) College. 
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XVIII. An Investigation of Radium Luminous Compound. 
By Currrorp C. Paterson, J. W. T. Was and W. 
I’. Hicerns. 
RECEIVED ApRIL 27, 1917. 
Synopsis. 
1 Introduction. ; 
2. Measurement of Luminosity. 
3. Measurement of Radium Content. 
4. Measurement of Luminosity of the Markings of Luminous 
Dials. 
5. The Best Dimensions for Luminous Markings to Secure 
Maximum Legibility. 
6. Decay of Luminosity. 
(2) Luminous Compounds before Painting. 
(6) Painted Dials. ? 
7. Considerations Governing the Choice and Specification of 
Radium, Luminous Compounds. 


1. Introduction. 


In the present Paper is given an account of work carried out 
at the National Physical Laboratory on Radium Luminous 
Compounds. The investigations originated in a request by 
the Admiralty for information and assistance in connection 
with the use of this material for the dials of large numbers of 
instruments used by the Navy, and it is by permission of Capt. 
Creagh-Osborne, Admiralty Superintendent of Compasses, 
that there are included in this publication details of work 
whch has been carried out at his request. The Compass 
Department of the Admiralty began the employment of radium 
luminous compound as far back as 1914, and was the first 
in the field to adopt it on an extensive scale. The use of 
separate lighting arrangements for instruments which require 
to be read at night is thus obviated. 

The authors wish to say that there has been no leisure or 
opportunity to carry out a thorough investigation of the whole 
subject. Such an investigation would have included inquiry 
into the origin and characteristics of the various zinc sulphides 
used and of the effect of impurities on the luminosity of the 
compound, together with the effect of different methods of 
infusing into the zinc sulphide the very small quantities of 
radium which are used. These and similar problems have had 
to yield place to the necessity for fixing and applying proper 
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standards of luminosity both to the paint as manufactured, 
and to the instrument dials after the application of the lum1- 
nous compound. 

The standard of luminosity for the paint (generally known 
as the N P.L. Standard) was’ fixed in absolute measure in 
December, 1915, and that for the dials themsélves shortly 
afterwards, and many thousands of luminous instrument dials 
have since been measured for conformity with the standards 
la'd down. 

The subject is a comparatively new one, for the value of 
radium luminous compound has only been recently recog- 
nised in connection with commercial apparatus. Photo- 
metric measurements of the brilliancy of zinc sulphide under 
the action of the radiations from radium products were made 
by Marsden in 1910,* who directed the radiation from a tube 
of emanation on toa zine sulphide screen and measured the 
luminosity produced. The luminosity was found always to 
decay at a more rapid rate than the emanat’‘on. 

In a Paper in 1915, Mr. H. Hughes, describing the Creagh- 
Osborne compass, dealt with the use and application of radium 
compound to prismatic compasses, and in a further Paper to 
the Optical Society in June, 1916, F. Harrison Glew + dealt 
with the general question of luminescence, and considered the 
practical uses to which radium luminous compound may be 
put, as well as the method of application of the compound to a 
surface in order to produce the maximum luminosity. Mr. 
Glew gave a further lecture on this subject to the Illuminating 
Engineering Society,§ and this was followed by notes on the 
behav.our and testing of luminous paint by Mr. J. 8. Dow and 
Mr. A. Blok. 

A description of the apparatus used at the Bureau of 
Standards for measuring the luminosity of radium luminous 
compound has been given by N. E. Dorsey.| 

In the present Paper the ground covered by these authors 
will only be touched upon in so far as is necessary for the pre- 
sent purpose. It may be recalled, however, that radium 


* Roy. Soc. “ Proc.,” LXXXIII, pp. 548-561, 1910. “Sci. Abst.,” 
76 A., 1911. 

t ‘Improvements in Prismatic Compasses,” H. A. Hughes, ‘ Trans.” 
Opt. Soc., Lond., Vol. XVI., p. 17. 

~ “Radium and Other Luminous Compounds,” F. Harrison Glew, 
“Trans.”? Opt. Soc. Lond., Vol. XVI., p. 276. 

§ “Tlum. Eng.,”’ p. 72, March, 1917. 

| “Washington Acad. Sci. J.,” 7, pp. 1—6, Jan. 4, 1917, 
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luminous compound consists almost exclusively of specially 
prepared zinc sulphide, with which is mixed about four parts per 
10,000 of radium bromide or its equivalent in gamma ray ac- 
tivity. 

The luminosity of the resulting powder depends on the 
amount of radium present and on the quality of the zinc sul- 
phide. The reason for the superiority of one type of zinc 
sulphide over another is at present obscure, but the responsive- 
ness of different grades of zine sulphide to radioactive 
excitation varies very greatly and offers a wide field for investi- 
gation. The zinc sulphide responds mainly to the a-ray 
activity of the radium (see Glew, loc. cit.). As radium is 
bought, sold and measured by its y-ray and not by its 
a-ray activity, a constant ratio is assumed between the 
two, and all values of radium content given “n this Paper 
are in terms of y-ray activity. a rays are emitted from 
the radium itself and from the emanation, but they are 
readily stopped by solids (including any organic med um used 
for binding). According to the so far generally recognised 
hypothesis the a-particles impinging on the crystals of zine 
sulphide excite certain active centres. After its bombard- 
ment each active centre becomes extinct and a gradual decay 
of the zinc sulphide therefore results. That this theory, in its 
simple form, fails exactly to represent the facts is shown later, 
and a modification of this theory is discussed in a second 
theoretical Paper by one of the authors.* To apply the paint 
in practice the powder is mixed with a minimum possible 
quantity of varnish or other suitable binding material, and 
laid on either with a brush or by filling in the figuring which 
has been engraved into the surface of the object to be painted. 


2. Measurements of Luminosity. 

The measurement of the luminosity of radium paint is 
rendered difficult by two considerations—(i.) the green hue of 
the light emitted, (11.) the very low brightness to be measured. 
It is desirable at the outset to make determinations of lumi- 
nosity in absolute rather than relative measure, and compari- 
sons have therefore to be made with the ordinary photometric 
standards. 

('.) The very green hue of the light given by radium com- 
pound necessitates the use of a green filter when photometering 


* “The Theory of Decay in Radioactive Luminous Compounds,” J. W. T, 
Walsh; 
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it. Marsden examined the light spectroscopically, and found 
that the visual region lay between A=5,920 and A=4 250, 
w th a fairly sharp edge towards the red. It ‘s found that 
Wratten Filter “ Minus Red,’ used in conjunction with a 
tungsten filament lamp operating at about 1-5 watts per candle, 
gives an approximate colour match with the samples of rad um 
paint ordinarily used, A still better match is obtained by the 
use of a sample of glass made by Messrs. Chance Bros., known 
as “ B.O.T. Light Green,” and corresponding with the lightest 
shade of green glass permitted for ships’ starboard navigation 
lights. The expression of the luminosity in absolute measure 
entails the determination of the transmission coefficient of the 
filter. This has been carried out at the Laboratory by a num- 
ber of observers, so that the result may correspond as nearly as 
possible with that which would be given by the “ average ” 
eye. ‘ 


Screen 


Variable Resistance 


Fra. 1.—D1AGRAM oF APPARATUS FOR MEASURING THE BRIGHTNESS OF 
RapiIum LUMINOUS CoMPOUND. 


(.) The degree of brightness required to be measured jis of 
the order of 10 microcandles per square centimetre, or 0-03 
equivalent foot-candles.* 

This is about one-hundredth of the brightness of a news- 
paper satisfactorily illuminated for comfortable reading by 
artificial light. The brightness is of the order of that of white 
paper illuminated by the light of the full moon. It will be seen 
that this degree of illumination is one at which the Purkinje 
effect is operative, so that the transmission coefficient of the 
green filter must be determined at an illumination correspond- 
ing with the brightness of the paint with which it is to be used, 

* This is a convenient unit of brightness, and represents a brightness equal 
to that of a perfectly diffusing surface with a coe fticient of reflection of 100 per 


cent., when illuminated to an intensity of 1 ft.-candle (7.e., by a source of 
} candle placed 1 ft, away from the surface in the direction of its normal), 
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and it must be ensured that the surfaces to be compared are 
really in juxtaposition without any intervening space to sepa- 
rate their images on the retina. 

The following description and diagram (Fig. 1) show a form 
of apparatus which 18 months use at the Laboratory has shown 
to be eminently satisfactory for this class of measurement. 

L is a tungsten filament lamp mounted on the carriage of a 
30 ft. long photometer bench. It is fed from a storage battery, 
the pressure at the lamp terminals being controlled by a resis- 
tance, R, which is to the hand of the observer. The value of 
the pressure applied to the lamp terminals is indicated by a 
voltmeter, V. F is the special green filter. It reduces the 
hue of the light given by L to that of the radium compound. 
B is a small brass box, 120 mm. long by 37 mm. square, and 
shown in more detailed{plan in Fig. 2.* 


Fic. 2,—DETAIL oF Box CONTAINING THE COMPARISON SURFACE AND 
TUBE OF COMPOUND. 

It contains S, a sheet of matt white celluloid, set at an angle 
of 50 deg. to the axis, and having at its centre an oblong 
aperture, 455mm. hgh by 7mm. broad. The relative dimen- 
sions are such that when the screen is looked at through the 
telescope the aperture has the appearance of a small square 
with 4-5 mm. sides. This aperture is cut with a sharp bevel, so 
as to reduce to the smallest possible dimensions the black edge 
between the illuminated screen and the surface of the radium 
compound. 

The radium compound is contained in a glass tube, G, and 
wedge-shaped guides are arranged inside the box to assist in 
placing it centrally behind the aperture in §, no matter what 
may be the diameter of the tube. 


* A very similar apparatus was described by Mr, Blok to the Uluminating 
Engineering Society, March, 1917, 
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The transmission coefficient of the filter F was determined 
from the mean results of five experienced photometric ob- 
servers, each of whom matched the brightness of three separate 
samples of radium paint against the brightness of the screen S. 
The illumination of S was varied by moving the lamp L along 
the line LF until a match of intensity was obtained. This 
was done (i) with the filter F removed, and (11) with the filter 
in place. The mean ratio of the illuminations was taken to 
represent, for the conditions under which the apparatus is 
used, the transmission coefficient of the filter for an “‘ average ”’ 
eye. 

The values obtained for this coefficient by the different 
observers differed from the mean value by —17-2, —6-4, +4:3, 
+8-5, and +10-8 per cent. The mean value must not, there- 
fore, be considered as accurate to nearer than 3-5 per cent. 
This inaccuracy in the absolute transmission coefficient may 
appear large at first sight, but a very much greater number of 
observers would be required to reduce it to 1 per cent. 

It will be observed that the transmission coeffic ent was 
determined under conditions identical with those prevailing 
when the luminous compound itself is measured—.e., the size 
of the field and its illumination are the same—so that those 
errors are avoided which result from the well-known retinal 
peculiarities which appear in the use of green light at low illu- 
minations.* The mean coefficient obtained was 2:15 per cent. 
This value was confirmed by means of a portable photometer, 
the illumination of a white card being measured directly (a) 
without the filter, (6) with the filter interposed. 

The other constant to be determined was the coefficient of 
reflection of the white card § as viewed from the eyepiece T, 
with the light incident from L at an angle of 40 deg. This was 
determined by measuring the brightness of the card as viewed 
from the direction of T with a portable photometer, and com- 
paring this with the brightness of another portion of the same 
piece of card when held normal to the direct’on of the light. 

The coefficient obtained in this way embodied both the 
coefficient of reflection K, of the card with the light incident 
at an angle 0, and the reduction of illumination according to 
the cosine law. This combined coefficient K, cos @ was 
found to be 68-2 per cent. 

To obtain now the brightness of a sample of paint T from the 


* “Colour Phenomena in Photometry,” J, §. Dow, ‘“ Proc.’’ Phys. Soc., 
Vol, 20, 1906, p. 245. 
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candle-power C of the lamp L at distance d when the eDiets 
nesses of S and 7’ are equal, we have :— 
B=<x0: 21; 0-68,. 

There is, however, one more point yet to be considered. It 
will be clear that the transmission coefficient of the filter # 
will vary with the hue of the light traversing it, so that the 
value of the coefficient found above holds only for the light 
from a tungsten filament lamp operating at the one definite 
efficiency, at which the determination of its transmission 
coefficient was made. The result of th’s is that variation of 
illumination on S has to be obtained by change of position of 
L along the line LS rather than by change of voltage L. In 
actual use, however, when measuring the brightness of a sample 
of radium compound, it is found most convenient to fix L in 
such a position that an approximate match 1s obtained in S 
with a voltage on LZ of 95. Several settings are then made by 
means of the resistance R and as the extreme voltage variation 
on L thus obtained does not generally exceed 2 volts, it is safe 
to assume that over this range the variation in the hue of the 
light from ZL will not appreciably affect the value of the trans- 
mission coefficient of #. The candle-power variation with 
voltage of LZ has been determined accurately on the photo- 
meter bench, over the range from 92 to 98 volts, and from the 
voltage indicated by V, the distance ZS, and the formula 
given above, the brightness of the paint in 7 1s at once 
found. 


Absorption of Glass Tubes.—The radium paint being in 
powder form, it 1s necessary to measure its brightness when 
enclosed in a glass tube. This is desirable for two reasons. 
Firstly, it is necessary to obtain a smooth surface of the powder 
in order that it shall be of uniform brightness, because any 
cavity in the surface shows a greatly enhanced brilliancy due 
to internal reflection. Secondly, it is necessary to avoid any 
possible loss of emanation. 

From a series of experiments made when the apparatus was 
first set up, it was found that variations in the thicknesses of 
the glass containing tubes, up to at least 1-3 mm. makes no 
difference to the brightness of the paint viewed through them. 

The colouration of the glass by the action of the radium, 
on the other hand, produces a progressively increasing absorp- 
tion for which allowance has to be made in considering the 
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decay of luminosity of the compound.* Lead glass gives a 
brown coloration and soda glass a purple one. 

Measurements have been made of the amount of this effect 
in the case of six of the samples of compound studied, all of 
which were contained in soda glass tubes.. The absorption was 
found by making alternate measurements of the luminosity of a 
sample of compound when contained (a) in the vessel under 
examination, (6) ina new vessel not previously exposed to y-ra- 
diation. The results obtained are tabulated below and the 
value. of luminosity given throughout the Paper are corrected 
on the assumption that the light absorption has followed a 
linear law of increase. As the whole correction does not in 
any case exceed 16 per cent. this assumption will not lead to 
any appreciable error in the final corrected values of luminosity. 


TABLE I. 
Sample. Age of compound. | Total absorption due to 
2 coloration. 

3 14} months. 13 per cent. 
6 LYE Biss Ss 
7 17 x Oe 
8 | ee eS 10s 
9 13 ,. 10. 

10 13 ‘: Ibe ek 


3. Measurement of Radium Content. 


The general method of determination of the quantity of 
radium contained .in a concentrated sample is by direct com- 
parison with a standard consisting of a known amount of one of 
the salts of the element. The means by which this comparison 
is carried out is based on the ionisation produced by the 
y-rays emitted from the samples considered. 

Radium gives out three types of rays—namely, the a, 6 and 
y-rays—and the ionisation produced by any of these could be 
made use of as a measure of the quantity of radium present. 
Two difficulties, however, arise in attempting to use either of 
the two former types of radiation. Firstly, in the case of 
radium, in radioactive equilibrium, it is not possible to isolate 
these rays, so that the properties of the a or f-rays alone are 
employed. The same trouble does not arise in the case of 
y-rays as these are very penetrating and may consequently be 
freed from a or f-rays by the use of suitable screens of absorb- 


* Glew, loc, cit., p. 287, 
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ing material. a-rays are absorbed by about 8 cm. of air at 
atmospheric pressure or by very thin layers of solid matter, 
while the /-rays are completely stopped by about | cm. of lead. 
In practice it is found that a sheet of lead 5 mm. thick reduces 
the proportion of /-rays present to a negligible amount com- 
pared with the y-rays. Consequently in the apparatus to be 
described later the ionisation chamber is covered by a lead disc 
5 mm. thick, and the ionisation produced inside this space must 
therefore be solely due to the y-rays. In the second place the 
intensity of all the rays changes with time until complete 
radioactive equilibrium is attained. Consequently the a or 
f-ray activity of any sample of radium and its radioactive pro- 
ducts will not be sufficiently constant for measurement pur- 
poses for some years. For the y-rays, however, a constant 
intensity is reached in a comparatively short time (about 
30 days suffices) as the products of disintegration beyond radium 
do not emit y-rays (with the exception of some very 
soit rays, which in practice are completely absorbed before the 
_ lonisation chamber is reached). or purposes of measurement 
it is necessary to prevent the escape of the gaseous product— 
viz., radium emanation—and to this end the material must be 
sealed up in glass or metal tubes fora sufficient length of time 
before comparisons can be undertaken. 

The y-ray method is primarily intended for the estimation 
of high concentrat‘on, but may also be extended to estimation 
of the total quantity of radium in a sample of radium luminous 
compound if the necessary precautions as detailed later are 
taken. 

The smallest equivalent quantity of radium bromide which 
can in this way be accurately measured is about 1 mgm., and 
the quantity of radium luminous compound on which the test 
is made should hence be from 3 to 5 grms. 

The standard against which the samples of radium luminous 
compound are compared at the National Physical Laboratory, 
consists of a preparation of pure radium bromide, equivalent 
to 5-20 mgm. of hydrated radium bromide (RaBr, 2H,0). This 
is compared at intervals with the British Radium Standard, 
which was certified by the International Radium Standards 
Committee after comparison with the International Standard 
at Sevres. 

The apparatus employed is represented in Fig 3. It con- 
sists of a massive wooden bench along which a stand, 4, can 
be moved. The position of this stand with respect to the 
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ionisat on chamber is indicated by a pointer and scale. The 
samples under test are placed in turn in the V-support on 
the stand A, and this is so arranged as to bring the sample 
approximately to the level of the centre of the ionisation 
chamber. 

The ionisation chamber C consists of a lead cylinder of 
internal diameter 140 mm. and depth 94mm. The thickness 
of the walls is 6mm. The front of this chamber consists of a 
lead plate of 5mm. thickness; this is held in close contact 
with the walls of the chamber by suitable clamping screws. 
Alternative lead plates of different thicknesses are available as 
desired. The central insulated disc is supported from the back 
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Fic. 3.—DIAGRAM OF APPARATUS FOR MEASURING RADIUM CONTENT BY 
THE y-RAY METHOD. 


of the chamber by means of a brass wire passing through an 
amberite* bush. 

The gold leaf electroscope by which the ionisation current is 
measured is attached to the ionisation chamber. The gold 
leaf is fastened on to a vertical projection from the brass sup- 
porting wire of the disc above referred to, and is surrounded by 
a square built up box of thick lead plates. Windows are pro- 
vided at each side of this box by which the gold leaf may be 
illuminated and viewed. These windows are of lead glass, and 
are screened by lead shields to prevent as far as possible the 
entrance of stray and scattered y-radiation. The insulated 
system, consisting of the disc in the ionisation chamber, the 
gold leaf and the support are positively charged by means of a 


* This material is composed of highly compressed amber chips or dust, and 
provides an excellent insulator, which may be turned to any desired shape. 
Care must be exercised in doing this as the material is somewhat brittle. It 
is not hygroscopic, nor does it show any appreciable soakage effect. 
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charging key carried on the top of the electroscope. On 
press.ng down the plunger of this, contact is made with a 
battery of accumulators of the required voltage (about 200 
volts). The case and all metal parts of the apparatus other 
than the central insulated system are earthed, as is also the 
negative pole of the battery. 

The motion of the gold. leaf is viewed through a reading 
microscope magnifying about 10 diameters, and provided with 
a scale in the eyepiece. This instrument is held rigidly by 
means of an adjustable stand, and when once put into position 
is not moved throughout the complete series of readings. 

The readings are always taken over a definite portion of the 
eyepiece scale, the time being determined by means of a stop- 
watch for the gold leaf to move over this distance. The 
procedure generally adopted in making a comparison is as 
follows: The natural leak of the system is first determined. 
This is done by charging up the gold leaf and noting the time 
taken by it in moy-ng over the measured distance, all radium 
being removed from the neighbourhood of the measuring 
instruments. The radium standard is then placed on the stand 
A, which is moved to some definite position along the test 
bench according to the strength of the sample to be measured. 
For small quantities the stand is brought relatively near the 
ionisation chamber, while for larger amounts the distance 
between the two is increased. The rate of leak is then deter- 
mined for the standard sample, the mean of a number of 
observations being taken. The standard is then replaced by 
the material under test without the relative positions of any 
parts of the apparatus being changed and the rate of leak is 
again determined. Further readings of the standard are then 
taken, which should agree with those first obtained. 

The comparison is then repeated for other distances between 
the stand A and the ionisation chamber C. Finally, the 
natural leak is taken at the end of the series of observations. 
It must be noted that all radium preparations except that 
actually on the test bench, must be removed as far as con- 
venient from the y-ray apparatus, otherwise the natural leak 
will be large, and the corresponding accuracy of the compari- 
sons will be greatly reduced. 

The correction for the natural leak is made thus : If 7’) 1s the 
time taken for the leaf to move over n divisions when the sample 
of radium is under observation and 7, the number when it is 
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absent (7.e., the natural leak) then the corrected value of the 
time (7’) will be given by— 


n n mn 

TTT aol 
Tbe 
1.€., ag ee 


The corrected value of the time is thus obtained for the 
_ sample under test and for the standard. The ratio of these 
times then gives the ratio of the quantities of radium present 
in the standard and the sample under test, thus :— 


Weight of radium in sample _ Time for standard. 
Weight of radium in standard Time for sample. 


Correction for Absorption.—From the above description it 
will be clear that in determining the radium content of a sample . 
of luminous compound by measurement of its y-ray activity, 
allowance must be made for the absorption of the y-rays by the 
zinc sulphide. I, first, we suppose that the whole of the radium 
salt is concentrated along the axis of a cylindrical vessel con- 
taining the compound,-it is known that the intensity of the 
y-ray activity in any direction perpendicular to the axis (and 
at a distance from it sufficient to make the length of the vessel 
negligible in comparison with this distance) will be given by 
I’=Je—", where J is the intensity which would be found in the 
absence of the zinc sulphide, a is the radius of the vessel, and / 
is the absorpt on coefficient of the zinc sulphide. 

In actual practice, however, the radium salt is not concen- 
trated at the axis, but is unitormly distributed over the cross- 
section of the cylinder, so that the above formula does not 
accurately apply, although a priort reasoning from the known 
value of 4 shows that for vessels of small diameter this formula 
is sufficiently accurate for all practical purposes. When the 
diameter reaches 20 mm. or 30mm., however, it becomes 
necessary to investigate the effect of uniform distribution more 
thoroughly, and this may be done in one of two ways—(qa) 
approximately, by first treating the simple case of a vessel of 
square section and then regarding the cylindrical vessel under 
consideration as made up of any convenient number of equal 
square-section vessels, laid alongside one another; or (0) 
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rigidly by obtaining a convergent series with constant coeffi- 
cients which will give at once the required value of intensity, 
from a knowledge of the value of 4. Methods (a) and (0) are 
described in greater detail in Appendix A 

The value of A has been determined experimentally by mix- 
ing a measured quantity of radium salt with an amount of 
zinc sulphide sufficient to produce radium luminous compound 
of standard specification, and then determining the y-ray 
activity of the resulting mixture. The contents of a tube of 
radium salt equivalent to 11-4 mgm. of hydrated radium 
bromide, as determined by a y-ray test were m xed, without 
loss, with 28 5 grms. of active zine sulphide, and the mixture 
was enclosed in a glass bottle of known dimensions. The 
y-ray activity was measured at intervals until a constant value 
was obtained. This was equivalent to 8-2 mgm. of hydrated 
radium bromide, and from this result a value for 2 is cal- 
culated from the formula on page 226. This value is 
A=0-03 mm}. 

A confirmatory test was made by the use of a second sample 
consisting of 30 grams of radium luminous compound, which 
was measured in bulk, and then was subdivided into a series of 
six smaller quantities enclosed in glass tubes of various dia- 
meters. 

The y-ray activity of each of these was determined and was 
corrected for absorption in accordance with the value obtained 
in the first test. The radium content per grm. was found 
to be the same, to within an accuracy of 2 per cent., for 
each tube and for the sample in bulk when this had been 
done. 

An attempt was also made to obtain the absorption coeffi- 
cient by surrounding a sealed tube of radium bromide with a 
known thickness of zinc sulphide as mentioned above. The 
value so obtained leads to a result of A=0-0092, mm-~-1, which 
is roughly one-third of the value obtained in the case of uniform 
distribution. No explanation of this discrepancy is at present 
available, but further work is proposed to investigate the 
matter. In the meantime the first value is assumed to hold, 
as the conditions under which it is obtained most nearly 
represent the conditions of actual test of samples, and the 
table following gives the factors by which the measured radium. 
content must be multiplied in order to give the true content 
for different sizes of containing vessels. 
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TaBre IT. 
(A=0-03 mm-?). 


True content 


Diameter of containing 


vessel. Measured content 
5 mm. 1-06 
10 mm. 1-13 
15mm. 1-20 
20 mm. 1-28 
25 mm. 1°35 
30 mm. 1-43 | 


4, Measurement of Luminosity of the Markings of Luminous 
Dials. | 


The chief commercial use of radium luminous compound lies 
in its application to instrument dials for rendering the figures 
and graduations on these visible at night without external 
illumination. The method by which this application may be 
made has been described by F. H. Glew (loc. cot.), and it was 
early found that the various methods employed by different 
makers of the dials gave very widely differing results. The 
luminosity of the figures, therefore, depends not only on the 
quality of the radium luminous compound employed, but also 
on the method of its application to the dial, so that the employ- 
ment of a good quality of luminous compound is not a neces- 
sary guarantee of a satisfactory dial. 

It becomes necessary then, to test the actual brilliancy of 
the luminous markings, and the only satisfactory method of 
doing this is to compare the dial under test with another dial, 
the markings of which are of the same pattern and dimensions, 
and of a known brightness. Hence the first test employed was 
comparison with a radium painted dial of what was considered 
to be good luminosity. This was very soon abandoned, 
however, in favour of a more convenient and fundamental 
test. In the first place the possibility of a deterioration of 
luminosity was early recognised as one of the dangers of a 
radium-painted standard dial, while the large number of 
d fferent patterns of dial to be tested would have necessitated 
a considerable collection of radium painted standards. These 
would necessarily have been at variance as regards brilliancy, 
since absolute uniformity is practically impossible of attain- 
ment, especially under the condit.ons prevailing at the time 
when the standards were first set up. A still more fatal draw- 
back was the fact that beyond the statement that the test dial 
did or did not equal in brilliancy the standard dial, no value 
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could be assigned to the luminosity of its markings to serve asa 
guide for future work by the manufacturer. 

In view of all these considerations a method was devised 
which has from the very first given complete satisfaction in 
working. This method is, in essence, the comparison of the 
test dial with a metal stencil cut to the same pattern and dimen- 
sions as the luminous markings of the dial, and having behind it 
a screen illuminated by light of the same hue as that given by 
the radium compound. The intensity of illumination of this 
screen is variable by means of a resistance in series with an 
electric lamp, and thus a knowledge of the variation of illu- 
mination of the screen with the current taken by the lamp 
gives at once the value of the brilliancy of the markings on the 
test dial. The actual apparatus is shown diagrammatically in 
Fig. 4, where a box encloses at one end an electric lamp, L, in 


Fie. 4.—DIAGRAM OF APPARATUS FOR MEASURING THE BRIGHTNESS OF 
THE MARKINGS OF LUMINOUS DIALS. 


| F-=----1k§ — 


circuit with a resistance, R, and precision ammeter A. & is to 
the hand of the observer. JZ is actually a 105-volt 60-watt 
metallic filament lamp operated, when giving standard bril- 
liancy, at about 5 watts per candle. In front of L is a sheet of 
Wratten ““ Minus Red ”’ filter #, in order that the hue of the 
light may match that of the radium compound The green 
light then falls on two screens S, S, each consisting of two thick- 
nesses of thin white paper with a space of 10 mm. between 
them. The two thicknesses of paper were found necessary 
to secure proper diffusion of the light, and it was also found 
desirable to whiten the inside of the wooden strips separating 
the two layers of paper in order to avoid any decrease ot 
luminosity at the edges. In front of the screens are placed 
two stencils 7,7, each consisting of a sheet of thin brass or 
copper 0-3 mm. thick, framed in wood to fit the dimensions of 
T 2 
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the screens (255x275 mm.). The figures and graduations are 
cut in brass on an engraving machine, so as to be identical with 
the luminous markings of the dials under examination. 
Between the stencils is fixed the dial under test D. It was 
originally intended that the test dial should be placed above the 
stencils so that the three dials under comparison should be one 
ateach apex of an equilateral triangle. This arrangement was 
abandoned, however, as it was found during the course of the 
initial experiments that different luminosities were assigned to a 
dial according as it was placed above, below, to the left or to 
the right of the dial with which it was being compared. This 
effect is apparently one of personal error depending on the dis- 
tribution of sensitivity to green light over the retina of the 
observer. In different observers the effect was found to vary 
in amount, and also to change sign. In these circumstances 
it was found best to give the dial an intermediate position 
between two comparison dials of equal luminosity. In making 


Fic. 5.—PaoroGRAPH SHOWING THE APPEARANCE OF A LUMINOUS DIAL AND 
Its COMPARISON STENCILS IN THE DIAL-TESTING APPARATUS. 


a test of a luminous painted dial by this method the dial, as 
has been said, is placed between the two stencils of similar 
pattern, while the operator, seated with his eye on a level with 
and about 3 ft. from the dial varies the brightness of the com- 
parison stencils by means of the resistance R. As soon as he 
is satisfied that the three dials are of equal luminosity he notes 
the current indicated by the ammeter A, and from a table 
finds the percentage of standard luminosity of the dial under 
test. 

This test is, of course, performed in a dark room, and it is 
necessary for the observer to remain sufficiently long in the 
dark for his eyes to become “ dark-adapted.” The appearance 
of the test dial and its corresponding stencils is shown in the 
photograph (Fig. 5). It may be here noted that the lumi- 
nosity of the markings on standard dials is 0-0075 equivalent 
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foot-candles (2-7 microcandles per square centimetre), and that 
to obtain the above photograph with an Imperial Standard 
rapid plate an exposure of 24 hours was required. 

An examination of the negative shows that, although there 
was a luminosity match between the three dials, the light from 


the centre one, painted with luminous compound, was more 
actinic. 


5. Investigation of the Best Dimensions for Luminous Markings 
to Secure Maximum Legibility. 

In addition to the question of luminosity of the markings 
of a radium painted dial, there is also the consideration of 
legibility, which will depend on the form and size of the mark- 
ings as well as on their luminosity. An investigation was 
undertaken at the request of the Admiralty to determine the 
nfluence of these factors. 

It is obvious that if the luminous lines or markings of a card 
are reduced in breadth too much, the letters will become 
illegible, because the total amount of light has become so small. 


Set. Set 2. Set 3. Set 4. Set 5. 
Fie. 6.—THE Types or Ficures USED To INVESTIGATE THE RELATION 
BETWEEN DIMENSIONS AND LEGIBILITY. 
Conversely, if the lines are increased in width beyond a certain 
point, in spite of the large amount of light emitted, the letters 
will lose legibility and appear merely as blotches of light. 
Between these two extremes there must lie a region where 
the legibility is a maximum. To determine this optimum 
width of line, observations were made on a series of 
letter stencils in which the letters were all 16mm. high, but 
in which the width of line varied from 0-5 mm. to 3-O mm. The 


letters are shown in Fig. 6. The first set with the thinnest 
line was used as a standard and the other sets were compared 
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with it. The specific luminosity of each set of letters was 
independently variable, and was so adjusted that the total 
light emitted was the same for each set. This adjustment was 
made by reducing the brightness of the broader letter by an 
appropriate number of thicknesses of fine black tulle. Thus, 
any two sets of letters when compared from a distance ap- 
peared equally bright, and it is of interest to note that under 
these conditions the difference in the width of the lines could 
not be detected. 

If, however, nstead of comparing the letter from the point 
of view of brightness, the observer made a judgment of the 
relative legibility, a difference was in some cases noticeable. 
The set having the broadest lines (set 5) compared with the 
thinnest (set 1) was clearly less legible. The falling off in 
legibility was not, however, so noticeable between sets | and 4, 
and was inappreciable between sets | and 3. 

In order to get a quantitative measurement of the falling off 
of legibility of sets 5 and 4, their luminosity was increased until 
the legibility equalled that of set 1. Equality resulted when 
set 5 was increased about 40 per cent. and set 4 about 20 per 
cent. The results are summarised as follows :-— 


Taste III. 
Width | Ratio of width of | 
a of | line to height of | Legibility. 
line. letter. 
Deb deren 05mm. | 1732 ) Allequally legible for 
Set2, Se.ee| peer) 1/16 | equal total lumi- 
S6tetwrcrc.s| ekcD Maee «| 1/11 | nosity. 
Set4.. fvz., 2-0 mm. 1/8 | Fall of legibility =20 p.c. 
Sobol ys Oemm. | 1/6 Fall of legibility =40 p.c. 


It will thus be seen that for a certain specific luminosity, 
set 5 will not appear very much more legible than set 3, because 
although set 5 is twice as bright, it suffers a falling off in legi- 
bility of about 40 per cent. An experimental trial was made 
to test these deductions and was found to confirm the results 
stated. 

It was concluded from these experiments that the propor- 
tion of width of line to height of letter for maximum legi- 
bility should be about 1 to 8 (set 4), and should not much ex- 
ceed 1 to 7, at any rate for letters and figures in which the 
height exceeds about 5mm. Below this limit experience sug- 
gests that the breadth of line may be usefully increased to 
one-sixth of the height of the figure. 
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6. Decay of Luminosity. 


Glew points out * that the luminosity of radium compounds 
falls off with time. The radium itself decays to half its value 
in about 2,000 years, and it has sometimes been assumed that 
radium paint will retain its luminosity for a similar period. 
This is not, of course, the case, as Marsden showed in his ex- 
periments on zinc sulphide, willemite and barium platino- 
cyanide. His source of radiation, however, being radium 
emanation, was itself decaying at a comparatively rapid rate, 
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Fie. 7.—DIAGRAM SHOWING THE VARIATION THROUGHOUT LIFE OF THE 
LUMINOSITY OF SAMPLE 3 oF RapiIum LumINovs Compounp. INSET, THE 
EARLY PORTION OF THE LIFE ON AN ENLARGED SCALE. 


while the intensity of the radiation far exceeded anything prac- 
ticable in the preparation of ordinary commercial radium com- 
pounds. © 

The authors have made systematic tests to determine as 
accurately as possible the loss of brilliancy of the radium com- 
pound ordinarily used, both in powder form, before painting, 


* Loc. cit., p. 216. 
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and algo after mixture with the varmish used in its appli- 
cation to the surface to be treated. 


(a) Luminous Compounds Before Painting.—Nine samples 
from several makers, and containing different proportions of 
radium salt mixed with various qualities of zinc sulphide have 
been retained under observation at the National Physical 
Laboratory. In some cases it has been possible to obtain 
measurements of the brightness at intervals over a period of 
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Fic. 8.—DIAGRAM SHOWING THE VARIATION THROUGHOUT LIFE OF THE 
LUMINOSITY OF SAMPLE 8 oF Rapium LUMINOUS CompouND. INSET, THE 
EARLY PORTION OF THE LIFE ON AN ENLARGED SCALE. 


about 15 months, and curves showing the rise and fall with 
tme of the luminosity of two characteristic samples are shown 
in Figs. 7 and 8. 

In samples 3 and 8 (Figs. 7 and 8) measurements were pos- 
sible within a short time after mixing the radium salt with the 
zinc sulphide. The curves referred to above have an inset 
showing in greater detail the earlier history of these samples. 
It is seen that there is a growth of luminosity to a peak value 
which is attained generally about 15 days after mixing. The 
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characteristics of the early life of luminous compound are of 
special interest as bearing on the theory underlying the action 
of radium on zinc sulphide. 

The values of luminosity observed during the first 40 days 
are taken from the curves and scheduled in the following 
table :— | 


TABLE IV. 
Luminosity (equivalent foot-candles). 
Period = ———-—-—-— —— — ) 
after Sample 3. | Sample 8. 
| mixing... ————— [| —| ————_—__— 
| Days. Natal P.c. of | eral P.c. of 
| maximum. maximum. 
4 0-032 71 0-030 70 
6 0-038 84 0-035 81 
8 0-041 91 0-039 91 
10 0-043 95 0-041 95 
15 0-045 100 0-043 100 
20 0-045 100 0-043 100 
25 0-044 98 0-042 98 
30 0-043 96 0-040 93 
ah 0-042 93 0-039 91 
40 0-041 91 0-037 86 


It should be noted that these samples were from different 
makers, the method of mixing the radium salt with the zine 
sulphide being stated to be different in the two cases. In the 
first sample the mixture was made with both salts in the dry 
state, while in the second the radium salt was added in the form 
of a solution to the zinc sulphide, the resulting mixture being 
then evaporated to dryness. With this latter method of mix- 
ing it is certain that nearly all the radium emanation is driven 
off, so that the subsequent increase of luminosity of the radium 
paint is due to the gradual growth of the radium emanation 
and its products radium A and radium C. 

After attaining its maximum value at the end of about 10 
to 20 days from mixing, the luminosity then begins to decrease, 
at first very gradually and then more rapidly until, after a 
period of about six to seven weeks from the date of mixing, 
the rate of decay appears to have settled down in accordance 
with an exponential law—.e., the rate of decay (&) of lumi- 
nosity (B) at any time is approximately proportional to the 
value of the luminosity at that time and B/B)»=e—*. The log- 
arithm of the luminosity therefore plotted against time should 
give a straight line. The logarithmic curve corresponding 
with the results of sample 3 (Fig. 7) is shown in Fig. 9. After 
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an initial period of 40 days it will be seen that the logarithmic 
relation given above is nearly fulfilled up to the end of about 
150 to 200 days, but that after this period the luminosity does 
not diminish so rapidly as would be expected from the above 
law. It will be shown in a further Paper * that the effect may 
be explained on the assumption that superposed on the normal 
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Fie. 9.—DIAGRAM SHOWING THE GRADUAL DEPARTURE OF THE OBSERVED 
VALUES OF LUMINOSITY OF SAMPLE 3 FROM THE LOGARITHMIC,;RELATIONSHIP. 


decay proportional to the luminosity, there is a smaller effect 
operating in the reverse direction, which becomes relatively 
more and more important as the luminosity becomes smaller. 
The observations have not continued long enough to enable 
the relative importance of these effects to be determined with 
great precision, but the results point to the conclusion that after 


*“ The Theory of Decay in Radioactive Luminous Comyounds,” by 
J. W. T. Walsh. : 
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about 500 days the luminosity will attain a value wh‘ch is 
sensibly constant. This period, however, is not the same for all 
compounds, as in some of them the rate of decay appears to di- 
minish more rapidly than in others. The effect on the rate of 
decay of the amount of radium present is shown by the curves 
in Figs. 10 and 11. Each of the two pairs of compounds 1 
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Fic. 11.—THE Earty PorTIONS oF THE LUMINOSITY CURVES FOR SAMPLES 
4 snp 5 oF COMPOUND CONTAINING RADIUM IN THE PROPORTION OF 2: 1. 


and 2 (Fig. 10) and 4 and 5 (Fig. 11) was made up at the same 
time by the same manufacturer with an identical quality of 
zinc sulphide. One sample of each pair was prepared with 
exactly half the quantity of radium salt contained in the other. 
In the case of the first pair, observations were not made until 
about 100 days after mixing, while in the case of the second 
pair the first five months’ observations are all that have so far 
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been obtained. It will be seen that the initial brightness is in 
the ratio of the radlum content, but the rate of decay of the 
compound of smaller content is slower, so that the ratio of the 
luminosities gradually approaches unity as time goes on. 
This question is one of considerable commercial importance, 
for it is clear that if the compound is required for use after the 
lapse of several years, there is very little advantage, except 
from the point of view of initial brightness, in increasing the 
radium content beyond a certain point. From present 
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Fig. 12.—THEORETICAL LUMINOSITY CURVES FOR SAMPLES OF RADIUM 
CoNTENT (MG./GM.) SHOWN AGAINST EACH CURVE. (CONSTANTS OF DECAY 
ASSUMED OF FAIR AVERAGE VALUES. ) 


knowledge it would appear that for short period use (say three 
to four months) the radium content may be usefully as high as 
0-4 mg. per grm. Fig. 12 shows a family of luminosity curves 
based on the average data at present obtained for compounds 
made up with different proportions of radium salt in the same 
quality of zine sulphide, this sulphide being assumed to have 
characteristic constants of a fair average value. 

It is to be noted that in this diagram in which the effect of 
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the diminution of decay with time is allowed for, the curves for 
0-4 and 0-2 mg. compound do not cross one another as would 
curves based on a purely logarithmic law with constant rate of 
decay throughout. 


(b) Painted Dials.—Seven dials painted with different sam- 
ples of 0-4 mg. luminous compound have been kept for the 
past 12 months, and their luminosities. have been found to 
decay to approximately half value in that period. The actual 
results of the measurements are given in Table [V. The dials 
are all ordinary metal dials used for aeroplane instruments, 
painted with a matt black surface, and having the luminous 
compound laid on in fine lines about 0-2 mm. to 0-3 mm. high 
to mark the graduations and figures of the dial. These dials 
were tested in the apparatus described on p. 229, with the 
following results :— 


TABLE V. 
Dial Initial Luminosity Decay of 
No | luminosity after 11 months | luminosity (p.c. of 
“| (p.e. of standard). | (p.c. of standard). | initial luminosity). 
1,406 94 60 3 
995 82 46 51 
1,470 94 58 62 
1,783 63 34 54 
1,794 | 24 | (16) (67) 
1,496 91 40 4h 
1,497 | 52 | 25 | 48 
Average 0 cas 55 p.c. 


It is to be remarked that the rate of decay of luminosity of 
the dials is noticeably lower than that of the compound before 
application, and as has been said, the initial luminosity of the 
painted dial is also smaller, being of the order of one-third to 
one-fourth of that of the compound before application. The 
reason for this is not clear, but it seems reasonable to suppose 
that the effect of the varnish or other medium is to impede the 
activity of the a-ray bombardment from the radium and in this 
way to cause an effective lowering of the radium content of the 
compound with a subsequent reduction of both the initial 
luminosity and algo the rate of decay. It is not suggested that 
the whole effect is due to such a cause, but it seems likely that 
some such effect as this is operative to account for at least a 
portion of the observed effect. It is significant, for instance, 
that the luminosity standards for the dry compound and for 
the palnted dials are 0-03 and 0-0075 ft.-candles respectively 
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(2.e., in the ratio of 4:1), while, if we assume curve 0-4 of Fig. 12 
to represent the behaviour of the compound before application 
to dials, the relative behaviour after application would be 
very well represented, both as regards initial brightness and 
rate of decay, by a curve lying between those for 0:2 and 0-1 
of the same diagram. 


7. Considerations Governing the Choice and Specification of 
Radium Luminous Compound. 


(a) Radium Content.—It will be clear from what has been 
stated above concerning the relation between the radium 
content of a compound and the rate of decay of its luminosity, 
that, in specifying a standard for any particular purpose, the 
probable life of the compound in actual use must be the prin- 
cipal deciding factor as to the particular radium content to be 
employed. The factor of cost, however, must not be ignored. 
Compound containing 0-4 mg. of radium per gramme of zine 
sulphide costs about £6 to £7 per gramme. This is mainly due to 
the amount of radium present, and the cost may, therefore, be 
considered as roughly proportional to radium content. 

Further, from what has been said above (p. 239) as to the re- 
lative rates of decay of radium compound in powder form and 
after application to dials, it will be seen that in considering the 
standards to be adopted in the two cases, the radium content 
of compound after application must be considered as reduced 
to about one-third, in order to ascertain its rate of 
decay from the data given in the diagram of Fig. 12, p. 238, 
which refer to the powder only ;_ that is to say, a dial painted 
with compound containing 0-3mg. per grm. of radium will 
follow approximately the same decay curve as powder contain- 
ing 0-1 mg. per grm. 

For the compound alone (as distinct from painted dials) 
after the first six months, the luminosities of compounds of all 
contents between 0-2 mg. per gramme and 0-8 mg. per gramme 
are the same to within 20 per cent. 

Considering, first, the upper limits desirable for radium con- 
tent, it is seen that if the compound is likely to be required for 
more than six months, the use of a compound of radium con- 
tent greater than 0-2 mg. per gramme can only be justified by a 
need for greater brilliancy during the early part of the lite. 
Similarly, it may be said that for painted dials the maximum 
useful radium content for a life of over six months will not be 
more than 0-6 mg. per gramme. 
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In the case of instruments of which the life under normal 
working conditions is appreciably less than six months the 
use of a compound containing, say, 0-6 mg. per gramme or over 
might be of advantage, provided it could be ensured (a) that 
the dials were painted within three weeks of the preparation 
of the compound, and (0) that the instruments were not kept in 
store for more than a month after painting. Probably, in 
ordinary circumstances, these conditions would not be easy of 
realisation, and the use, therefore, of a compound of greater 
radium content than about 0-4 mg. per gramme may be ruled 
out. Even for 0-4mg. compound it is important that the 
interval between the preparation of the compound and its 
application to the dial should be as short as possible, for it is 
clear that deterioration in luminosity takes place from twice to 
three times as rapidly in the powder as in the painted dial. 
Thus, a deterioration due to one month’s delay in painting will 
be as much as that resulting from about three months’ storage 
of the completed dial. 

Referring next to the lower lim-ts desirable for radium 
content, we see that for cases in which the compound is em- 
ployed in powder form, the minimum useful radium content is - 
only a little below 0-2 mg. per gramme, and except on the score 
of expense alone it is not desirable to employ a compound of 
less radium content than this, because the luminosity of the 
0-1mg. compound after an indefinitely long period, is still 
nearly 20 per cent. below that of the 0-2 compound. Hence, 
even in cases where very long life is desirable without the 
possibility of replacement, the use of the higher grade material 
is to be preferred unless the cost of the radium compound used 
has a preponderating influence on the price of the complete 
instrument. In such cases, rather less than half the cost 
would be saved and 20 per cent. of the final luminosity would be 
sacrificed by the adoption of 0-1 mg. per gramme for the com- 
pound in powder form. | 

Similarly for compound used in painting dials, 0-4 mg. per 
gramme is the best content to use if final luminosity is not to be 
sacrificed. Some 50 per cent. saving of cost should result from 
the use of compound for painting dials containing 0-2 mg. 
per gramme, but the final luminosity would be somewhat less. 
It should be remembered that there is nothing appreciable to 
be gained by the use of compounds for dials below this last 
named limit because it will be nearly as economical, and a 
better result will be achieved by employing a smaller quantity 
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of the better grades of compound instead of the large quantity 
of a compound of lower radium content. 


(b) Luminosity.—The standard of luminosity for the lumi- 
nous compound in powder form should be so fixed as to enable 
a good grade of compound to pass the test within a reasonable 
period after its preparation. The present standard for 
0-4 mg. compound (v2z., 0-039 f.c.) is easily attainable in a good 
grade three months after preparation. This time limit may be 
extended for grades of lower content to, say, four months for 
the 0-2 mg. compound and six months for 0-1 compound. The 
corresponding luminosity standards for the three grades 0-4, 
0-2 and 0-1 are then 100, 60 and 35 per cent. of the present 
National Physical Laboratory standard. For painted dials the 
standards of luminosity should be 25 per cent. of the standards 
fixed for the powders from which they are to be painted. The 
above-named figures of 100, 60 and 35 per cent. will then 
express the standards of the painted dials in terms of the pre- 
sent National Physical Laboratory standard for dials—.e., 
0-0075 equivalent ft.-candles. 

The above conclusions have been based on the results 
obtained by observation of the samples of paint at the National 
Physical Laboratory from October, 1915, to January, 1917. 
None »f these compounds have a radium content greater than 
0-4 mg. per gramme, so that the behaviour of such grades of 
compound can only be predicted ©. the assumption that they 
will obey the same laws as those which have been found to 
hold for the samples of lower radium content. Further, a 
series of observations extending over several years would be 
necessary for the certain prediction ef the behaviour of com- 
pound for long periods. It has been necessary, however, to 
make decisions from the results already obtained and the laws 
deduced from them, without the long delay necessary for ex- 
perimental confirmation. The conclusions given above are 
those which experiment has so far shown to be most likely to 
be justified. 

These conclusions are briefly summarised in the two follow- 


ing tables. 
Cise A.—Compound Used in Powder Form. 


Period of enhanced Radium* | 


eit Luminosity standard. 
luminosity. content. é y G 


About six months ... 
About one year ...... 


a 


80 p.c. of N. P.L. standard for compound 
60 p.c. * 


0-3 mg./gm. 
0-2 mg./om. 


99 


* Expressed in gamma ray activity of an equivalent weight of hydrated 
radium bromide. 
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Cass B.—Compound U sed for Painting Dials. 


Period of ah ed Radium 


luminosity. Senta k Luminosity standard. 


About six months ...| 0-6 mg./gm: 140 | p.c.of N. P. L.standard for Sue 

| About one year ...... 0-4 mg./gm. |100 p.c. 4: 

Sensibly uniform] 0-2 mg. /gm, 60 p.c. A a3 
luminosity with 
a final value about 
30 p.c. below that 
of the other grades 
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APPENDIX A. 
ABSORPTION OF y-RAYS BY THE ZINC SULPHIDE IN RADIUM 
LUMINOUS COMPOUND. - 


(a) Approximate Graphical Method.—The first step is to find 
the difference between the Lee: intensities for axial con-- 


D 


Fia. 13. 


centration and for uniform distribution of radium in the case 


of a vessel of square section. 
Let A BC D be a section of the vessel of side 21, 0 being the 
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axis. Then, for axial concentration the intensity in the direc- 
tion of the OX axis is 


72]2 
Te-u—T} esi \ 


2! ed AaRe ° . . . . J 


For un form concentration, however, cons der the elementary 


particle P. The intensity due to this particle P of area dzdy is 
dxdy 7 


Hence, the total intensity for the whole section is— 


(A) [wat 


ar jes 
aq 
Sle ee ee 
Tt will be seen that the two expressions obtained above are 
equal to 0-1 per cent. if 21<0-1, while if //<0-01 the expressions 
are identical to 10 parts in a million. 
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Fig. 14, 


Now, 4 has been experimentally determined by placing a 
-small tube of radium axially in a cylindrical vessel of zine 
sulphide, of which the diameter was 24mm. The intensity 
-thus found was 0-895 J, so that 

e -LA—()-895, 
@iv ing A=0-00925 mm 1. 
Now, consider the case of a cylinder of radius a, and let this 
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be divided into a number of small vessels of square section 
of side 2b=a/10, as shown in Fig. 14. 

It is clear that in this manner uniform distribution over the 
cylinder may be cons:dered as equivalent to that due to con- 
centration at the axes of 156 square vessels of sidea/10. Thus 
the intensity in the direction of the arrow due to each vessel 
marked “O” will be (£/312)e—*”, that due to each vessel 
marked “1” will be (2/312)e-*, and so on. In this way it is 
found that for a vessel of 24mm. diameter, the intensity s 
(0-910) Z, instead of the (0-895) Z, due to axial concentration. 


(b) Rigid Mathematical Determination —Let O be the axis 
of a cylind.i:al vessel of radius a, and let P be an elementary 
particle of acura dx dy. Then the intensity along the OX axis 
due to the particle at P will be 


EY Gag aged). 
TTA~ 


Hence, the total intensity is— 
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Expanding the exponential and integrating each term this 
olves— 
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This gives— 
39 


: 32 
I f=1— 5 (da) +4(Bae)— j= (F8a8) + 

It will be seen that this series is rapidly converging for all 
values of Ja up to unity, and for the sake of convenience the 
values of the first 12 coefficients are tabulated below. These 
will enable the value of 1’/I to be calculated correct to 0-01 per 
cent. for all values of Aa up to unity. 


Table. 


The first 12 coefficients in the expression for the y-ray ac- 
tivity of a sample of radium compound contained in a cylin- 
drical vessel, viz. :— 


[’/L=29+2,(Aa) +2,(2?a?) + 


Coe ficient. Value. Coe fficient. Value. 
Z, + 1-000000 Lig —0-001642 
Zi; —0-848826 Zs +0-000347 
Vie +0-500000 Zs —0-000067 
Ls —0-226354 Ze +0-000012 
Zi +0-083333 VANS —0-000002 
Z; —0-025869 Z32 +0-000000 
Ze +0-006944 


Assuming the value for 2 given above Aa=0-111 for a=12, 
so that /’/7=0-9116, with which the value 0-910 found by the 
graphical method is in good agreement. 


ABSTRACT. 


The Paper contains the results of measurements made on various 
samples of radium luminous compound during the last two years. De- 
terminations of the brightness of the compound in powder form and when 
made up into paint, and also after the application of the paint to instru- 
ment dials, were carried out ; and curves are given showing the rates of 
decay of luminosity. The radium contents of the compounds were de- 
termined by comparison of their y-ray activities with that of a preparation 
of pure radium bromide, which is periodically compared with the British 
radium standard. The various precautions which have to be observed, 
and the corrections which have to be applied in making the various deter- 
minations are explained, and the considerations which should govern the 
proportion of radium employed for practical purposes are discussed. 


DISCUSSION. 


Mr. F. H. GLeEw: The difference between some of Marsden’s results and 
those of Dewar and Crookes had been attributed to some difference in the 
zinc sulphide employed ; he could state that the sulphide supplied to the 
National Physical Laboratory was of different origin from either of these. 
Before the war we were almost entirely dependent on foreign sources for the 
supply of these materials, but we are now quite self-supporting. In 


RADIUM LUMINOUS COMPOUND. OAT 


Marsden’s work the inside of the tube was completely coated with sulphide, 
so that the effects were observed by light transmitted throughthe material. 
It was better to paint only one half of the tube so that the inner surface, 
which was exposed to the bombardment, could be directly observed. In 
the photometer measurements, was there any advantage in placing the 
coloured filter between the light and the reflecting surface ? He preferred 
to haveitintheeye-piece. Earlier records of the coloration due to absorp- 
tion would be of value. In testing sulphide for y-ray activity he placed it in 
contact with the ionisation chamber. Less material was then required 
for the test, which was an advantage. The authors state only the 
diameters of the tubes employed ; but he had found that there were dif- 
ferences in the results obtained with tubes horizontal or vertical. The 
length of the tube, therefore, appeared to be an important factor. 
Further, the results given by a small quantity of sulphide in a large tube 
would be too high ; for the space above the sulphide is filled with the 
emanation gas, and the y radiation from it is not subject to the absorption 
of the sulphide, as is the radiation from the latter itself. The discrepancy 
between the observed and calculated values of the absorption was prob- 
ably important. Was this due to some selective action, the sulphide 
transforming the y radiation into radiation of some other type ? It was 
singular that specimens prepared by the dry and wet methods should be 
so similar in their properties after only 4 days ; for in the dry method the 
emanation and all its products are retained. 

Dr. Makowser stated that by using an electroscope of small capacity 
good y-ray measurements could be obtained with much less than 1 milli- 
gram of radium. 

Dr. H. 8. ALLEN asked if the zinc sulphide employed was wholly crys- 
talline or partially amorphous. An investigation of its physical condition 
would be useful. 

Prof. CLINTON said that the difficulties of these measurements were 
very great and the authors were to be congratulated on having overcome 
them so effectively. 

Mr. J. 8S. Dow said the Paper contained a great deal of useful information. 
It was common knowledge that a great deal of work on these luminous paints 
was being done, and they were fortunate in having these results made public. 
No doubt after the war even fuller information would be forthcoming. His 
own experience was generally in accord with a number of important results 
announced by the authors. For example, he found that freshly-prepared 
compound of 0-4 composition had a brightness not far removed from that 
mentioned. He rather doubted whether the absolute brightness could be 
given with exactitude, though an empirical result could no doubt be repro- 
duced quite closely in the laboratory. He had noticed, for example, that 
if two patches of zine sulphide and calcium sulphide were excited by visible 
light, their brightness might be equal when viewed at a distance of a few 
inches; but the zine sulphide (giving a green light) appeared much the 
brighter as the distance of the observer is increased. There was also the 
question whether the colour-match obtained by using a blue-green glass with 
an incandescent lamp was sufficiently close to eliminate the purkinje effect 
at low illumination. With low luminosity materials he had found that a 
slight obliquity of gaze affected the comparison. He agreed that the colour 
required was a green with a distinctly blue component. It was curious, 
however, that while with bright specimens any colour departure was evident 
almost any green glass appeared to give a colour match at weak luminosities. 
He had also found that the colour of freshly-pre pared and very bright samples 
was distinctly more blue in tint than that of old and weak ones. The 
authors’ suggestion that the most satisfactory compound, from the stand- 
point of luminosity in the later period of life and minimum cost, was the 
0-2 °% material, was a most important result. He thought this would pro- 
bably be borne out by later experience. In view of the expense, it was 
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obviously necessary to make the radium content as small as possible. Another 
point on which little information was forthcoming was the order of lumin- 
osity necessary in practice for different purposes. Such consideration would 
probably also favour the use of 0-2 material in most instances. In his ex- 
perience, in complete darkness, much brighter material might actually cause 
irradiation. He would like to ask whether the authors had found that in 
the weaker compounds the initial rise in brightness was disproportionately 
great and more prolonged than would be expected from the brighter speci- 
mens. This was a feature of some tests of which he had received particulars 
from the United States, and was in some measure supported by his own 
experiments. Finally, it might be of interest to refer to a series of observa- 
tions he had recently made of the brightness of a tube coated internally 
with zine sulphide and filled with radium emanation, which Mr. Glew had 
kindly placed at his disposal for test. The initial brightness of this tube 
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Decay oF Luminosity oF TUBE FILLED witH Rapium EMANATION AND 
COATED INTERNALLY WITH ZINC SULPHIDE IN THE COURSE OF THREE 
WEEKS AFTER PREPARATION. 


was relatively high—of the order of 0-2 foot-candles ; but in three weeks it 
fell to 1/60th of its initial value. Naturally such a tube would decay much 
more rapidly than a compound containing powder. Another feature was the 
very clear exhibition of the formation of local patches of brightness due to 
condensation of the emanation, to which Mr. Glew had referred. Patches, 
constantly changing their position, as bright as four times the value of the 
main luminosity would make their appearance, and then fade away and 
reappear in another part of the tube. ‘This effect was marked in the early 
stages of the life, but much less evident at a later stage, when the general 
brightness had diminished. It would be interesting to know if such effects 
were met with in varnish or powder materials. In his personal experience 
he had met only one case, an exceptionally bright tube which was initially 
much brighter at one end than the other. A few days after the first test 
the ine quality disappeared and had not been noted since. 

Dr. Levy said he had found the luminosity of different samples of zine 
sulphide to vary perceptibly in tint when stimulated by daylight, but had 
not noticed this with a-ray stimulation. In his experience, if a sample 
of sulphide gave good results when stimulated by daylight, it would also 
be good when stimulated by radium. The reverse did not hold, however, 
as a specimen might be poor with daylight, but good with radium ex- 
citation. 

Mr. T. SmiTH thought the coloured filter used in the photometric 
measurements should have been placed as near the lamp as possible, 
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since such a filter acts, to a certain extent, as a self-luminous source. If 
the tube containing the compound was not much wider than the aperture 
in the screen, a considerable loss of light would occur, near the edges of 
the aperture, due to oblique internal reflection at the walls of the tube. 
For accurate work it was important to have a uniformly illuminated field, 
and he suggested the desirability of employing tubes with a flat side. 
Where the tubes were too small to fill the aperture s tisfactorily, an 
optical system could be used to give an enlrged image of the tube and so 
avoid refractions at large angles.. The absorption of the system could be 
found experimentally with a larger tube. 

Dr. A. RussE.t laid stress on the practical importance of the Paper. 
He had at times been asked by manufacturers to measure the visibility 
of watch faces inthe dark. The problem was so difficult that hitherto he 
had done nothing. The present Paper suggested the required practical] 
tests, and a first draft of a specification for securing a standard material 
could now be written. Progress would be delayed if they waited till all 
the associated physical and physiological problems were cleared up. 

Dr. 8. Russ (in a communication which was read by the Secretary) said 
the decay curves differed appreciably from those of Marsden for Willemite 
under intense a-ray bombardment. Did the theory held by the authors 
as to the mechanism of the action differ from that advanced by 
Prof. Rutherford to explain Marsden’s results ? Had the authors any 
measurements of the rate of decay of efficiency of fluorescent screens 
under the action of X-rays ? 

Mr. WatsH, in reply, said that if the coloured filter were employed in 
front of the eye, as suggested by Mr. Glew, its coefficient of transmission 
for the light emitted by the compound would require to be determined 
and introduced in the results as well as the coefficient for white light 
This would add to the uncertainties of the determinations. To detect 
change of colour with age would have been difficult in their experiments 
because of the continuous decrease in luminosity. They had detected 
differences in colour in samples sent by different makers ; but were un- 
aware whether these were from the same source, or made in the same 
way. The authors had no data on the relation between daylight and radium 
excitation, and Dr. Levy’s remarks were of great interest. The order of 
accuracy (about one per cent.) was not found to be appreciably affected 
by altering the position of the coloured screen. The diameter of the 
smallest tubes usually employed was not less than about twice the ap- 
parent width of the aperture. It was not convenient to use a smaller 
aperture, and they had to do their best with the tubes in which the 
material was sent. They had not found any samples of radium compound 
which gave the slow initial rise of }uaminosity mentioned by Mr. Dow. It is 
possible, however, that if some radio-active agent other than radium were 
employed, such, forexample, as mesothorium a slow rise of luminosity might 
very likely result. They would be interested to have further details. of the 
samples referred to by Mr. Dow in this connection. 

Mr. Hiaearns, replying to Dr. Makower, said that they had to employ 
the radium standards which were available, and these were not suitable 
for use with a small capacity electroscope. In reply to Mr. Glew, the 
tube should not be close to the electroscope. If it was 30 to 40 cm. off, 
the orientation of the tube was of little importance, and small corrections 
could be applied. The errors introduced by having it too close were 
similar in character to those produced if an extended source of light is 
used too near a photometer head. They suspected selective action to be 
at the root of the discrepancy in the absorptions, but could not definitely 
say. To investigate the physical properties of the sulphide would be a 
very long task, and they had not attempted it in the present research. 
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XIX. The Resistance te the Motion of a Lamina, Cylinder or 
Spherein a Rarefied Gas. By F. J. W. WHIPPLE. 


RECEIVED APRIL 13, 1917. 


In Dr. P. E. Shaw’s Paper* on the measurement of the 
pressure in a high vacuum by observation of the logarithmic 
decrement of the motion of a suspended system, use is made of 
a formula, due to Prof. Poynting, for the resistance experienced 
‘by a plane lamina moving through a rarefied gas. Dr. Shaw 
mentions that Prof. Poynting had proposed the formula as 
indicating the order of magnitude of the resistance, and that a 
numerical factor was possibly to be inserted. A closer exami- 
nation of the problem and of the validity of its adaptation to 
the case of a moving cylinder appears to be desirable. 

In the rarefied gas with which Dr. Shaw is concerned the 
free paths of the particles are long compared with the diameter 
of the containing vessel, so that the velocities are distributed at 
random—.e., the velocities of the particles which a lamina 
meets in any small interval of time are not affected by con- 
cussion with particles which have been reflected from it already. 
In the following investigation it is assumed that the velocities 
of the particles are distributed according to the Maxwellian 
law, though it may be questioned whether that law holds good 
in a gas when collisions with the boundary are more frequent 
than collisions amongst the particles. 

The specification of the conditions of the impact between a 
particle and the lamina presents special difficulties. Dr. 
Shaw’s argument assumes that the gaseous particle behaves 
lke a sphere rebounding from a perfectly elastic plate. Actu- 
ally we have to deal with the movement of a molecule which 
comes into contact with one or more of the molecules of the 
plate, which molecules are themselves in movement, and there 
is an interchange of energy. 

In this connection reference may be made to a series of papers 
by M. Knudsen, of Copenhagen. The problems discussed by 
Knudsen are connected with diffusion and viscosity, and he 
finds that the assumption + that the directions of motion of the 
gas particles rebounding from a solid boundary are distributed 


«Proc: 7 Physnocw 1916. 9.4171, 
ft “Ann. d. Physik,” XXVIII, 1, pp. 75-130. I am indebted to Dr. 
Chapman for this reference, 
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at random and independent of the directions in which they 
approach it is consistent with the experimental evidence. The 
velocities of the rebounding particles depend only on the 
temperature of the boundary.* 

The corresponding assumption in the case of a moving solid 
is that the velocities of the rebounding particles relative to the 
solid are determined by the temperature of the solid, and are 
not affected by its motion. The molecules of the gas may be 
thought of as absorbed and emitted again, and the pressure as 
made up to two parts, corresponding with the impulses which 
reduce the molecules to relative rest and to the impulses which 
drive them outwards from the surface. 


Resistance to the Motion of a Lamina. 


If 9, be the density of the gas as a whole and V the standard 
speed of the molecules, the density of those having speeds 
between uw and w-+du, and moving in directions with polar 
co-ordinates from 6 to 0+d6 and azimuths 9 to 9+do is 


s.n Odédo  /D4 _ 3 eiopeurdu 
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We consider in the first instance a lamina moving at right 
angles to its plane with speed v and measure 6 from the direc- 
tion of. motion of the lamina. 

The relative velocity with which a particle approaches the 
lamina has a normal component wu cos 0-+v. The total mass 
of the particles with velocities within the prescribed limits and 
striking unit area of the lamina in unit time is (uv cos 0+7)do. 
The corresponding pressure is dp=(u cos 0+0v)"do. 

The part cles hit the positive side of the lamina—+.e., the 
side to which it is moving—provided that wu cos 4+ is positive. 
The limiting value of 6 is a given by cos a= —v/u. 

Evidently a is a little greater than aright angle. The total 


* It should be mentioned, however, that in a later Paper (‘‘ A.d.P.,”’ 
XXXIV., 4) Knudsen finds it necessary to introduce a “coefficient of 
accommodation,’? which permits the hypothesis that the energy of the 
rebounding particles depends in part on the energy with whichthey approach , 
the boundary.’ The introduction of such a coefficient would increase slightly 
the reactions found in the present Paper. The hypothesis of Smolu- 
chowski (‘‘Contributions to the Theory of Transpiration, &c., in Rarefied 
Gases,” “Bull.” International de Acad. des Sciences de Cracovié, 1910, 
A. No. 7, p. 295) is similar to Knudsen’s. Cf. Soddy & Berry, Roy. Soc. 
“Proc.” 1910, A., Vol. LXXXIV., p. 584. 
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pressure due to the impacts on the positive side of the lamina is 
P; given by 


, ae, Qe i a ¢ b) s - 54 — 3421; + U du 
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The corresponding pressure p, on the back of the lamina 
can be written down in the same way. No particle whose 
ve'ocity is less than v will meet the lamina on this side so that 


vias [" (u—v)s p—snaiy2 udu 
Die — —_—— oe Sa Ane e = < 
Po 27 Po 3 V3 


/27 ees ihe 
3 


+e 99 
where 


27 ro f, 3 
a ie : [ (v—u) p—surpy2 », dU 
ss ‘ 70 ‘ 9? 
NO Zi eee ee) y 


Saat ee du 27 
zs OT. Oe 
0 € 0 a pis 
On, °°} 3 ye In ©1573 


The resultant difference of pressure on the two faces o! the 
lamina is— 


97 ze Oi du 

Ray Bans ey 2 —3u2/2V2, 

pram [oof (wot eesera en 
x hel J / 0 


yang 
1D) v3 
—2 |= pubey e 
of ee(ov +2) Ce: 


As v is small compared with V, the terms in v and v°® may be 
ignored, and the effective pressure corresponding with the 
impulses which reduce the particles to relative rest is therefore 


2 [2 opV. 


To find the pressure corresponding with the impulses which 
set the particles in motion again we require the difference 
between the masses emitted from unit areas on the two sides of 
the lamina in unit time and the mean relative velocity normal 
to the surface. 

The statement that the difference in question is equal to 
ve), the mass of gas which would be swept up by the lamina 
in unit time if the particles were not in motion is plausible, and 
is borne out by integration of expressions similar to those in the 
preceding paragraphs. 
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To determine the mean relative velocity normal to the sur- 
face we assume that the law of distribution of relative velocity 
is the same as in the case of the fixed boundary of an enclosure 
containing gas at uniform temperature. In that case the dis- 
tribution of velocities of the particles leaving the boundaries is. 
such as to maintain the Maxwellian distribution throughout 


the gas. 
In such a case the mass striking unit area of the wall in unit 


time is— 
| fu cee dee ; 
4/ (620) 
and the impulse given to this mass as it leaves the surface is— 


yo, 


| [[t cos 6;*do= vist 
so that the mean normal velocity with which a particle leaves. 
the surface is Wi A818 
6 


Accordingly in the problem of the moving lamina the resul- 
tant pressure due to the impulses driving the particles outwards. 


from the surfaces is 
LF 
J Vee 


It has been shown already that the pressure due to the im- 
pulses which reduced the particles to relative rest was 
2, 
2 37 Vivo. 


The effective force per unit oF is therefore 
(y fe 424) ; 5 =) Vee; 


ie 

| eae 
The pressure which the gas exerts on the boundary 1s 9, 
given by 


or 


Po=soV?, 
so that the effective force on the lamina is 
3.0 
(4 4a 2 ny 
It will be seen that if the lamina had been assumed to be 
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perfectly elastic * the factor 4-+-2 would have been replaced 
by 8. 

Tae now to the problem of the motion of a lamina in any 
direction, we may resolve its velocity into components v per- 
pendicular to its surface and w parallel thereto. 

In specifying the direction from which a particle is approach- 
ing the lamina, we take 6 as measured from the direction of v 
and the azimuth » as measured from the plane containing 
vandw. If u be the speed of a molecule, the component of the 
relative velocity in the direction opposite to w is 


u sin 8 cos 9+w. 


R,, the resultant stress parallel to the plane caused by im- 
pacts on its pee side, is given by 


Wr ra 
R an | | (u cos 0-+-v)(u sin 6 cos o+w) sin 6 db do 
0- 0 


1 Ant 
DA aber te 
ew 3u /23 f 
Tt y3 


On integration with respect to » the term independent ot 
w vanishes, and— 


__ Pow “(u-+o)Pu / 54 —3u2/2V2 
ee iP a Ne e du. 

Dealing with the corresponding stress on the negative side 
in the same way and disregarding the terms of lower order as 
before we find that the effective traction is 


547” 3) 
tb ei) en suspva de 
2 Tso ys’ 


| Yi} 3 w 
Lies, — 2 — — Dp 
1.€ a/ = on or oy Po 


The velocities of the particles leaving the sur’ace are distri- 
buted symmetrically round the normal, so that there is no 
corresponding tangential force. Accordingly, it follows that if 
a lamina is moving with such a velocity that the components. 
at right angles to its surface and parallel to the surface are 
v, w respectively, the corresponding components of the resis- 
tance to its motion are 


(4-71) Veen yw 2 3 n/p. 


¢ * As in the discussion on Dr. Shiw’s Paper, l.c. p. 175. 


respectively. 
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Resistance to the Moron of a Cylinder. 


We proceed to the case of a cylinder moving in a direction at 
right angles to its length. The cylinder is regarded as so long 
that the tractions due to the molecu’es of the gas on its ends 
may be ignored in comparison with the effects on the cylin- 
drical surface. 

The, pressures and tractions on portions of the cylinder with 
parallel tangent planes may be combined as in the case of the 
lamina. The velocity of the cylinder can be resolved into 
components: perpendicular to and parallel to any tangent- 
plane and the corresponding pressure and traction can then be 
resolved in the direction of motion. If D be the diameter of the 
cylinder and JL its length, the total resistance it encounters 
when pe with speed v is seen to be 


5 pPelD[ [(4-+2t) cos*y +2 sin? el, 


6+tn /38n v 
or, TEN ge jp PoLD. 

In Dr. Shaw’s Paper it was assumed that the resistance to 
the motion of a cylinder would be the same as the resistance to 
the motion o° a lamina occupying the central plane of the 
cylinder. On the present hypothesis this is very nearly the 
case. The cylinder encounters more particles but, on the other 
hand, the impacts are not direct. The ratio of the resistance 
experienced by the cylinder and by the lamina of area LD is— 


a 6-+-22) 


444m) 1-005. 


Resistance to the Motion of a Sphere. 


The case of the sphere can be treated in the same way as 
that of the cylinder. If a be the radius of the sphere and vi s 
velocity, the resistance is— 


3 
Nee pro: 2af [(4 +-20)cos” yp-+2 sin’y}sin pdy, 


Qn v 
or (8-7) 3 py Po. 


The ratio to the resistance experienced by a plane lamina of 
area 1a? iIs— 
2(8 +7) 


——- or 1.04. 
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Damping of Motion in a Rarefied Gas. 

When the formula obtained above for the resistance to the 
motion of a lamina is substituted for that given by Dr. Shaw, 
the coefficient K in the equation of motion is given by 

aE ie) 
A/G 
and the density of the gas can be calculated from the formula 
_ AV (6a) Lh 
~— 4+ VSaT” 
sie 
VSaT” 
where S is the total effective area of the moving bodies, 
athe distance of their centres from the axis of rotation, J their 
moment of inertia, 7 the period of oscillation and 2 the 
logarithmic decrement. 

The coefficient 2-43 replaces the 3 of Dr. Shaw’s Paper, so 
that the pressures calculated there should be reduced by about 
20 per cent. 


Added May 12th, 1917. 
Motion in Connected Vessels. 
The standard velocity of the gas-molecules can be elimi- 
nated from the resistance-formule by use ot the equation 
2—=3R0,, in which R is the gas-constant and 6, the absolute 


temperature. - 
For example, the formula tor the effective pressure on the 


lamina becomes 


or o= 2-43 


(4+-2)upy 


4/(22R6,) 


The occurrence of the factors p, in the numerator and 6,? in 
the denominator is of interest, as it is known * that when two 
vessels at different temperatures and containing a rarefied 
gas are connected by a tube of narrow bore the pressures in 
the two vessels are not equal but related by the relation 


Po» P1 being the pressures, 0,, 0, the absolute temperatures. 


* Soddy and Berry, l.c., p. 583, quote Osborne Reynolds, ‘ Phil. Trans.”’ 
1879, p. 727, and Knudsen, ‘‘Annalen der Physik,” 1910, Vol. XXXI., 
p. 205. 
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Our formula shows that if equal lamine are moving with 
equal speeds in two such vessels, the resistances to their 
motions will be equal. The oscillations of two suspended 
systems, such as Dr. Shaw’s, made with the same dimensions 
would in like circumstances be damped at the same rate. 


ABSTRACT. 


The investigation is carried out on the assumptions that the free- 
paths of the particles of the gas are long compared with the dimensions 
of the moving body, and that the motion ielative to the body of the 
particles which rebound from it depends only on its temperature. It is 
shown that if v, w be the components of velocity perpendicular to the 
surface of a lamina and parallel thereto the corresponding components 
of the resistance are 


Bi 3 w 


WEE: v 
(4+-7) In VO and 2 oar py 


where V is the standard (root-mean-square) speed of the gas-particles 
and p is the gas-pressure. ; 

The resistance to the motion of a cylinder or a sphere is found to differ 
very slightly from the resistance to a lamina occupying the central 
section. The formule are applicable to the problem of the damping of 
the oscillations of a system suspended in a rarefied gas. 


DISCUSSION. 


Mr. G. D. West called attention to the fact that the author’s value for 
the ratio of the normal to the tangential resistance of a lamina, was in 
good agreement with that previously obtained by Knudsen. This ex- 
perimenter had also deduced a formula for the resistance of a sphere 
moving in a rarefied gas,and it would be interesting to see how this result 
compared with the author’s. In connection with the damping of vibra- 
tory motion, a large amount of careful work had been done by Hogg. 

Dr. D. OWEN said that much interest now attached to the study of elec- 
trical phenomena occurring in the highest vacua. The present Paper was 
valuable as assigning a more precise figure for the constant to be used in 
reducing observations for pressure measurement by the method of damping. 
It should be noted, however, that the expressions in the Paper were arrived 
at on a particular assumption as to the nature of the recoil of the gas mole- 
cules, the experimental basis of which could not as yet be regarded as 
assured, 

The damping method—which was used as far back as 1880 by Crookes— 
hardly seemed likely to be adaptable at pressures below 0-01 « of mercury. 
It might, on ‘the other hand, be useful in work at pressures well above 1] wu, 
and it would be of practical value to know to what extent the formule given 
in the Paper would lead to error at higher and higher ratios of mean free 
path to diameter of vessel. For the lowest vecua Dr. Langmuir (‘‘ Phys. 
Rev.,”? 1913) has worked out a very promising method. A horizontal dise 
is driven by means of a rotating magnetic field at any speed up to 10,000 
revs. per min. This moving disc produces a static torque on a parallel 
suspended disc of mica provided with a mirror, the steady deflection of 
which can then be measured. Pressures down to 10~° uw or less might thus 
be determined, given the appropriate mathematical constant, which, 
however, apparently remained to be calculated. 
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Dr. P. E. SHAw (communicated remarks): Mr. Whipple’s results obtained 
by the application of exact analysis will, I think, prove very useful. Each 
of the three cases (lamina, cylinder and sphere) is applicable to well-known 
special high vacuum apparatus. The pressure existing at any time in a 
sealed-off high vacuum cannot be found by the McLeod gauge ; the use of 
the electric discharge method is very rough, and may introduce ionisation, 
de-occlusion and other troubles. Other methods, no doubt, are possible ; 
but when the apparatus has a system moving with pendular or torsional 
vibration the log.dec. method is simple in the extreme, and requines no 
accessory plant. The operator need not go near the apparatus, for a mirror 
and telescope will show the amplitude of vibration. In the gravitation 
apparatus I used the amplitude could be detected accurately to an angle 
of 2 secs. The damping, in one case, for a vacuum of about 1/1,000,000 
atmosphere press. was about 3-4 secs. of angle This shows the sensitive- 
ness Obtainable. For special cases the method would prove convenient, and 
I think Mr. Whipple’s investigation will prove useful to the experimentalist. 
The 20 per cent. reduction in the values of the pressure, as found by Mr. 
Whipple, does not surprise me ; for, as stated, I only aimed at approximate 
values. 
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XX. An Alternating Current Bridge Method of Comparing 
Two Fixed Inductances at Commercial Frequencies. By 
T. Parnetyt, M.A., Lecturer in Physics; University of 
Queensland. | 


CoMMUNICATED BY Pror. T. R. LYLr. 


RECEIVED May 4, 1917. 


\ 


THE simple Maxwell inductance bridge cannot be used con- 
veniently for the comparison of fixed inductances on account 
of the tedious double balance necessary, though by reason of 
its simplicity and symmetry the bridge has much to recom- 
mend it. 

By making use of a current detector whose deflections 
depend on the component of the current in quadrature with 
the E.M F. applied to the bridge, it is possible to make the 
condition for no deflection depend either chiefly on the induc- 
tances or chie iy on the resistances. 

The arrangement of the bridge is shown in Fig. 1. In series 


ics 7. 


with the bridge is placed either a non-inductive resistance, R, 
or a condenser, K. If R, r and s are all large compared with 
p,9;9, Pw and Qo, it will be shown that, with R in circuit, the 
balance depends chiefly on the inductances P and Q, and that 
with K incircuit the balance depends chiefly on the resistances. 

With # in circuit, s is adjusted for no deflection ; this gives, 
an approximate balance for the inductances. Then, with & 
in circuit, ¢ is adjusted for no deflection ; this gives an ap- 
proximate balance for the resistances. The process is repea‘ed, 
and after a few balances values of s and ¢ are obtained that 

VOL, XXIX, Fah Rae eae 
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give a balance with either & or K in circuit, in which case the 
bridge is completely balanced, and 

ee ys 

Qqs 

The first few balances need only be made roughly, and the 
whole process can be carried out very quickly ; when the 
apparatus is adjusted, an unknown inductance can be balanced 
against a standard to one part in a few thousand in a few 
minutes. 

As detector a sensitive moving-coil galvanometer and 
rotating commutator may be used. In this case the com- 
mutator is mounted on the axle of the small alternator or 
rota y converter that supplies the bridge current, and the 
brushes of the commutator are adjusted till no deflection is 
produced when the H.M.F. used on the bridge is applied 
through the commutator to a high non-inductive resistance 
in serles with the shunted galvanometer, thus showing that the 
commutator is in quadrature with the E.M.F. When the 
commutator is thus adjusted the deflection of the galvano- 
meter is approximately proportional to the component of the 
current in quadrature with the E.M.F. applied to the bridge. 

A more convenient detector is the Sumpner reflecting 
electrodynamometer, manufactured by Paul. This instru- 
ment is fully described in a Paper by Sumpner and Phillips.* 
The suspended coil moves in the field of a laminated iron 
electromagnet excited by a field winding with a large number 
of turns ; the resistance of this field winding is small compared 
with its reactance, and therefore the total flux through the 
field coils is approximately in quadrature with the applied 
E.M.F. The flux density is sensibly constant throughout the 
air-gap and proportional to the total flux. When, therefore, the 
moving coil is connected across the bridge, and an E.M.F. in 
phase with the E.M.F. used for the bridge is applied to the 
field coils, the mean torque on the moving coil is approximately 
proportional to the component of the current in quadrature 
with the bridge E.M.F. 

lf the mutual inductances between the various conductors, 
and also their capacities and the inductances of R,r and s, are 
negligible, the final balance is independent of wave-form and 
frequency. The preliminary balances depend on wave-form 
and frequency. An approximate knowledge only of the con- 


* “ Prog,” Phys. Soc., Vol, XXIL, p; 895. ““ Phil, Mag.,”? August, 1910, 
p 309. eid ’ ' 
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ditions for these preliminary balances is required ; an approxi- 
mate calculation of the current through the detector, therefore, 
is sufficient, and it may be assumed with a sufficient degree of 
accuracy that the mean torque on the moving coil is propor- 
tional to the component of the current in quadraure with the 
bridge E.M.F. ) 


\ 


Mig. 9: 
Consider the bridge as in Fig. 2 
‘ r—~s 
For continuous currents et e _&, 


where A=bg(p-+-q-+r+s)+b(p+r)(q+8)+9(P+Q +s) 
+pq(r-+s)+1rs(p+q). 
For the bridge, Fig, 3, with the harmonic E.M.F., e=# sin of, 


7 


Rigs! 


if the inductance of g is small compared with P and Q, 
p becomes the operator p+7wP 
y : +5 q+ a 
29 : R-— 
b * Es ok 
X 2 
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and if R, 7, s are large Onna with p,q, 9g, Pw and Vw, A 
becomes 


(PtieP)(r+R— Sp)et (ating) (sR 5e)r 


+(R- ok)” approximately — 
=M-+-iN, 
where M=p(rs+ Rs) ylrs-+-Rr)+ Rest = (sP+7Q) 


M=wP(rs+ Rs)+ wQ (rs+ Rr) — As 


_(qr—ps)+u( wr — wPs) RE 
M+iN ae 


bie Pez! tid i.e. the “resistance error,’ and 5 ae a eS 
pr Lo, 
the “ inductance error,” 
_ prA+ioPrB 
ee aE +iN 
prM A+ wPrN B+1(oPrMB—prNA) a 
M eas al 
The mean torque on the moving coil is proportional to the 
component of x in quadrature with E, 7.¢. to 
wPrMB—prNA 
MEE 
Mean torque on moving coil=AB— YA 
X wPM 
( Yep 4 | 
wb plrs Rs)+ q(rs er) Bers 7 (sP 1) 


where 


p| oP lrs-+ Rs)-+ wQ (rs+ Rr) — = rs| 


Consider now the two cases for preliminary balances :— 
Case I. (inductive)— 


1 
aay 
a wPRrs 
Y wp{P(rs+Rs)+Q(rs+Rr)} “PPEOX: 
yy Rrs 
- prs pkts+ Slprs-+-pBr) 


‘is positive and fairly large, 
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Case II. (resistance)— 
h=0 : 
1 | 
x oP TATE + p(@P+70) | 


yee vee 
ETCH ks! paral 


i oP (p -q)rs+- ee tro)! 


approx. 
Ke 


ACE ; 
z ys negative, and small for ordinary values of P, Yand a. 


The above assumes an harmonic E.M.F., but since the final 
balance is independent of frequency and wave-form, the effect of 
the higher harmonics in the case of the E.M.F. obtained from 
an ordinary machine may be neglected, for it is clear from the 
above expressions that the effect of the higher harmonics in 
the preliminary balances will be much less than that of the 
fundamental. 

A more rigorous treatment leads to the same result as the 
simpler theory given above. 

For no deflection the mean torque is zero— 


1.€. XB—YA=0; 
r/Y 8 wy (GS 
or X ( 5 :) } (age ie? 

If this preliminary balance is obtained by varying s with R 
alone in circuit (Case I.), X and Y are of the same sign, and X 
is fairly large compared with Y ; hence the balance depends 
chiefly on the inductances. If in this balance q is too small for 
a resistance balance, A is negative, and therefore B is negative, 
and the value of s is too great. Similarly if the value of ¢ is 
too great, the value of s obtained will be too small. 

If a balance be now obtained by varying q (or p) with K 
alone in circuit (Case II.), X and Y are of opposite sign and X 
is fairly small compared with Y ; hence the balance depends 
_ chiefly on the resistances. If in the first balance q is too 
small, a value of s too great for a true inductive balance is 
obtained—7.e., in this balance B is negative, and therefore A 
is positive, and the value of q is too great. The next inductive 
balance will, therefore, give too small a value of s, which means 
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that the next resistance balance will give too small a valué 
of g, and so on. 

Two series of values of s and q respectively are thus obtained 
whose terms are alternately too great and too small, and these 
terms rapidly converge to final values corresponding to a 
balance of both inductances and resistances— 


v.€. Ovenas 

The following experimental results serve to illustrate the 
use of the method and to show the agreement of the above 
theory with experiment. 

In these measurements P was a standard inductance and 
Q the coil to be measured. An inductive balance was first 
obtained by varying s, then a resistance balance by adding 
resistance to the arm containing Q, or to the arm containing P, 
by means of a dial box and graduated non-inductive rheostat, 
which could be switched into either arm. 

Column I. gives the series of values of s for inductive balances ; 
Column IT. the corresponding values of the added resistances. 

One example of the use of the rotating commutator is given ; 
the other measurements were made with the electrodyna- 
mometer as detector. 


Coil A.—Resistance, 15-6 ohms; P=100 M.H., R=2,000 
ohms, A=} M.F., r=2,000 ohms, p=34-8 ohms 


Using electrodynamometer. Using rotating commutator. 
II. Il. 
1; Resistance added if Resistance added 
48, to arm Q. 8 to arm Q. 
0 
3,480-0 0 
45-0 3,300-0 
3,040-0 43-0 
37-0 3,060-0 
3, 120-0 37-0 
38-7 3, 108-0 
3,099-0 38-22 
38-39 3, 101-0 
3, 102-6 38-04 
38-425 3, 102-0 
3,102-3 38-06 
38-42 3,101-7 
3, 102-4 


Q=155-12 M.H. Q=155-08 M.H. 
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Coil B.—Resistance, 0:73 ohm ; P=10 M.H., R=2 000 ohms, 
K=3M.F., r=2,000 ohms, p=7-4 ohms, 


Lt | 
I. | Resistance added | 
. 8. to arm Q. 
+ iW) 
| 1,000-0 
3-0 
800-0 
ae 
860-0 | 
| 2°45 
846-0 
2-36 
853-0 
\ | 2-405 
850-0 
2-39 
850-1 
Q=4-250 M.H 


Coil C.—Resistance, 0-30hm ; P=10 M.H., R=2 000 ohms, 
K=4 M.F., r=2,000 ohms, p=7-4 ohms. 


*Y 


| > II; 
Pe Resistance added 
8, to arm Q. 
eee as See ee, ye Pee ee ry 
0 
129-0 
0-13 
119-0 
0-09 
121-4 
0-105 
120-0 
0-101 
120-6 
0-102 
120-5 
@=0-602 M.H. 


With the larger inductances the final balance could easily 
be made to 1 in 10,000, but this degree of accuracy cannot be 
expected in the actual results, as the non-inductive resistance 
boxes were specified as correct to | in 1,000 only and no small 
corrections were made. 

Measurements of a number of coils with various values of the 
voltage and of R, K and r gave results consistent within 1 in 
1,000. As a further test of the accuracy of the method, two 
coils were placed a considerable distance apart, and their in- 
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ductances (including the leads) measured in situ, singly and 
in series. The results of two such measurements are given 
below. 


Tne tte @eotA one4 ik Cosa eee nee eee 155-12 M.H. 
Inductance: of SAS “te, cies raga ere eee 158-02 M.H. 
Sum of inductances. 0.:.<.4 tendons ache oaeieeert 313-14 M.H. 
Inductance of A and A’in series ...... 5.4... 313-24 M.H. 
Indtictance. of By Fi eics ste ns eee a eee 4-250 M.H 
Inductance: of .B 7. as eso tee eeececae 3°942 M.H 
Sum Of Inducthanceser...12. 2 vate pee eee 8-192 M.H 
Inductance of Band B’in series ............ 8-190 M.H 


Reversing the connections of A’ or B’ did not appreciably 
affect the final balances. 

Ow ng to the presence of R or K, it is necessary to use fairly 
high voltages in order to keep up the sens t-veness. The value 
of R need not be known with much accuracy, so that any 
reasonably non-inductive resistance may be used, andas and 
s are large compared with p and q, the voltage is limited only 
by the permissible current through the inductance coils. In 
the measurements made, voltages from 10 to 85 were used, 
and the higher voltages were found the more sat sfactory 

The mutual induction between R and the rest of the bridge 
is liable to produce considerable error ; it is necessary, there- 
fore, to keep R& some little distance away. 

Leakage to earth and electrostatic capacity effects gave 
some trouble. The detector was kept permanently in circuit, 
and the alternating-current supply connected to the two 
terminals of the bridge through a pair of tapping keys; the 
apparatus was manipulated until putting down either key 
alone gave only a negligible deflection. In obtaining a 
balance the two keys were put down simultaneously. The 
“false zero” obtained by keeping the detector in circuit 
fluctuates to some extent, but little difficulty was experienced 
from this cause, as it was always sufficiently steady to enable 
the final balance to be made accurately. 

When the rotating commutator was used it was found that 
the best resul s were obtained by taking the bridg current 
from a small transformer, with secondary well insulated and 
shielded from primary connected to the machine. The 
galvanometer was connected to the brushes bearing on the 
split part of the commutator, and the bridge to the brushes 
on the rings. When the core of the transformer, the frame 
of the machine and one of the rings of the commutator were 
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earthed, the stray effects due to leakage, capacity, &c., were 
ieduced to a negligible amount. 

In setting the brushes of the commutator the current from 
the transformer was passed through the commutator and the 
suitably shunted galvanometer in series with R, and he 
brushes adjusted for no deflection. This allowed for any 
change of phase occurring when the bridge current was taken 
from the transformer. It was found that great accuracy in 
the position of the brushes was not necessary. If the : etting 
was not sufficiently exact, the defect was noticed at once, as 
the values of s and ¢ did not alternate nthe manner described 
above. 

The use of the rotating commutator was found much more 
troublesome than that of the electrodynamometer, and the 
results obtained were somewhat less consistent. 

When the electrodynamometer was used as detector, the 
currents for the bridge and for the field were taken from a 
small transformer having two secondaries well nsulated and 
shielded from one another. It was found that with this 
arrangement electrostatic and capacity effects could be 
reduced to a negligible amount by earthing the core of the 
transformer and one terminal of the moving coil. Voltages 
from 40 to 75 volts were employed on the field coils. 


In conclusion I wish to express my thanks to Prof. Lyle for 
his kindness in reading through this Paper and offering valuable 
criticisms. It was at his suggestion that the s:mpler proof 
given here was substituted for a more elaborate and cumber- 
some one employed originally. 

Note.—Sumpner and Phillips mention the use of the elec- 
trodynamometer for the d rect comparison of inductances, but 
they state that the resistance balance is unnecessary This 
does not agree at all with the results obtained in this Paper. 


ABSTRACT. 

The Paper describes a method of avoiding the troublesome double 
adjustment required in Maxwell’s method of comparing inductances. 
A current detector, whose deflections depend on the component. of 
the current in quadrature with the E.M.F., is employed, which makes 
it possible to arrange that the condition for no deflection depends 
chiefly either on the inductances or resistances. In series with the 
bridge is placed either a non-inductive resistance or a capacity. In 
the first case the balance depends chiefly on the inductances, and in 
the second case on the resistances. A few alternate repetitions of the 
two adjustments suffice to balance the bridge, both for resistances 
and inductances. As detector a sensitive moving coil galvanometer 
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in conjunction with a commutator, or a Sumpner electrodynamo- 
meter, may be employed; the latter proved more satisfactory. 


DISCUSSION. 


Dr. D. OWEN regarded the Paper as a valuable contribution to the subject 
of alternate-current bridge measurements. ‘T'o secure zero current through 
the detector of a bridge to which an alternating voltage is applied it is 
necessary to satisfy two conditions. It has been claimed that by the use 
of the alternate-current moving-coil galvanometer inductances or capacities 
might be accurately determined without the necessity of a double adjust- 
ment. ‘The claim is a mistaken one. The mere attainment of zero deflec- 
tion, implying zero torque on the moving coil, by itself cannot give the 
information sought, for neither of the conditions for zero eurrent in the 
detector is necessarily satisfied. The author of the present Paper shows a 
way out of the difficulty—namely, by applying alternately voltages to the 
bridge which are approximately—but not necessarily exactly —in quadrature 
with each other, the voltage applied to the field coil remaining unchanged. 
The attainment of a balance in both of these cases justifies the inference that 
the galvanometer current due to the voltage impressed onthe bridge is zero, 
and that the two fundamental conditions otf balance are simultaneously 
reached. A Paper by Weibel in the Bureau of Standards ‘‘ Bulletin ”’ 
(February, 1917) deals very fully with this same problem. Weibel points 
out how the tests may be made also by varying the phase of the voltage 
applied to the field coil, voltages in quadrature being secured by the aid 
of a phase-shifting device. The present author applies his method solely to 
the Maxwell bridge for comparing two self-inductions. There seems, how- 
ever, no good reason for this exclusive treatment. The mode of procedure 
advocated is applicable to all the bridge methods, and those methods in 
which the two conditions of balance are independently attainable will still 
have the advantage in practice over those, such as the Maxwell bridge of 
the Paper, in which the opposite is the case. 

Mr. T. SmirH pointed out that in double adjustments of this nature, if 
the wrong adjustment were made first, the successive errors got larger 
instead of smaller. It would have been helpful if the author had ex- 
tended his mathematics somewhat, and given some criterion (e.g., some 
function of the various quantities involved being either positive or 
negative) as to which of the adjustments—inductance or resistance— 
should be made first. 

Dr. Bryan asked if the method could be used for small inductances of 
a few micro-henries ? 

Prof. Boys asked if inductances with iron cores could be measured, or 
Only air cored coils, in which the sine law was nearly fulfilled ? 

Dr. SUMPNER said, in reply, that the author had not gone in great 
detail into the range of usefulness of the method. He might point out, 
however, that the sine law was not essential to work with the electro- 
dynamometer, The author did not appear to have experienced any 
difficulty about the order of the adjustments ; though in some cases 
this might doubtless cause considerable trouble. He admitted the vali- 
dity of the author’s criticism of the Paper by himself and Phillips ; and 
agreed that the double adjustment was essential. At that time, how- 
ever, he was principally concerned with describing the instrument, and 
was not using small inductances in which the resistance effect was 
important. 

Mr. A. CAMPBELL communicated the following : Mr. Parnell’s system 
is interesting, and may be of value in other methods where two adjust- 
ments are necessary to obtain a balance. In connection with his com- 
mutator method it may be mentioned that L. T. Robinson applied a 
commutator in the galvanometer circuit in a somewhat similar way for 
testing transformers by inductance methods (‘‘ Trans.’? American In- 
stitute of Electrical Engineers, p. 1040, Vol. XXVIII, June 30, 1909). 
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XXI. On the Wave-lenqths and Radiation of Loaded Antenne. 
By BauTH. VAN DER Pot, JuN., D.Sc. (Utrecht). 
COMMUNICATED BY Pror. FLEMING. RECEIVED APRIL 13, 1917. 


THE real function of an antenna as used in wireless tele- 
graphy is to radiate electromagnetic waves into space. The 
actual measurement of the’amount of this radiation is a diffi- 
cult matter, though some suggestions in this direction have 
been made by Erskine-Murray * and De Groot.t To reach a 
high degree of exactness in such measurements, however, seems 
to be hardly possible as yet, so that a general theoretical 
investigation may have some interest. 


C, 


toe] 


Antenne in practice have a great variety of forms. They 
often consist of one or more straight, parallel, vertical wires 
continued at the top by others more or less horizontal. At the 
bottom of the vertical part an inductance-coil is placed, used 
as one side of a mutual inductance arrangement for the pur- 
pose of transferring electromagnetic energy from a primary 
oscillation circuit to the radiator. 


* “Jahrbuch der Drahtl. Telegr. und Tele ph.,”’ V., 499, 1912. 
+‘ Jahrbuch der Drahtl. Telegr, und Teleph.,”’ VIIT., 109, 1914. 
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A condenser of variable capacity is often inserted at the 
earthed base of the aerial, especially when the latter is used as 
a receiving arrangement. The horizontal wires at the top of a 
symmetrical antenna act principally as a capacity attached 
to the vertical part of ihe aerial. 

To bring the many forms of these arrangements within the 
reach of mathematical analysis we assume that the antenna 
has the form of Fig 1.—7.e., there is a long vertica part in 
which the static capacity and the static self-inductance per unit 
length (C and L) are equally distributed over the whole length. 
At the same time a self-inductance L, and a condenser of capa- 
city C, are inserted at the earthed bottom end of the antenna, 
and at the top we suppose a self-inductance L, and capacity C, 
attached in addition. The inductance L, is generally not 
found in actual antenne, but is inserted here to make the prob- 
lem symmetrical. 

The first things to find are the distributions of the current 
and of the potential over the vertical part, and also the pos- 
sible wave lengths with which the whole system can vibrate .* 

Taking the vertical as axis of x, with the zero po nt at the 
bottom of the vertical wire (see Fig. 1), whose length is /; calling 
the current at any part 2 and the potential v, we have to find 
expressions for 7 and v which will be a solution of the equations, 


oe om 
dt da’ 
A gl, ch yn 
ele _ a 
ee ee Yikes 
with the boundary conditions, 
Vb ate . di 
for S i= OSS (== ~@-[ dela ; 
i ie: (2) 
and for x=! : au “dt L iE | 
T T=: v=G [3 TH, 


taking the direction of x from the bottom to the top as positive. 
In order to simplify the problem, we assume that undamped 
oscillations exist in the antenna. This assumption is valid, as 
the distribution of the current is, as a first appre 
independent of the damping. 
* With a loading at the bottom, but none at the top of the aerial the values 
of the possible wave-lengths are found by L. Cohen, “ Electrical World,” 


LXV., 286, 1915; and W. H. Eeclcs. ‘‘ Handbook of Wireless Telegr. a1 d 
Telephs. 7. lic ls . 
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Combining the two equations (1) we are led to the well- 
known formula, 


Pe ni 2a 
LOG =o mr et) (3) 


and a similar equation in v. 

If we call the velocity of the disturbance a=1/\/CL, the 
angular frequency of the vibration w, and take a suitable 
zero-point of time, the solution of (3) for one single frequency 
may be written in the form, 


elas Herne. 
i= cos( : —B) . cos wl | 


ey MOEY . be 
and == V ielt ( ai —p) . sin wl | 


where 7’, and Vp>=/(L/C) . T, are the maximum current and 
potential amplitudes respectively at an antinode. This ant - 
node eventually may not be found on the antenna itse f, but 
can always be calculated when the actual current distribution 
over the antenna is known. 

The quantities w and f are to be Fonna by aid of the condi- 
tions (2). 

Putting aC eee itl) Ane teeta ae oe ee ey} 
the total vertical ae 

G26), 

- and the total vertical inductance 
L=Li, 


then applying (2) to (4) the following expressions are easily 
deduced :— i bs 
b= o, —L,0) Do OO ther oes .(6) 


Dina i Cpe C2), 0 % 
and ty (< -B)=(q,,- 21) ‘Dea Caen ioe Bee (ae) 
Now, putting 


col 
iy —f=0—f=a, (8) 
Cane (50 : 
we have Can y 3 OT RRR Re TTS 


and we get the following transcendental equation— 

Oyen d CID 

_ 0-8 _ (conan Hope 1) 
|—tgatgp — C SL50 ( Geel: L0\ 
(Geog 


(10) 
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There are an infinite number of solutions 6 to this equation, 
each one of which corresponds to a natural wave-length of the 
loaded antenna according to (5) and they can be found when 
the ratios C/C,, L/L,, C/C, and L/L, are known. The values 
of @ which satisfy (10) are best found by determining the 
points of intersection of a curve representing the periodic 
function tg, and the function given by the second member of 

(10). 

When using formula (10) it should be remembered that if 
there is no loading either at the top or bottom of the antenna 
C,, L, and L, are each to be taken as zero, but C, must be 
taken as infinite. 

From (4) and (8) it is clear that a and / have the following 
physical meanings :—The current and potential at the bottom 
of the antenna have maximum amplitudes respectively of 
T, cos Band Vy sin f, and the maximum current and potential 
at the top are 7’) cos a and Vy sin a. 

We can find the values of 6, a and § experimentally by first 
measuring the wave-length of an antenna when the load at the 
top in the form of horizontal wires is present, but with no 
loads at the bottom. The height / being known (5) gives us 6. 
For no bottom load we have to take, according to (6), C,= ©, 
L[,=0; which gives 6=0,so that a=6. In this case we have, 


therefore, tgd=C/C,0, 


from which C/C, can be found. When, now, any capacity 
and or) inductance is inserted at the bottom, leaving the 
top unaltered, and the wave-length /’ is measured again, we 
have tga’ =C/C,0’, 


from which a’ can be calculated, C/C, and 6’ being known. 
Again, f’ is found by the subtraction 0’—a’=p". 

Formula (10) shows us that it 1s possible, by varying the loacs, 
to have a constant wave-length with different distributions 
of the potential and current over the antenna, which results in 
bringing the same sine or cosine function at different altitudes 
on the antenna. 

This is of much importance ine nnection with the radiation 
that is s nt off the antenna, as will be seen later on. 

To find the total antenna energy E we have to compute the 


value of 


E= AL | Pdz-+3L, x Peat eh yrgat q | ’ ’ (11) 
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at the time of maximum current, or, what 1s th> same thing, 


the vaiu2 of 
ah 


B=5O| vidrt+43Cp2+4Cwe . . . . (12) 


at the time of maximum potential, v, and v, being the values of 
the potential at the top and bottom capacities respectively. 
Now (11) is equal to— 


‘ 1 3 ae : 5) 2 : ; 
B=4T AL pls yp sin2a-tsin2,) +47'7L,cos*a-- $7 °°L.cos*p, 
fod } 


and from (12) we get ; - + (18) 
I ER ae 
H={T pL(1—— (sin2a-+sin2 2B) +5 pale costa 
toe 20 | GE 
Lee HS: 
tegto cnet p, (14) 


which can be shown to be the same. 
Taking the mean of (13) and (14) we get the more sym- 
metrical expression for the pee ety of the loaded antenna : 


B=11, apes ee 0 MOS, see 0 +a) Naaty 


The quotient of the total feria antenna-energy 
by half the square of the maximum current at a current 
antinode may be called the dynamic self inductance L’ of he 
complete system. In a similar way the dynamic capacity C’ 
of the total system may be defined. It is clear that both L’ 
and C’ vary not only with the loads, but also with the harmonic 
in which the antenna is vibrating. The energy of an earthed 
vertical rod (plain Marconi aerial) vibrating in its fundamental 
wave-length (A=4/) or any higher harmonic is well known as 
bere tll. As all terms in (15) are essentially positive 
we see that the energy of a loaded antenna, with the same 
si current value at an antinode, and also the dynamic 
self-inductance L’ are always greater than the corresponding 
values of the same antenna when unloaded. 

As we shall see further on, the radiation depends on the 
current distribution over the vertical part of the antenna. 
_ The original energy stored on the aerial can be increased (see 
(15), by increasing the dynamic self-inductance of the antenna. 
This can be done, ¢.g., by increasing the self-inductance L, at 
the bottom. The wave-length and the values of the current 
over the aerial can then be kept constant by decreasing at the 
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same time the capacity of the condenser C, at the bottom in 
such a way that 
Caring 
La ONT 31) 
is a constant. 

By inserting, therefore, a greater inductance at the bottom 
and at the same time a smaller capacity in the arrangement of 
Fig. 1, keeping the wave-length constant, we are able to 
diminish the radiating decrement of an antenna with the well- 
known result of sharper tuning. 


The current distribution over the antenna now being known, 
we can proceed to find the radiation that will be thrown off the 
radiator. 

In calculating this radiation we make the following assump- 
tions :— 

1. The vertical dimensions of the loading are small in com- 
parison with the total height o the antenna as is actually the 


a: 


Fre 2. 


case, so that the contribution to {he total radiation from the 
load ngs are negligibly «mall. 

2 The antenna is placed on a perfectly conducting earth, 
with the consequence that the lines of electric force round the 
radiator may, be regarded as ending perpendicularly on the 
earth. Fee: 
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The electromagnetic field round the antenna may then be 
found, as shown by Abraham,* by using the electric image of 
the antenna with respect to the earth see Fig. 2, in which AB 
is theantenna). Taking, now,a point P at a distance from the 
radiator great in compari_on with the wave-length, we can 
find the intensity of the magnetic and electric fields due to the 
current in a part dz of the antenna, and a part dx of its image. 
According to Hertz,t the electric force is 


27. 2 2NC . foal Ge 2TC» 
dk= ie” dxsing. sin( wt — a) id ir dzsin sin ( cot — a 


= id sin 9. sin (o —2) . COS aia (16) 


where we take rvTs _r—the distance of P from the bottom of 


the antenna and where 9 is the angle which the radius-vector to 
P makes with all parts of the antenna. It is clear that the dis- 
turbance at P coming from the antenna part dz will arrive 
there in a different phase from that of the disturbance origi- 
nating at the same time from the image-part dz. 

The magnetic field at P, due to the same sections of the 
radiator 1s 


_ 4a. ; ; _ 2anr (7 5 —1 3) m 
a dxsin ©. sin ( oo 7 ) COS ea tape (17) 
Now, 

esa ee cos o (see Fig. 2, where 7, —71,=BC), 


so that the electric and magnetic fields at P due to the whole 
antenna are } 


47°T'y . DLT NAA ay 27x COS © 
== a aE aE ™m — ? 18 
i sin © sin ( of )f_ gees 7 ) de (18) 


Ay A 
and 
Ant, . 2m (7! Ve 27x COS © 
Hes 7, Sng. sin (0 = poe (= ) da. (19) 


As the electric force is everywhere at right angles to the 


* “ Physikalische Zeitschrift,’ IL., 329, 1901. 
t ‘‘ Ausbreitung der Electr. Kraft.” 
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magnetic force, we find the radiation through a unit sutface 
perpendicular to the radius-vector in a time dé equal to 
2 ain2 ‘ I 
ip pp . sin? (ot — aa) 
47 Ase A 


ha 27x COS P 9 
els dt. e 20 
[ [700s ( 7 ) ae | (20) 
Now, we found 


jc COS (“—p) cos a’, 
so that the integral in (20) has the valu> 
wa / Inx COS ) F 
——f). tt |) da= 
| ie aca alae 


cl 


| Cos (F-8) . COS @ cos @) df~— 
; | 


fsin B-+-cos (6 cos @) . sin (9—f)—cos 9. sin (6 cos g) « 
? 


6 sin? 

cos (— B)}= 
als {sin B-+cos (9 cos ¢). sin a—cos 9 . sin (0 cos 9) . cos a}. 
6 sin? 


Hence, the mean radiation through the above-mentioned unit 
surtace is 
sed bie Z 


ae Pr” @sin2e {sin B-+-cos (9 cos 9) . sin a—cosq. sin 
(0 cos @). cos a}? 
= st, {sin B-+-cos (8 cos ©). sin a—cos 9. sin ‘6 cos 9). 


COS a3, Maat 
Integrating this expression over a sphere of radius 7, and 
taking half of the result, as radiation exists only over the upper 
half of the sphere, we get as the expression for the total radia- 
tion*, 
es ee {sin b+-cos (6 cos 9). sina—cos 9 . sin (0 cos ) 
Al SOO ag Sin A ae P) 
cosa} *de 


afl iowa 
=eT?| ——{sin B-+cos (6 cos ©). sin a—cos 9. sin(9 cos 9). 
Oey, cos a}?d 22 
9 + (22) 
where 7’ is the R.M.S. current at a current antinode. 
* It is clear that the integral given by Abraham in ‘‘ Phys. Zeitschr.,” IL, 
Tv 


+2 


Tv 
332, 1901, for the total radiation of a plain rod must be | instead of | 
0 


7 


2 


RADIATION FROM ANTENNAE. Wit 


Putting Rp for the radiation resistance, 7.¢., the quotient of 


the total radiation by the M.S. current in an antinode, we have 
ee ee ae ee eA) 


so that 


Lee | 
doy ee 
9 SIN 


A {sin S--cos (6.cos 9) . sin a—cos 9. sin (9 cos @). 
cos a} *dq. 
This expression gives the radiation resistance in electro- 
magnetic units. In ohms it is 
ela. : : 
R,=30 | Aine {sin B+-cos (9 cos 9) . sin a—cos 9 . sin (6 cos 9) . 
0 
cos a}*do. . (23) 
To evaluate the integral (call it Z) in (23), we can proceed as 
follows 


lag: 
I= | ——— {sin B-+-cos (6 cos @). sina—cos 9.sin (6 cos @). 
9 Sin © 
cos aldo 


Spal 1 , : ; 
=| Tosa b-+cos Ou .sina—w sin 9u. cos a} 2du 
—] = 


ie | ] 
=1 EE: ltl AN Les . vA. . 
tf G eel =| ‘sin b--cos Ou. sina—wsin Ju. 


cos a} 2du. 


It is easy to show that the integral with the factor -—— is 


equal to that with is as factor, so that 


+1 
fmf ns isin f--cos Ou . sin a—uw sin Ou . cos aj} *du 


2 
=| ~ {sin B+-c0s 0 (c—1). sin a—(x—1) sin 6 (x1). 
0 
cos a}@dx . (24) 


Squaring the function under the integral sign and sepa- 
rating the terms with factors x1, x and wt!, we can resolve 


* The M.S. current at the bottom of the antenna in the definition for the 
radiation resistance is generally used instead of the M.S. current in an anti- 
node. When, however, a condenser of very small capacity is inserted the 
current at the bottom of the antenna is zero and the radiation resistance 
becomes infinite, so that the total radiation in that case cannot simply be 
expressed as a function of the radiation resistance. It is for that reason that 
the radiation resistance is defined here in relation to the current amplitude 
in an antinode. The current at the bottom being 7'y cos 8, it is easy to con- 
vert the values found here to the more usual expression. 


XY 2 
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the complete integral J into three separate integrals Z,, 7, and 
I, of which 


saiseils a OF d+ (1 cos 2p) | “8 "da 


Lv 


+ sin n26/ = atone ———dz-+4 os 2p | de 


==ait) 2p] aot. 0 of see: 
“g 


407 __ 
=pain of if CD ae Wry 2Y) i} ems Sit 5 
joe? 
—sin 28 .$i20—4ain 28 ..S140-+-(1 cos 28) i, eg 


+4 eos 28) = ee nee - (25) 


When using 6=a-+/, I, (with the ee z°) can be brought 


into the form, 


2 
1,=| | —cos* a--cos a. cos {26(—1)+a} —2 sin B . cosa 
rect AB 


it sin 6(a— 1) |ae 
0 


yf , at 26 
eens | pate / s0N (0 0 Rio oo ae | 
26 0 ; 6 0 
sin (p—@)d@ 
= —? cos” re {sin (30 — B) +-sin ( (0+); +0 


=CO08? a (- pqen ah Jy ele Buhl a Gy 5 en 
I. (with the factor 2) is 
L5==CoOse a fe. sin? 6 (x—1)dx=co., *o(1— 22), an -10) 


Therefore, we find as the complete integral— 
I=1,4+1,+J,=sin 28 . 8120—4 sin 28 . 8140 


1s hae 40] __ 
+(1—cos 26) [ ere oe Pay 


+ cos? a ate Ip Mee (23k 
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For small values of 6 (7.e., for long wave-lengths) the integ- 
rals still occurring in (28) can be expanded in a rapidly con- 
verging series a3 follows :— 


2 4 
[ac aR AND a 
T97 reas 2 


*I1—cos » * eo ot 
& LANE RG pee ae Eat lL SE nt ae 
ii @ ? [ .@ ag 2-2 ve ! 6-6! 


On the other hand, using the functions integral-cosines we 
have, when 61s a quantity small in comparison with |, 


fale Cod *1—cos 44 
[ Pde f 8 Pde { "ae 
J0 /0 oa 5 Q 


“ 
8 9 ee 4 IL. ax x 
= [det | <e_| See 
te? 5° feat 
5 x % 
=} | ode Ig. —Ig.6 — / de | Be hy 
0 8 2 NY 
=16?—lg,6+lg.a+Cr d—Cr x. 
Letting 6 approach zero, the limit of this expression becomes 
[ = ap 2G Sigs foRee 
where Z is Buler’s constant, and is equal to 
E=0-577216... 
Applying these results to (28) we can write 


jane P 9 9529-8140} $082? 2.0120 —Ci40—E —ly,6} 


4+ B41g.2-+lg. §—Ci20-+ cos? a( ee =i1)) (29) 


And we find as the general expression for the total radiation 
resistance of a loaded antenna, expressed in ohms * :— 
R,=15 sin 26 (282 20 —Si 46} +15 cos 26 (201 20—Cr 40 —lq,0 


—0°577216}+30{ cos: “leas a 1) —Ci20-+1y.0-+1.27036} 
(30) 


where p= and cos a and cos f are the ratios of the current 


amplitudes at the top and bottom respectively of the antenna 
to the maximum current amplitude at an antinode. 


* Tables of the integral-sine and integral-cosine functions are calculated 
by J. W. L. Glaisher, and published in the Philosophical ‘‘ Transactions,” 
London, CLX., 367, 1870. 
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Formula (30) shows us, as was to be expected, that the radia- 
tion-resistance of a loaded antenna and also the radiation from 
that antenna are dependent not only on the length of the waves 
which the aerial emits, but a so in a high degree on the value of 
the current at the bottom and top, or, in other words, on how 
the current at that certain wave-length is distributed over the 
aerial. Itis therefore clear that the radiation from an antenna 
cannot be written in the simple form, 

2 

pee 3 ; 
where A is a constant, and 7' the R.M.S. current at the base of 
the antenna, as is usually done in most text-books on wireless 
telegraphy * for it all depends on the manner in which the 
loading is varied (either at the top or the bottom, or both) to 
alter the wave-length 7. Even if we assume a flat top antenna 
—i.e., one with a capacity load at the top in the form of hori- 
zontal wires (ship antenna and umbrella antenna)—the total 
radiation cannot be written as 


2 
Paige 1602812 
as is done by Austin, and on which basis he calculated a table 
of radiation resistances for flat-top antennee.t 
For a flat top antenna without any load at the bottom 
(tgi=0) we have from (30), . 
R,=57-0208-+ 34528814 05 ~ 150% 40-+30 cos?6/ S at 
It is apparent that the use of the formula— 


R,=160z2 = 


—1 (31) 


to calculate tables of radiation resistances for flat-top antennz 
nk Ee 
up to ratios z= 0-4, as done by Austin, is an extrapolation of 


Rudenberg’s results | that is not justifiable, so that the figures 
given there often differ very much from the values calculated 
with the aid of ourformule. Austin does not even state clearly 
how the variations of 4 are to be obtained by varying the top 
or the bottom loads. 

* See, e.g., Fleming, “The Principles of Electric Wave Telegraphy and 
Telephony,” 3rd edition, p. 459. 

ft ‘‘ Journal of the Washington Acad. of Science,” Vol. I., No. 7, Nov., 
1911. Reprinted in Fleming, ‘‘The Principles of Electr. Wave Telegr.,” 
p. 460, and “ Jahrbuch der Drahtl. Telegr. u. Teleph.,”’ V., 417, 1912. 

{ Riidenberg, ‘‘ Ann. der Phys.,” XXV., 446, 1908. 
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Riidenberg’s formula is valid only for the case of a very long 
wave-length emitted from a flat top or umbrella antenna with a 
capacity at the top large in comparison with the total capacity 
of the vertical part of the aerial, for then it is possible to deduce 
the following approximation for the radiation. For no load at 
the bottom 6=0, and, therefore, =a. Fora value of A large 
am comparison with the total antenna height 1, 0 is, according to 
(5) a small quantity. Now, the radiation as given by (224) 
and (30) is a function of 6 only, namely— 

Y= IT") 15E+30 ly. 2-+15 1g. —15 Ci 40-+30 cos? 9 oe -1)| 

Expanding the functions of 6 occurring in this expression in a 
series of powers of 0, bearing in mind also that fo: <1 :— 


g2 4g 
lee ed no a ne ih | 


we find: 
SH 740 62 - 16084 0° on 


Taking only the first term, we have 

ees O71 222100 a2 se ihe 
which isthe above-mentioned Riidenberg’s formula and which 
is only valid for wave-lengths great in comparison with the 
antenna height. 

From (30) and (22a) it follows that for a constant wave-length 
the radiation from an antenna with different loadings at the 
top and at the bottom, can be expressed in the following way :— 

L=T? (A, sin 26-+-A, cos 26-+A;!, 
6=cunstant 
where A,, 4,, and A; are constants for a certain ratio of wave- 
length and antenna height. Bearing in mind that the current 
distribution is given by 


My 
15. COS & -6), 


and taking for z that height on the antenna where a current- 
node is found, the total energy thrown off the antenna in the 
_ form of electromagnetic waves of a constant wave-length, but 
at different loads, is, 

ime 


r=T?| By sin" 4B, s 7 +Bs} 


where B,, B, and B, are constants. 
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To show the form of this function for two wave-lengths Fig. 3 
has been calculated, in which the abscissa gives that part of the 
height of the antenna at which a current node occurs and the 
ordinate represents the antenna radiation-resistance at this 
current distribution, (1) for A=2l, and (2) for A=4l. 

The formula for the radiation resistance of an antenna 
vibrating in a half wave-length—e g. when a is the he:ght of 
the current-node, 1s— 

sf 20GE 
R,=58-28 —46-32 sin (“™—1-113)Q, 
A=21 se 
so that the radiation-resistance for this wave-length is a 
minimum and equal to 11-96 © when the current node occurs 


110) 


at a point 42-7 per cent. of the height of the antenna from the 
base, and the same is a maximum with a value of 104-6 Q with 
the node at a height of 92-7 per cent. Th's example clearly 
illustrates how the current distribution, even by a constant 
wave-length, is of importance with regard to the radiation. 

In the same Fig. 3 the curve for A=4/ shows that there is a 
different radiation when an antenna vibrates in a quarter 
wave-length, but 
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(1) With the current node at the top and antinode at the 
bottom (plain Marconi aerial), or 

(2) Reversed, with the antinode at the top and the node at 
the bottom, as can be approximated to by putting a large capa- 
city at the top (umbrella antenna) and a very small capacity at 
the bottom. ; : 

In the first instance the radiation resistance is 36-6 Q,* in the 
second (according to (30)) only 32-2 Q.+ 

It is well known that the usual theory which does not take 
into account the phase difference at which the waves from 
various parts of the aerial reach a certain point in space, gives 
for both the cases just considered the value 40 Q, a difference 
of 9-3 per cent. and 21-3 per cent. respectively from the more 
aecurate formula. 


Itis interesting to find out in what directions the calculated 
electromagnetic energy is emitted from the antenna. This is 
best represented graphically. When we write the function 
under the integral sign in (22) in the form, 


I : ; 
ne isin B-++cos(@ cos @) . sin a—cos © . sin (0 cos @) . cos a}? 
] 


—— 2 

= angel 
polar curves in a plane can be drawn in four different ways 
having the following peculiarities and formule :— 

1. If the radius vector 7 is made proportional to the energy 
radiated through a unit surface of a sphere of a constant 
radius described round the sending antenna, the curve has the 
equation, 

Too ioe /Sin Ge sears are to. (02) 

2. If r is made proportional to the total energy radiated 
through that zone of a sphere that is comprised between two 
cones with a slightly different apex-angle, the formula is 


Toole eG ar ae 24! (00) 


3. r can be made proportional to that distance from the 
antenna where the radiation through a unit-surface, held at 
right angles to the radius vector, is a constant, or, in other 


* In accordance with Abriham, Sce Paper cit d. 
+ The usual definition of radiation resistance would give here Rp= a. 
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words, r can be made proportional to that distance from the 
antenna where, by a given recelving arrangement, the amount 
of energy receivedisaconstant We thus have the formula, 


r—=f()/sin'o. 52s oe 


This surface has the peculiarity that the magnetic and elec- 
tric forces are constant all over it. This curve can be ca!ed 
the characteristic curve of radiations (analogous to the similar 
curve in a horizontal plane for directive antenne such as used 
by Bellini and Tosi), and represents at the same time the maxi- 
mum distances in different directions where signals can be 
received. 

anit r=}(o)/Vsin. 0, 9 eee 
the area of this surface will be proportional to the total energy 
radiated. 

The accompanying curves are calculated from formula (33), 
as these curves are apparently the most suitable ones for prac- 
tical design. 


In Fig. 4 the solid line at the left represents the distances 
in all directions in a vertical plane from a simple rod-aerial, 
earthed at the bottom, where the received energy will be con- 
stant. The fundamental wave-length is thus equal to 4l/, and 
the current distribution over the antenna is as indicated at the 
top of the diagram. As mentioned above, the radiation resis- 
tance for this arrangement is 36-6 Q. At the right side of the. 
same figure is drawn a similar curve for a flat-top antenna, 
with a very large capacity at the top and a very small capacity 
at the bottom. The current distribution is then just reversed 
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and the radiation resistance is less than in the former case, and 
is equal to 32:2 Q. The dotted lines (for both sides half- 
circles) represent the curves that would be obtained using the 
ordinary theory, where the phase differences of waves arriving 
from different parts of the antenna at a certain point are not 
taken into account, in which case the excessive value of 40 Q 
is found. . , 

It is obvious that when there is a current node in the middle 
of the antenna the radiation in horizontal directions from one- 


half of the aerial will, by interference, just annul the radiation 
from the other half. According to Zenneck’s formula,* 


ae 
*. of“ \o 
F,=160x ) ; 


hie 
Bp i Uhre 
te Tg 


and j= length of the antenna, there would be in this case no 


where 


radiation at all. In fact, there will be a radiation, occasion- 
ally even of a great «mount, but in more upward directions. 
I have calculated some diagrams for different wave-lengths, 
but with a current node in the middle of the antenna. Fig. 5 
represents this case for /=4I, Fig. 6 for A=2I, Fig. 7 for 4=4/31, 
Fig. 8 for A=/ and Fig. 9 for A=2/. Hach of these cases, of 


* Zenneck, “‘ Lehrb. der Drahtl. Telegr.,” 1915. 
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course, demands its own peculiar loading at the top and bottom 
of the antenna. The diagrams show that decreasing the wave- 
length has the consequence that the radiation will principally 
be confined more and more between two cones with a smaller 
difference of apex angle, so that the characteristic curve 


becomes more favourable, whie at the same time the main 
part of the radiation is directed in a lower direction. Formula 
(30) shows that the total amount of radiated energy in each 
case increases with the decrease of the wave-length Making 


A=441 


the wave-length still shorter (by using a higher harmonic) it 
appears that the radiation will split up in different parts as 
shown by Fig. 9, in which 2=3. 

Exciting an antenna in a higher harmonic in such a way 
that there is no current-node at the middle of it, gives a radia- 
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tion split up again in several parts, of which one will be in the 
horizontal direction. This is shown in Fig. 10 for a wave- 
length 2=4/31 on a vertical rod without any special loading, 
with the consequent current distribution over the aerial as 
indicated in the diagram. 

It must be mentioned that all curves of the forms given by 
(32), (33), (384) and (35) are independent of the distance from 
the antenna, if only that distance is large in comparison with 
the dimensions of the antenna and the wave-length used, for 
which case the Poynting vector is a straight line. 

The theoretical possibi ity of loading an antenna and ex- 
citing itin such a way that no radiation will occur in horizontal 
directions may experimentally be of value to de‘ect the 
existence of ionised refracting layers in the atmosphere 
as calculated by Eccles,* for which case the current in a re- 
ceiving antenna would increase to a certain extent, while recep- 
tion is made at a greater distance from the sending-station. 


Pender Electrical Laboratory, 
University College, London. 


ABSTRACT. 


The Paper consists of a mathematical treatment of the subject, the 
following being some of the conclusions arrived at: The radiation 
resistance of a loaded antenna, and also the radiation from the 
antenna, are dependent not only on the wave-length, but on the cur- 
rent values at the top and bottom. The radiation cannot, therefore, 

AT?/? 


be written >= x2 where A is constant and T is the R.M.S. current 


at the base, as is done in most textbooks. Riidenberg’s formula for 
flat-top or umbrella antenne is valid only for very long wave-lengths, 
with acapacity at the top of the antenna very large compared with that 
of the vertical part, and Austin’s table of radiation resistances up to 


ratios of5=0-4 is based on an unjustifiable extrapolation of Riiden- 


berg’s results. 
The Paper also treats of the directions in which the energy is most 
strongly radiated under different conditions. 


DISCUSSION. 


Prof. J. A. FLEMING communicated the following remarks : The Paper 
seems to me to be valuable and the analysis correct. The formula for the 
radiation resistance of a flat-topped antenna, which is commonly called 
Riidenberg’s formula, has no claim to be attributed to him ; it can be at 
once derived from Hertz’s expressions for the forces due to a small] 


* THe ELECTRICIAN, September 19, 1913. 
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oscillator. As I have shown in my book on the “‘ Principles of Electric 
Wave Telegraphy,” third edition, Hertz’s reduced expressions are ob- 
tained on the conditions that the current has the same value at all points 
in the rod of the dumb-bell oscillator ; and hence applies also to the 
reduced formula for radiation resistance. The polar radiation curves 
which the author has delineated for the higher harmonics of the loaded 
antenna seem consistent with the delineation of the field of electric force 
round a rod oscillator given by F. Hack from the equations of Abraham 
(see plate VI., Chapter V., ‘‘ Principles of Electric Wave Telegraphy ”’). 
The possibility of projecting upwards in an inclined direction what is 
virtually a beam of electric radiation is interesting. By observing where 
the beam comes to earth it may be possible to determine the height of 
the reflecting masses Of ionised air. There is, however, a certain diffi- 
culty in exciting any required high harmonic in an antenna, especially if 
the capacity and inductance are chiefly located at certain points. When 
the possibility of experimental work returns it will be interesting to 
attempt to confirm these results experimentally. 
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A Demonstration of a Method of Preventing Sparking at a rapid 
Make and Break, which incidentally produces Colloidal 
Platinum, was given by Dr. A. GRIFFITHS, at the Meeting 


on June 8th, 1917. 


THE apparatus exhibited was one described by him in the 
** Philosophical Magazine ” for March, 1895, p. 232. The de-— 
vice consists of a series of electrolytic cells placed as a shunt 
across the spark-gap. 

The electrodes consist of platinum and the electrolyte of 
strong sulphuric acid. The cells polarise, and on making the 
gap an E.M.F. is introduced opposed to the E.M.F. of the 
battery, so that the current rapidly diminishes, decomposing 
the liquid and doing chemical work. 

Dr. Griffiths made the following statements :— 

1. The platinum cathodes disintegrate and a colloidal solu- 
tion of platinum is formed. 

2. The cathode on the negative side of the spark-gap 
generally disintegrates to the greatest extent; the next 
cathode disintegrates less, and so on, the least disintegration 
occurring in the cell at the positive side of the spark-gap. 

3. The cathodes develop, to the naked eye, an appearance 
as if they were covered with platinum: black. Certain plates 
examined under the microscope seemed covered with numerous 
craters. 

4. The production of gas does not appear to be the same in 
each of the electrolytic cells in series ; sometimes no gas at all 
appears to be evolved from the most negative cathode. 

5. The rate of disintegration of a cathode appears to be 
small when the cathode is first placed in the sulphuric acid, 
and appears to increase to a maximum in course of time. 

6. One specimen of platinum appears to behave differently 
from another. | 

Dr. Griffiths added that by using electrodes made of gold leaf 
floated on glass with the aid of methylated spirits, he had ob- 
tained what was probably colloidal gold. Prof. Hicks, of 
Sheffield, had told Lim that he had used electrolytic cells to 
stop sparking at a pendulum-mercury intermittent contact. 
He had not observed disintegration of the platinum as far as 
he (Dr. Griffiths) was aware. 
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DISCUSSION. 


Dr. R. 8S. WiLtows said he was interested in the chemical aspect of 
the experiment. It was probable that Dr. Griffiths was the first to 
obtain colloidal platinum, though he did not call it by that name when 
‘the result was originally described. The difference in the intensity of 
the action in different parts of the circuit reminded him of the similar 
phenomenon which occurs in a train of X-ray valves, in which most of the 
action takes place in One valve of the train. Measurements of the poten- 
tial across each cell would be instructive. 

Prof. Boys mentioned that he had used electrolytic cells to quench the 
sparking of a pendulum contact in his gravitation experiments. He had 
not noticed any action on the platinum. To what did Dr. Griffiths 
attribute the effect ? 

Mr. A. CAMPBELL communicated the following remarks: Many years 
ago Helmholtz introduced the use of a condenser, shunted by a suitable 
resistance, across the spark gap for the purpose of suppressing the spark. 
More recently a better system was employed by the engineers of the 
G.P.O., who kindly communicated it to the National Physical Labora- 
tory, where it has been used with the greatest success on all kinds of 
spark-gaps (from 1 break per second up to 1,000 per second). This con- 
sisted in putting the resistance in series with the condenser. By adjust- 
ing the value of the resistance to suit the particular circuit it is nearly 
always possible to suppress the spark. There is no leak across the break, 
as in the shunt system. 

Dr. GRIFFITHS, in reply to Prof. Boys, said that he thought the dis- 
integration was due to the inductive rush of the current, but many points 
required investigation. 
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XXII. The Determination of Coma from a Central Ray. By 
T. Smiru, B.A. (From the National Physical Laboratory.) 


R&EGEIVED May I, 1917. 


THE optical sine condition, due to Clausius, but more generally 
associated with the name of Abbe, embodies a result of great 
importance to the lens designer, since it enables him to form 
an estimate of the degree to which a system is corrected for 
coma * without having to calculate any rays other than those 
necessary to determine the spherical aberration. The extent 
of the departure from the sine condition is not in itself a 
measure of the amount of coma. Investigations of the mean- 
ing which should be given to a departure from the sine condition 
when spherical aberration is present have been made by 
Conrady t and Chalmers.t The conclusion reached by 
Conrady is that departure from the sine condition produces a 
proportionate zonal change of magnification. That this is 
true for rays lying In a principal plane is indeed suggested by 
the well-known law that uh sin 6 is invariant on refraction, 
where 1s the refractive index, 6 the inclination of the ray to 
the axis, and h a short length perpendicular to the axis at the 
point where it is met by the ray. Such a statement of the 
meaning of the condition may suffice to give an indication of 
the extent to which it is permissible to depart from the cond - 
tion, but it is evidently not a quite exact statement. For 
cons.der a system which is quite free from aberration on the 
axis, but whch does not satisfy the sine condition. If this 
departure from the sine condition Involved only zonal d ffer- 
ences of magnification, the mage of a point off the axis would be 
a straight radial line, an effect inconsistent with the essential 
_character of coma, which in this case is the only aberrat.on 
. the departure from the sine condition involves. 


* Coma is to be understood to include all those aberrations, the presence 
of which influences the fulfilment or non-fulfilment of the sine condition, 
excepting those which do not disappear when the object yoint is situated on 
the axis of the instrument ; the latter are referred to as spherical aberra- 
tions. Generally speaking, rays from a given object point meeting the stop 
in an are of a circular zone will intersect the image plane in a circular arc of 
equal angular extent when spherical aberration alone is present. When 
coma alone is present the same rays will meet the image plane in an arc of 
twice that angulare xtent. 

+ ‘‘The Optical Sine-Condition,”” Monthly Notices of R.A.S., Vol. LXV., 

. 501. 
: t ‘The Sine Condition in Relation to the Coma of Optical Systems,” 
Proc. Phy. Soc., Vol. XXII, p. 1. 
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Chalmers expresses his results in the form :— 


Departure from sine condition 
=a longitudinal spherical aberration 
+6(1/3 coma of first order +1/5 coma of second order 
evi: Ota ), 


where a and 6 are constants. 


He assumes that the effect of coma in the image plane may 
be represented by 


O@ _-4.( 2 costitil) antes, (legs eae 


a =1,(2 sin y cos y) sin?4+7,(4 sin py cos w) sin*A+.., 


where x is the distance from the ax's at which a periect image 
would be formed, dz and dy are the displacements in the image 
plane due to coma of the intersection point of a ray from a zone 
subtending an ang'e 24 at the axial point of the image plane, 
and w is the angle made by the axial plane through the po nt 
in which the ray meets the zone with the axial plane through 
the object point—z.e., with the plane y=0. It will be shown 
that these assumptions involve a special interpretation of what 
is to be understood by the term zone. 

The problem may be simply investigated by the aid of a 
potential function. Let the origins of co-ordinates in the 
object and image spaces be the point in which the axis meets 
the object plane, and its image formed by paraxial rays re- 
;pectively. The co-ordinates and corresponding direction 
cosines in the object space will be denoted by a, y, z and /, m,n, 
and in the image space by the same letters accented. The 
axes of x and 2’ coincide with the axis of symmetry of the 
system. The length of the path between a given point of the 
object plane and the foot of the perpendicular to the refracted 
ray from the origin in the image space being denoted by U,* 
the potential function to be used will be B, where U+- B=con- 
stant The variables being y, z, m’, n’, it is not difficult to 
show that the direction cosines of the incident ray and the 
point of intersection of the refracted ray with the paraxial 
image plane are given by 

OB OB oy ecB epee Ds 


is oy’ n= ~A 


bg ine Sane 


* Uis called by Bromwich the “‘ modified cheracteristic “‘cnction.” 
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where the initial and final refractive indices are taken to be 
unity. The extension to the more general case will be easily 
obtained later. 

Since the system is symmetrical about the # axis B must 
evidently be a function of y?+-z?, m’y+n/’z, and m?-+n” only. 
pe the focal length to be unity, B may be written in the 

orm— , 


B=g(m’y+n’z)+43g(y?+27) 
+hay(m’*+-n/2)?+ $a9(m?+n'2)?+ fa,(m’2+n!2)4 
+ (m’y-+-n’2) {By (n/?-+-n/2) + Bo(m’?+-n’?)2 
spac Taal) aie 
+ (y?-+2?) fy (m2 n?)+- y o(m?--n’?)?+-y 3(m’?+- 0?) 3+ . .} 
+ (m’y+-n’z)? (6, +65(m’?+-n) + 63(m+-n)2-+ . .} 


+ terms involving higher powers of y and z. 


The magnification of the object produced by paraxial rays is 
evidently g. The image point for the ray defined by (y 0, m’, 
n’) is— 

yf gyn’ fay’? +n!2) + a(n’ p-n!?)bag(n’ +n? +.) 

+-y{B,(3m’2-+n/2)+ By(Sm2-tn’2)(m2tn2) 

+B3(Tm’?+-n)(m?-+-n?)P?+ . .} 

+ terms involving higher powers of y. 

=n! {a,(m?+n?)-a(m?+n?)?+as(m?+n)>+ . .} 
+2m'n'y{ By +28o(m?+n) +38 3(m?+ n?)?+ . .} 


+ terms involving higher powers of y. 


The coma terms in the expressions for y’ and 2’ are those 
involving y to the first power as a factor when m’ and 1’ 
assume the values they bear for a ray from the axial point of 
the object. Let the direction cosines for such a ray be denoted 
by capital letters ZL, M, N, L’, M’, N’. Although m’ and n’ 
may differ very little from M’ and N’, it is not permissible to 
replace the small letters by capitals in the equations for 7’ 
and z’, for m’ and n’ are only actually equal to M’ and N’ 
when y=0. The exact expressions will be— 


rau? wigs aleuaetas. (1) 
w=N'+yqtyge+.. )’ 


where p, 7, p’, q’,... are functions of M’ and N’. In the pre- 
sent case only p and q are involved in the determination of 
2A2 


296 MR. T. SMITH ON 


coma. The substitution of M’+yp ard N’+yq for m’ and n 
leads to | 
y =9y+Ma,(M?+N?,+0,(M?+N?)? 
“fog 2+ Vi era 
+Yyl(Pi+ exp) (3M +N”) (B2+asp)(5M+ N®)( M4 N®) 
+-(Bs--asp (TMA Nee oes 
+2¢M’N"\a,+20,(M?-+ N”)+3a3(M?4+ N”)2+-. 3] 
+ terms involving y?, &c., 
and 
2’= N’{a,(M?-+N”?\+4,(M?+N”\4+ a,(M?+N”)8+.,, 
+y[2M'N{B -+ayp-+2(B.+-a,p)(M2+N) 
+3(Bs+asp)(M?+N)?+ ..} 
+qia,(M?+2N”)+a,(M?+5N”) M74 N”) 
+a3;(M?+7N”)(M?+N”)?+ . 1] 
+ terms involving y?, &c. 
Comparison with Chalmers’ initial equations shows that he 
has assumed p=constant and g=0. 


—— 


The direction cosines of the incident ray are 
m=gm' gym {By(m'+-n, + B(m'+-n?)? 
Esl? 1 eae 

2y {yy(m?+-n’?)-+ y (m+ 24-9 4(m’2--n) 3+.) 
+2m’?y {6,+6,(m?-+-n™)+-6,(m?@+n?)4+ 2.) +... 

and 
n=9gn'+n' {By(m?+-n?)+ Bi(m?+n?)?+ 6 3(m’*+-n’*) 3+ . .} 
+2m'n'y {6,4 69(m?-+-n)+-d3(m?-+-n?)?+. $+ .. 

or, Substituting for m’ and n’ in terms of M’ and N’— 
m=gM'+gy(l+-p)+M’ (6,(M2+N)+B,(M? +N)" 

+ B(M4N2)24. 
+-y (pt Bap M2+N’)+ (2p. Bap)(M2-+N’2)24 
+2M’?y16,+6,(M?+N”)+ 6,(M?+N’?)2+ , .} 
+2M’y(M’p+N’q) {8,+26,(M”? ai ad 

+38 (MAN4, +.) 
ne 


and 
n=9N'+-gqy+N"' (p,(MP+N™)+ 6o(M?+N%)? 
+ fai mena | 5 
+2M'N’y {6,+-6,(M?+N”)4-6,(M?+ N Ae 
+-qy {B,(M?+N’”)+ B,(M?+N’2)2+ .. 
4+-2N"(M’p+N’q)y\B,+28.(M?2+N’2) 
i apa Nee 
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It will be convenient to adopt a more concise notation. 
Put 
a=a,(M’+N’?)+a,(M?+N’?)?+a,(M2+N? 3+... 
a =2 {a,+2a,(M’+N”)+3a,(M2+N’2)2+..} 
spay ine (M+ N’2)+ 8,(M’?+-N"?)?4+ B,(M?+-N’?)3+.. 
2{B,+28,(M?+N”)-+383(M?-+-N)?+-. .} 
o=9+2 (yi(MA+N”)+-yo(M?+N)?+-7,(M?+N)2+. .} 
d=2{6,+6,(M?+N”)+-6,(M?+N’?)2+ . .} 
so that 
y =a’ +y {ap+b+M"(M’p+N’q)a’+M"b} + .. 
2 =aN’+y faqt N’(M’p+N’q)a’+M’N'b} +. 
m=bM’+y (bp+ MW’ (M’'p+N’q)b’+c+ Md} w 
n=DN’+y {bg +N" (M'p+N’q)b +W Nd) + ae 
The quantities corresponding to y’, 2’, m, n ie the central 
ray are denoted by Y’, Z’, M,N. They are obtained by 
putting y=0 into equations (2) and (3). The quantity a 
defines the central spherical aberration, and 6 is the sine ratio, 
which is constant when the sine condition is satisfied. 
Equations (1), (2) and (3) show that p and q serve to define 
with which ray from (y, 0) the central ray is compared. Sup- 
pose the two rays intersect in the object space at a point 
distant 9 from the origin. The conditions 


(2) 


l m n 


| 1-M—yle-N 
are then satisfied. 


l 
The relation ani V ” gives 
(p(b°--b')+B%e-+-d; M’N’+q\b-BM?24YN'}=0, . (4) 
4 WE Rou 16 caer 
an Meiianan reduces to 
aM fia) 


Similarly, if the eater rays a in a point distant o’ 
from the intersection of the central ray with the paraxial 
image plane, 

oT’ —y+toM’ Z’—2’+ 'N’ 
i = cree See | 
The equality of the Jast two expressions yields 


(9 “bay ard p) = Gh eek ee Se ele (6) 
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and sak other condition leads to 
a+ (MP+N)a'} (M’p+N’q)+Md 
+.M’(M’24.N’3)b'=9, (7) 


If both incident and emergent rays mees, equations (5) and 
(6) give 


{oar May” 


(Ctelle’+ay=b Sey 


as the equation for finding the point of intersection of the 
refracted rays when that for the incident rays is known. In 
order that the rays should actually intersect in this way p 
and g must receive values which enable both the conditions 
(4) and (7) to be satisfied. In general, whether the rays meet 
or not (8) is the relation determining the position of the radial 
focal line for a given object point.* This result does not 
hold for rays lying in a primary or axia’ plane, for which case q 
should be eliminated between (4) and (5) and N’ put equal to 
zero in (7). The corresponding equations are, therefore, 


jh ae + (b+ M"b’)+c+M"d=), . . . (9) 


eee a) 4b4+M'—9, . . . (10) 


or, rape D, 


where r and 7” have been written instead of p, p’ to distinguish 
the different cases. Equation (11) fixes the position in which 
the central ray is met by the transverse focal line for a given 
object point. 

Since from equation (4) ginvolves W’N’ as a factor, the value 
of g is seen from equations (2) to be quite immaterial as regards 
the refraction of rays associated with the ray M’=—0. The 
points, therefore, of the comatic ring lying in the plane of the 
object point ar» determined by p alone. The value of qg, how- 
ever, does affect the shape of the ring. Equation (4) shows 
that the ring from a zone cannot be assumed to be circular 
unless the zone is so defined that y=0. Moreover, under these 
conditions p can only be a constant if certain relations hold 
among the coefficients of the system, and these coefficients 


* This equation may be compared with equations (9) of p. 508, Proc. 
Phys. Soc., Vol. XXViIL 
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evidently involve the curvature and astigmatism in the system. 
It is, therefore, not permissible to assume that coma can be 
d vided into terms of various orders which will automatically 
be resolved into components having displacements for rays In 
primary and secondary planes inkthesratiog: 3: 1 D.71,.7 21, 
&e., by expanding in powers of the sine of the semi-ang lar 
aperture of a symmetrically placed circular zone. Chalmers’ 
formula, though probably reliable in most cases, will co-se- 
quently not be exact for large apertures. Assuming, however, 
a definition of a zone which leads to g=9, it is possible to 
find the two image points in the primary or axial plane, and 
so determine exactly the amount oi the coma present. 

Take first the ray in the secondary plane M’—0, for which. 

y =yl(ap+d), 7 —-Z4’= 
From equation (5) 
ap b= pore aes a ww 2 198 

The distances from the axis of the conjugate points on the 

ray are, for the object space, 


oN= ebN’, 
and for the image space 
(p+ a)N". 
Let the ratio of these heights bes ; then 
eo’ +a=obo, 
and by comparison with (12) 
| poral, 
so that 
Ysa e 9 
: =ap+b= aici ae, (13) 


Now, consider rays in the primary plane for which NV’= 
Equations (2) give 


ZU: 
and y’ —Y’=y¥ | pro Ma‘ pb); 
: rag 
eae. 


by equation (10). 
The p in this ins‘ance !s as a rule not the p of the previous 
cas’. From equations (3) and (9) 
m—M =m—bM’ 
=y bp+M?b’p+c+ Md; 
1—M? 
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Also from (1) 
m’ —M’=yp, 
and, therefore, 
m—M 1—M? 
ny I aN ae 
y’—Y’ r(1—M?*) m’—M’ 


ant y r1—M?)* m—M’ 
 /T-¥ 
TaN TM?) 5 7S ie 


where s is the reciprocal of the angular magnification at the 
conjugate points determined by x and 7’. If sin 6 and sin 0” 
are written for M and MW’ respectively the conditions for free- 
dom from coma may evidently be written, 

Piel Sins ie =constant for all rays. Fao) 
go §©6 sr sec 6 : 


These conditions hold whatever the spherical aberration on 
the axis may be. 
The quantities 
ry’ sec 0’ a) 


a 
sr sec 6 v0 


may evidently be looked upon as the magnifications in the | 
primary and secondary directions for small pencils, of which 
the ray (1’, N’)is a member. If these are greater than the 
magnification for paraxial rays the distance of the comatic 
ring from the axis will be greater than that of the image point 
for a ray through the centre of the objective. It 1s possible for 
one of these magnifications to be greater and the other less than 
the paraxial magnification, a case which shows the importance 
of finding both quantities if a correct estimate of the magni- 
tude of the comatic patch 1s to be obtained. 

If the external refractive indices differ it is necessary to 
r gard g, s and o as the reciprocals of angular magnifications. 
The quantities which have hitherto been called lengths will 
then be lengths multiplied by refractive indices. As, however, 


ay eros . 
only the ratios of J ; —, P to one another are involved in the 
final result, and these are all altered in the same proportion, it 
will be permissible to look upon the quantities that have been 
called lengths as absolute lengths, making g a linear magni- 
fication, while s and ¢ remain as before, reciprocals of angular 


magnifications, or licear magnifications multiplied by w’/u, 
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where wand w are the refractive indices of the object and image 
spaces respectively. 

The final conditions in their general form might well have 
been suggested by the theory of oblique pencils of rays. 
Let Fig. 1 represent an axial plane of the system. OO’ 
is the axis, and OP, OQ incident rays arising from the 
axial point O, which are ‘refracted as P’O’, Q’O’. Other 
rays, YP and YQ, start from Y, a point in the plane of the 
diagram on the perpendicular to the axis through O, and 
after refraction emerge as P’Y’ and Q’Y’. If the distance OY 
is small, and P and Q are equidistant from the axis, and in the 
same normal plane, P’ and Q will lie on another normal plane, 


Brel, 


and be equidistant from the axis, and Y’ will lie on the perpen- 
dicular to the axis through O’. P, P’ and Q, Q’ are pairs of 
conjugat> points, and provided the angles are sma'l the ratio 
of the angle between the two incident rays OP, YP to the angle 
between the corresponding emergent rays P’O’, P’Y’ is con- 


stant. Call this ratio s, so that Op ye O'P’Y’. Let 
ON, O'N’ te perpendiculars on to the rays PY, P’Y’. Then 
ON=OP OPYandO'N’=P'0' . OP’Y’ or 
ONDE eee 
ON PO 
Now, if the angles betw.en OP and P’O’ and the axis are 
‘ Bee re eee 
6, 0’, th> angles YON and YO’N’ are also 6 6”. Thus, 
ON=OY cos 6, O’N’=0’Y’ cos 6’, or . 
OAT aE Jescou 
OY  s.OP sec6’ 

If, instead of considering the length O’Y’ in the plane in 
which the central ray meets the axis another normal plane, 
such as that meeting the axis in J were taken, the result ob- 
tained would b»— Nae) eee aa 


OY 5.O0Psec§’ 
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Figs. 2 and 3 relate to rays in a secondary plane. In Fig. 2 
the rays from O and Y are seen superposed. Fig. 3 is a view 
in which the planes containing both central and oblique 
secondary rays appear as straight lines. The secondary con- 
jugate foci on the central rays are p, p’ andg q’. The point 


EG.-3. 


of union of the two obliqu> rays is H on the bn line rom from O° 
through Y’ (Fig. 1). The ratio of the angles OpY, O'p'H pH isa 


constant 7 so long as these goa: are small. Thus, 
HO’ pO.” Oy A _ po 
Ovee Op . Op say oO. Op 
or, ii measurements are to be made in the plane through J and 
the rays p’O’ and p’H meet this plane in 7 and k respectively, 
Heed ak 
OY Sa Oz 
Now, if his ashort length ona straight line through p normal 
to the plane Opn, and h’ is its image, and therefore a length ona 
straight line through p’ normal to the same piane, 
Luh 
ae 
But the lengths h’ and h can be determined by rotating the 
primary plane containing p through a small angle about the. 
axis, that 1s to say, 
la HAY gts 
uh. ph 
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The length O’ Y’ gives the distance from the axis at which the 
rays YP, YQ ina primary plane unite, and OH gives the dis- 
tance at which the rays Yp, Yq in a secondary plane unite. 
When coma is present but there is no spherical aberration, as 
in the plane through O’, the difference between O’ Y’ and O'H 
gives the diameter of the comatic circle. The conditions for 
freedom from coma are tae equality of O’Y’ and O’'H to one 
another and to the distance from O” of the paraxial image of 
Y. When spherical aberration is present, as when the measure- 
ments are made in the plane through J, the light from Y 
through the zone PpQq will meet the image plane in a curve 
exactly similar to tiat associated with the rays from O through 
this zone if JK and 7k are equal. The condition of freedom 
from coma throughout the lens aperture is that for every zone 
JK and jk shall be equal to the displacement for paraxial rays. 
The analysis based on the potential function B shows that the 
conditions to which this geometrical treatment leads hold 
rigorously no matter how great the inclination of the incident 
beams of light may be. 

In the application of ths results to the determination of the 
amount of coma present in a system, the ray (M’, N’) will 
usually pass near the margin of the aperture. The limiting 
stop may be a component lens or a hole in an opaque screen 
placed in the object space, the image space, or in an inter- 
mediate position between some of the component lenses. One 
o. the intersection points will usually be selected in the plane 
of the stop or an Image position corresponding approximately 
to that plane. It then only remains to find the two conjugate 
points and the corresponding primary and secondary magni- 
fications to determine the coma. The determination of these 
conjugate points and magnifications is a type of calculation 
with which optical computers are quite familiar, and so offers 
no difficulty. 

The. effective stop of many important systems is in the 
neighbourhood of the principal points. The properties usually 
ascribed to the principal planes will not hold for any but par- 
axial rays, neither in general can the planes be replaced by a 
pair of surfaces which stand to one another in the relation ot 
object and image, and have for a greater number of rays the 
- properties possessed by the principal planes for paraxial rays. 
For there will usually be astigmatism in the image of a surface 
through a principal point; in fact, the only way in which 
astigmatisr: can be removed from the image it is desired to 
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correct is to transfer it to the stop. The place of each prin- 
cipal plane must, therefore, be taken by two surfaces, one of 
which will relate to rays in a primary, and the other to rays in 
a secondary plane. The surfaces in the general case will only 
relate strictly to rays coming from a restricted axial region, 
and will alter in shape with changes in the part ot the axis 
from which the rays considered arise, just as the real image 
of an object in a lens not free from spherical aberration and 
coma will have varying focal surfaces as the stop is moved 
along the axis. The results that have been proved may then 
be stated in the form that the coma 1s determined by the shape 
of these principal surfaces, and coma is removed from a system 
by ensuring that these surfaces are suitably curved. This is 
clearly seen in the case of any thin system of lenses where the 
principal surfaces are free from spherical aberration, coma and 
astigmatism as well as from distortion; an increase in the 
curvature Of each lens surface by the same amount R causes an 
increase in the curvature of each principal surface by R (1+oa) 
in the same sense, where @ 1s the Petzvalsum. This, combined 
with the fact that the difference in the curvatures of the 
principal surfaces is @ times the power of the lens, accounts for 
the prominent part taken by the Petzval sum in the theory of 
the aberrations of thin lenses.* 

In one particular case, which is of frequent occurrence, there 
is no need to make any special calculation to determine the 
amount of coma. This is when the object is at infinity. The 
values of rand p are then equal for all rays and the secondary 
second principal surface is determined by the intersection of the 
paths of the incident and refracted rays. The constancy of the 
ength intercepted on the refracted ray between the incident 
ray produced and the image plane is the condition for freedom 
from coma in the secondary plane. If this conditi n is ful- 
filled for all rays it is easy to see from the equation for y’ that 
the corresponding condition for rays in an axial plane must 
necessarily be satisfied also. When the condition is not satisfied 
the displacement due to coma of rays 1n a secondary plane 1s 


Wye ) 
Gt 
and due to rays in a primary plane is 
,AaN10 4, 
—(1+tan 6 alee al 


* See Proc. Phys. Soc., Vol. XXVIL, p. 494. 
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where y 1s the distance from the axis at which the image due 
to paraxial rays is formed, f 1s the focal length and 0’ is the 
length intercepted in the way just described on the refracted 
ray inclined at 6’ with the axis. It is evident that when there 
is no spherical aberration and the condition 9’=—f is satisfied 
the second condition also holds. In this form the conditions 
are of value in the calculation of telescope objectives by 
trigonometrical methods. Interesting alternative forms for 
the total primary and secondary displacements are 


Ao’ sin 6’) y,’ ea (o’ sin 6’) y,’ 


iain GP Fes), SIG dt it 


where it will be noted that o’ sin 6’ is the length on the 
image plane intercepted between the incident and refracted 
rays. 

The conditions under which Conrady’s statement is correct 
may be readily found from the relations that have been proved 
in the course of this investigation. Equation (2) shows that 
any equation which involves the sine ratio, but not its differ- 
ential coefficient can only refer to secondary rays, and also that 
the sine ratio will only measure the magnification for secondary 
rays if either a=0 or p=0. In the former case the zone con- 
sidered is free from spherical aberration, and in the latter case 
the effective stop is In the object space in the surface containing 
the radial focal lines for an object at infinity in the image space. 
When the stop is so placed the primary and secondary magni- 
fications are 

pe asin 6) ang sin 9 
Ww d(sun 6’) Ww sin ¥ 


respectively, but this expression for the primary magnification 
will only apply to the case when there is freedom from spherical 
aberration and the stop is not in the focal surface described, if 
the further condition is satisfied that the value of the spherical 
aberration is stationary on passing through this zone. 

Exact formule of the class to which Conrady’s and Chalmers’ 
results belong may be found from the general equations already 
established. Such formule are not as general as those of equa- 
tions (13) and (14), since the co-ordinates of rays in the object 
space do not appear in them, and the stop must consequently 
be assumed to lie in the image space. Let the stop lie in a 
plane at a distance € from the image plane, the equation of this 
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plane being therefore z=. Denote by g, and g, the primary 
and secondary m eennerenie of the image, so that— 


g,=9-+primary magnification due to coma, 


and go=g-+secondary magnification due to coma. 
Eliminate p between equations (12) and (13). Then— 
4. bless We ng) ee 
Yu = 
or, if the longitudinal spherical aberration 1s denoted by A— 
1 bse ee 
5) sig & 
Hi sin 6 ; 
showing that the result 92-7 - holds when either A=0, 


n = 

or =o, as has already Mas ten out. Equation (17) is 
the form Chalmers’ condition takes when the assumption that 
his coefficients 2,, 7,, &c., are independent of the zone of the 
lens is eliminated.* The corresponding relation for the primary 
magnification is obtaining by writing a+ Ma’, b+ Md’ and 
r’/(1—M”) for a, b and 09’ respectively in equation (16). The 
substitution of sin 0’ for M’, A sec 6’ for a, sin 0/sin 6’ for b, 
and & sec 6’ for r’, leads at once to 


i asin Go) , aA 
HERA =; (4+sin 6’ cos 6 1’) » 2 BES} 
as the equation for the determination of g, the primary magni- 
fication. The conditions under which the primary magnifica- 
fe d(sin 6) 

U d (sin 0’) 
equation. The Foetal (17) and (18) willin a number of cases 
be more readily applied to the results obtained in tracing rays 
for the determination of spherical aberration than those given 
earlier in the Paper. They are not, however, immediately 
applicable to the case of an object at infinity, and are not so 
suggestive as are equations (13) and (14) of the means that 


tion 1s represented ae may be verified from this 


* In Chalmer’s notation the equation would be written 
OO, sia B ney eg ‘AI 
J hme sinned NK’ 
which is simply a rearrangement of the equation 
mosin B ON,K 
hore Be ea ein A‘ N,I’ 
he has reached on the middle of p. 6 before introducing approximations. 
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should be taken to remove coma in excess of the limit that can 
be tolerated. It is important in applying all the results to 
make sure that correct signs are given to all the quantities. In 
the case which most frequently arises— 


6, 9, 7, +, § are positive, and 
G02 ts, 95. Day Voce aremegative, 
The spherical aberration 4 has the sign usually adopted— 
viz., positive for under-correction, negative for over-correction. 
It may be noted that when the stop is in the image space the 
comatic displacements in the image of rays through a sym- 
metrically-placed circular zone of the stop will necessarily obey 
the circular law described on p. 293. For, if P--N’Q and 
M’N’Q are written for p and q respectively, equation (7) 
becomes 
{ ee a Sytat (M+ N’2)a'\ P+b+(M24+-N’)b'=0, 
showing that P, like all the other variables, is a function of 
(M°?4+N”), and thus constant for the zone. The new form of 
equation (6), 
(o’-+a) {(M2+N)Q—P}=6, 
shows that Q also is constant for the zone. Equations (2) may 
now be written in the form— 
(l—N”)P 


y — Y= -¥9'\ ope 0} 


aes nae rf ie 4} Inte 
2’ —Z yo (amar? MN’, 


which indicate displacements of the type considered. It is, 
therefore, unnecessary in this case to assume g=0. The 
generality of the results obtained by assuming q=0 is not, of 
course, affected since the displacements are determined by p 
for both M’=0 and N’=0. 

If this substitution for p and q is made in (4) the result is— 
P(b?-+-b’)-+-b?c-+-d-+Q{b—(M?-+ N”)b3—N’2(b?ce-+-d)} =0, 
so that the corresponding incident rays will only intersect on a 
circle, if either Q=0 or b?c+d=0. The latter alternative is 
evidently the condition for freedom from astigmatism in the 
image of the stop for pencils of rays meeting the axis near the 
origins of co-ordinates. It is interesting to notice that the 
condition for freedom from astigmatism in a zone should 
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contain the square of the sine ratio with respect to the centre of 
the stop for rays through that zone. 

Equations (13) and (14) show at once why in first order coma 
the displacement of the intersection point of rays in a primary 
plane is three times that of the point for rays in a secondary 
plane. For it may be assumed that to a first approximation 
the principal surfaces are planes normal to the axis. Let 7 be 
the common limiting value for e’/p and 7’/r when the rays 
become paraxial. Then o’/p=r’/r=j sec 0’ cos 0. 

Also c=p'/u and Oe sec 6 cos 6’, so that_for secondary 
planes, 

ss te . sec 6’ cos 6, 
Ye 


and for primary planes 


Ue = sec 30’ cos?6, 
] [ 
or, since 6 and 6’ are small, 
yy H cargo, 
y Vy’ a ( 


for secondary rays, and 


y—Y" om 8a 
ee =a (8) 
for primary rays. 

The connection which has been shown to hold between the 
coma of a real image and the curvature of the surfaces of 
constant magnification close to the stop 1s only one example 
of numerous reciprocal relations which hold for all lens sys- 
tems. Another one has been mentioned incidentally in the 
course of the proof, viz., the necessity of transterring to the stop 
the astigmatism it may be desired to remove from the image 
for which the system is to be corrected. Other examples which 
are more obvious are the relation between the ccma in the stop 
and the distortion oi the image, and the spherical aberration 
in the stop and the change of distortion as the magnification is 
varied. The particular instance which forms the subject of 
this note 1s dealt with at some length because a knowledge of 
the results here established is likely to be of use to optical com- 
puters at the present time. 
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ABSTRACT. 


The absence of coma from an optical system free from spherical 
aberration can be established by means ofthe sine condition, from the 
refraction of rays which originate at the centre of the object. In 
actual systems spherical aberration is always present to some extent, 
and the conditions which have to be secured in practical cases do not 
involve mathematical freedom from spherical aberration and coma, 
but rather their confinement within predetermined limits. Previous 
investigations on this subject have been published by Conrady and by 
Chalmers ; the present Paper shows that the conclusions of both 
require some qualification. Conrady’s conclusion, that the sine ratio 
for any zone gives the exact magnification, holds only for rays in a 
secondary plane, and one of the further conditions (a) that the zone 
is free from spherical aberration, or (b) that the stop is at the prin- 
cipal focus for rays travelling in the negative direction, must also be 
satisfied. Under these conditions the magnification for rays in a 


d 
dg’ 


where 26’ is the angle subtended by the zone at the centre of the 
image. The conditions assumed by Chalmers involve the satisfac- 
tion of a relation between various quantities, including the curvature 
and astigmatism of the system ; his results may in consequence not 
apply strictly where very large apertures are involved. Analysis 
of the general problem shows that the primary and secondary 
comatic displacements can be accurately derived from the properties 
of thin oblique pencils of rays. Ifa central incident ray inclined at 6 to 
the axis is met by an oblique ray in the same axial plane at adistance r 
from its point of origin, and is refracted at an angle 0’ with the axis 
and meets the image plane at a distance 7’ from the image of its 
intersection with the oblique ray, the primary comatic displacement 
‘of the oblique ray plus the aberrationless first order displacement is 
proportional to 7’ sec 6’/sr sec 6, where ps/y’ is the magnification 
in a primary plane for a small normal object at the point of inter- 
section of the two rays. The corresponding secondary displacement 
is p’/ap, where the Greek letters have the same meaning for secondary 
rays as the corresponding Roman letters for primary rays. These 
two quantities determine the coma exactly whatever the spherical 
aberration may ke. It follows that coma is dependent upon the 
principal surfaces of a lens. When the object is at infinity the coma 
is determined by the locus of the point of intersection of a ray, inci- 
dent parallel to the axis, with its refracted portion. 

The results established in the Paper form one of a series of reci- 
procal relations which exist between the aberrations of an object and 
those of the effective stop. 


primary plane is ( 1+tand’ ) times that for the secondary rays, 


DISCUSSION, 


Mr. 8. D. CHALMERS pointed out the exact relation which he had givenin 
the Paper quoted by Mr. Smith, and said that an assumption was necessary 
to apply this to the evaluation of coma. The assumption was that the 
two rays from an axial point and a neighbouring point to the secondary 
point on the stop would intersect in the image space substantially on the 
image of the stop. He thought this assumption was justified, though in 
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exceptional cases it might require careful examination. Apart from 
such special cases he thought it was perfectly justifiable to use the 
expansion for the coma in powers of sin A, and to deduce the values in 
the primary plane from these in the secondary plane. It would be 
necessary to determine the values for sufficient apertures in the secondary 
plane to find each of the terms in the coma expansion. 

Prof. F. J. CHESHIRE said he was pleased to see that the subject of 
optical designing was occupying an important place in the work of the 
Physical Society. The maker who used to turn out the best microscope 
objectives in Germany would sit with his microscope beside him and a 
large number of component lenses from which he would try one com- 
bination after another until a satisfactory result was reached. In this 
way some excellent objectives and a large number of mediocrities were 
obtained. Abbe set out to kill this trial and error method, and intro- 
duced at the Zeiss works the system of determining mathematically the 
complete structural data beforehand. In this country a trial and error 
method was still largely employed. An approximate design was com- 
puted and a trial instrument was made. This turned out badly, and the 
designer had another try, and so on. First-class results were impossible 
on these lines. It was true that we had two or three first-class designers 
in the country whose designs could safely be made up without trial ; 
and this must ultimately be aimed at by every optician if we are to take 
a prominent position in optical work. 

Mr. BLAKESLEY said that an idea was involved in Mr. Cheshire’s 
remarks which he had long held—viz., that a lens should only be used to 
form an image in the one particular position for which it is designed. 

Mr. T. SmirH, in reply to Mr. Chalmers, said that the exact relation 
mentioned led at once to an expression equivalent to the alternative 
formula (17). If expressed in this form the equation was exact. The 
transformation given in Chalmers’ Paper, which involved the neglect of a 
term, was apparently made to enable the primary coma to be found on the 
supposition that expansion in terms of sin A would separate out the coma 
of different ratios. Such a method could be applied provided the 
spherical aberration were also analysed into terms of different orders in 
sin A, but not otherwise. The process would then be a comparatively 
laborious method of reaching the result given immediately by either of 
the formule for the primary comatic displacement contained in the 
present Paper. The formula given by Chalmers was correct in the 
absence of spherical aberration ; if the spherical aberration of the first 
n orders were negligible, no serious errors in the estimation of the first 
(x+1) orders of coma from his formula would arise, but appreciable 
spherical aberration of the nth order would throw out the estimate of 
coma of the (n+ 1)th and subsequent orders. 
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§ 1. Introductory. 


THE purpose of this Paper is to discuss the origin of the 
well-known difficulties involved in making satisfactory 
measurements of the position of coloured lines or bands in the 
blue and violet regions of the spectrum. As an ab initio dis- 
cussion of the phenomena, as they are met with in practical 
cases, would be complicated by the properties of the part- 
ticular optical instruments in question, it will be desirable to 
discuss first of all some simple results, which, though of no 
practical importance in themselves, are nevertheless interest- 
ing, and involve nothing but the essential elements of the 
problem. 

That the human eye is only very imperfectly corrected for 
chromatic aberration is well known; but the important part 
which this defect plays in many phenomena of vision is not so 
generally understood or suspected. In the following para- 
graphs some cases of parallax arising from this cause will be - 
discussed, and their serious effect in diminishing the ease and 
accuracy of certain optical determinations will be demon- 
strated. 

The chromatic properties of the eye are generally very 
similar to what they would be if its contents were replaced by 
water.* Usually the actual curves connecting focal length and 
wave-length are slightly flatter, from 2=520 uu to 1=660un ; 
but in some cases they are difficult to distinguish from the water 


* P. G. Nutting, Proc. Royal Sosiety, XC., p. 440. 
2B2 
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curves. Fora general treatment of the subject it will be fairly 
accurate to regard the eye as a single spherical surface with the 
refractive and dispersive properties of water. Thus, while the 
focus for red rays is slightly longer than for the yellow-green, 
the shortening in the blue and violet is very marked. In 
ordinary vision in white light the effect of this is not noticed, 
as the purple halo surrounding the image of each point is 
swamped by the light from adjacent points. It is when the 
eye is functioning under abnormal conditions of aperture, 
illumination, &c., as is usually the case in making optical 
measurements, that the phenomena to be described become 
noticeable. 
§ 2. Internal Chromatic Parallax. 


In Fig. 1 (a) let O be an object point simultaneously emitting 
(or reflecting) two monochromatic radiations—e.g., one blue 
and one red—and let the optical system of the eye be repre- 
sented by a single refracting surface of which B and R# are the 
points conjugate to O for the two radiations.* In the dia- 
grams the line of sight is made to coincide with the optic axis 
of the system, since the obliquity of 5 to 7 deg. which actuallv 
exists does not materially affect the phenomena + 

In general, the retina will lie somewhere between the blue and 

.red images, B and R&, its actual position depending on the re- 
moteness of O and the amount of accommodation which is 
being brought into play. When the object is seen most dis- 
tinctly, the position of the retina will be as shown in the dia- 
gram, where the blue and red diffusion patches are of equal 
size. So long as the pupil is filled with light there wi'l be no 
relative displacement of the diffusion patches, however the eye 
may be moved ; for any motion of the eye can be represented 
by a simple rotation of Fig. 1 (a) about the point O, to which 
vision is direc ed. 

In Figs. | , (b) and (c c), the effect of limiting the cone of light 
by a ‘pinhole ” of 1mm. to 2mm. diameter, opposite either 
extremity of the pupil, is shown : the rays converge to B and 
R as before; but the restricted pencils strike the retina in 
separate narrow patches at b and r. Thus, two separate 
“images,” one red and one blue, are seen. Moreover, since 
the diffusion patches at 7 and 6 are of small diameter, the 

* Of course, O is supposed to be at a distance from the surface large com- 
paired withthe distances of Band R, which are, therefore, nearly coincident 


with the foci for these colours. 
t+ See, however, reply to discussion. 
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definition of each image is good. From the diagrams it is 
clear that the direction of the relative displacement is always 
such that the red image is on the same side of the axis a3 the 
pinhole. The mind interprets this as a separation of the 
object into two, the red one being always cisplaced in the 
opposite direction to the pinhole. Thus, if the pinhole be 
moved to and fro in front of the eye, parallax is observed 
between the red and blue “ objects,” which will only coincide 
when the pinhole is concentric with the line of sight. 

Figs. 1, (d) and (e), show the effect of moving the eye | ehind 
a stationary pinhole. It is clear that these correspond exactly 
with the preceding two diagrams, except for a rotation of the 
whole diagrams about the object point. For the same relative 
motion of eye and pinhole, the same parallactic displacements 
will be observed whether it is the eye or the stop that is moved. 

Hence, if an object seen in light of two colours, or two 
coincident objects of different colours, be viewed through a 
small stop of diameter considerably less than the pupil of the 
eye, parallax will be observed on moving either the eye or the 
stop. This type of parallax, since it depends entirely on the 
different paths pursued by the differently coloured beams 
within the eye, may be termed internal chromatic parallax. 
It may be exhibited in a variety of ways, of which the follow- 
ing are some of the more striking. If the filament of an ordi- 
nary electric lamp be viewed through a pinhole of about 1 mm. 
diameter, and two thicknesses of ordinary cobalt glass, a red 
and blue image of the filament will be seen.* These can be 
separated to a surprising extent by moving either the pinhole 
or the eye. To get the best results the experiment must not 
be performed ina room that 1s too bright; as in that case the 
pupil is small, and only small displacements of the stop to 
either side of the axis are possible. Also it is desirable to use 
two thicknesses of glass instead of one. With only one there 
is too much light from the intermediate regions of the spec- 
trum, which detracts from the clearness of the red and blue 
images. Further, on account of the fact that the visibility of 
light diminishes, while the transmission of the cobalt glass 
increases, with diminishing wave-length, the “ predominant 
wave-length ” of the blue image is further in the violet with the 
double than with the single glass and the parallax is very much 
augmented. A single thickness of Wratten gelatine filter 


* Cobalt glass has a transmission maximum in the red as well as in the blue 
and violet. 
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No. 35 does as well as the double cobalt glass; while this 
filter, in addition to one cobalt glass, is still more satisfactory. 

Similarly, if the capillary of a hydrogen vacuum tube which 
gives a good G’ line, or a slit illuminated by a mercury lamp, be 
looked at through a pinhole, parallax effects are observed 
between the blue lines and the other strong lines of the spectra. 
In fact, the eye working under these conditions acts as a 
spectroscope of which the angular dispersion depends on how 
far from the axis the small incident pencil passes. 

Another illustrative experiment is to illuminate a slit with 
deep blue light (a monochromatic illuminator is very suitable) 
and examine it through a pinhole. On moving the latter, 
or the eye, the luminous strip leaves the slit (which is itseli 
seen in the general illumination of the room) and oscillates to 
either side of it in a most striking manner. During these 
excursions the vacated slit appears to be quite black, as 
though no light were transmitted by it at all.* 


§ 3. Haternal Chromatic Parallax. 


In the cases considered in the preceding paragraph, the two 
differently coloured incident pencils originated at the same 
object or at objects equidistant from the eye. We shall now 
consider the case in which the objects are so arranged that both 
images are formed at the same distance within the eye, and 
may, In consequence, be simultaneously focussed on the retina, 
as in Fig. 2 (a). HH both objects are in the line of sight the 
images 7 and 6 will coincide. Since rays from all parts of the 
pupil converge, for each object, to the same point on the re- 
tina, no parallax can be produced by limiting the vision by an 
eccentzic stop, as shown in Fig. 2 (b). In this case, therefore, 
moving the pinhole across the eye causes no apparent displace- 
ment of the objects. 

* In a recent Paper on “Visual Diffusivity ” Phil. Mag., 33, pp. 18, 
January, 1917), H. E. Ives makes a casual reference to the danger of per- 
forming the experiments described in his Paper with a fixed stop in front 
of the eye on account of the apparent movements due to the chromatic 
aberration of the latter. In Prof. Gotch’s “ Purple-glass Test ’’? (Burch’s 
Physiological Optics, p. 48) the relative movements of the red and blue 
images of an electric filament, when observed through a pin hole and purple 
glass as described above, are employed to find the position of best focus 
for white light of an eye which has lost the power of accommodation. These 
are the only two cases of which the author is aware in which the effects of a 
relative motion of the eye and a small stop have been indicated, although 
the similar phenomena observed on eclipsing a portion of the pupil with the 
edge of a card or knife are described in many text books. The author is 
indebted to Mr. 8. D. Chalmers for sending him the reference to Gotch’s 
test after the reading of the Paper. 
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In Fig. 2 (c) the efiect of a small displacement of the eye 
(with full pupil) is depicted The two images are still formed 
on the retina, but each must also lie on the line joining the 
corresponding object to the nodal point of theeye. A parallax, 


(Q) 


Fria. 2. 


r b, is therefore the result. Here, again, since all the red rays 
intersect the retina at r, and all the blue rays at b, the inter- 
position of a stop, as shown in Fig. 2 (d), will not affect the 
parallax; which, in this case, depends wholly on the angle 
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subtended by the objects at the nodal point, and not on what 
part of the pupil is being employed. 

This type of parallax, observed between two objects at 
different distances from the eye, but of which the images are 
both focussed on the retina at the same time, may be termed 
external chromatic parallax to distinguish it from the type 
previously discussed. 


§ 4. Distinction between Chromatic and Positional Parallaa. 


At first sight it may not be obvious that the parallax de- 
scribed in § 3, and termed external chromatic parallax, has 
anything to do with the colour properties of the eye, since it 
depends only on the angle subtended by the objects at the 
nodal point. The essential feature of this parallax is, however, 
that it is unaffected by the interposition of a small stop, and is, 
therefore, observed even when such a stop is situated on the 
line joining the objects, as shown in Fig. 2 (d). Further, it is 
not observed on moving the stop in front of a stationary eye. 
In the case of the parallax ordinarily observed between two 
non-coincident objects seen in light of the same wave-length 
(or same predominant wave-length), the effect of a stop 1s ex- 
actly the reverse of this. It is clear that if we have a small 
fixed stop placed in line with two similarly illuminated objects, 
no parallax can be observed on moving the eye behind it : 
because, since the incident narrow pencils are concentric, the 
retracted pencils, being equally refracted, must also be con- 
centric, and will, therefore, intersect the retina in concentric 
diffusion patches, however far apart the objects may be. This 
case is represented in Fig. 3 (a) Fig. 3 (b) shows the effect of 
an eccentric stop on the apparent position of two objects 
situated in the line of sight and which would appear coinci- 
dent if seen with the full pupil. There is an apparent dis- 
placement, due to the separation of the points 7, and 7, in 
which the refracted pencils, converging to the true images 
I, and J,, meet the retina. The displacement depends on the 
distance of the stop from the axis, and so parallax is observed 
on moving the stop across the eye, even if the latter is sta- 
tionary. Thus, in the ordinary case, parallax is due to a 
change in the relative direction of the mean rays of the incident 
pencil which reach the eye. In normal vision this 1s the effect 
of moving the eye; but if the fulfilment of this condition is 
prevented, as by the interposition of the fixed pinhole, moving 
the eye will not produce parallax ; or, if the condition is ful- 
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filled without moving the eye, as by moving the pinhole, 
parallax will occur. 

There is thus complete dissimilarity in the essential features 
of external chromatic parallax and that due simply to the 
difference in distance of two similarly illuminated objects from 
the eye. 

The fundamental properties of the three types of parallax 
which may be encountered in suitable circumstances may be 
summarised as follows :— 


Positional Parallax.—Object planes separate: image planes 
also separate : objects similarly illuminated: parallax pro- 
duced if eye is moved with full pupil operative : or if a small 
stop 1s moved in front of stationary eye : not produced if eye is 
moved behind a fixed stop. 


Fig. 3. 


Iyternal Chromatic Parallax—One object plane: two 
image planes: objects seen in light of different wave-lengths : 
parallax produced by any relative motion between the eye 
anda small stop. It cannot be observed with a full pupil. 


Eaternal Chromatic Parallax.—Two object planes: one 
image plane: objects seen in light of different wave-lengths : 
parallax produced on moving eye either with or without a stop 
in front of it : not produced on moving the stop in front of the 
stationary eye. 


ee — hee 
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$5. Constancy of Total Chromatic Parallax with 
Fixed Stop. 


If neither the object planes nor image planes are coincident 
in the case of two differently coloured objects, the parallax 
observed on moving the eye behind a fixed stop will be neither 
internal or external in character, but will be compounded otf 
both. As this is the most general case, it may be worth while 
investigating it quantitatively. The approximations which 
are made in the following treatment are self-evident :— 

Let R and B, Fig. 4, be two objects (red and blue respec- 
tively) situated near the line of sight. Let R’ and B’ be the 
points in which the axis is intersected by RD and BD, the 
prince pal rays of the thin pencils which enter the eye through 
the small stop at D. The principal rays of the refracted 
pencils must cross the axis at R” and B’, the points conjugate 
to R’ and B’. The points r and b, where these rays meet the 
retina, are the centres oi the observed images ; and the angle 
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which 7b subtends at the posterior nodal point NV, is the appa- 
_rent angular separation of the objects. 

In the figure, the blue object is nearer the eye than the 
red one ; but is still so remote that the blue image is anterior 
to the red image. This is, therefore, a case intermediate 
between internal and external chromatic parallax. The 
analysis holds, however, for any order of objects and images. 

P,, P,, N, and N, are the principal and nodal points of the 
Systolin sm UenOtcal plu a Dye Uy aiela amv Olgas Erol sD Yo Vous: 
and P,B’ by V,. Let wu, and m, be the r.fractive indices of the 
final medium for the two wave-lengths, and wu its index for 
the mean rays of the spectrum (say sodium light), and let /,, 
f/, and / be the corresponding values of the first principal focal 
length. 
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iaies.2 1 : 
Then, from the general formula —- Liev we obtain 
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where 6 is the angle subtended by the objects at the centre of 
the small stop. 
The apparent angular separation of the objects is, therefore, 


made up of two parts. One of these,  6,is constant for any 
b 

one arrangement of the objects, and is simply the angle which 

they subtend at the stop, since the fraction mee 


b 
approximately, and may be taken as unity. The other part, 
depending on the sign and magnitude of h, is the parallax 
obtained by moving the eye behind the stop, a distance h off 
the axis. It would clearly vanish, for all values of h, if the 
system were achromatic, or if both wave-lengths were the 
same ; and is, therefore, wholly chromatic in origin ;_ bearing 
out the result arrived at in § 4 that a fixed stop prevents the 
observation of purely positional parallax, so long as all the 
light passing through the stop enters the pupil. 
Since eee op and Le ee 
is hs lo pea Leaf 
the expression for the parallax may be written 
plea: oe Hi) 7 (2) 
\(u—1)f Mo Ly Le Mor 
which reduces to 
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To obtain an approximate numerical estimate of this quan- 
tity we may assume the refractive properties of the living eye 
to be those of distilled water about 40°C. 

These are 

Mc=1-32878 3 up=1-33061; wp=1-838473; wg =1-33793. 

If we take C and @ as the red and blue wave-lengths re- 
spectively, we get for the parallax*— 

0-00915 )( 1 Je) 
1-3288 13379) 0-3306 (17 U,, 


—=h< 0-00685 ( 0-1784+7,-). 


a=hx 133 ( 


The coefficient of h is constant except for the effect of varia- 
tions of U,. If this varies from o to 250 mm.—the near 
point for normal eyes—the factor in brackets only ranges 
from 0-178 to 0-182, a variation of a little over 2 per cent. 
Thus, to within a small percentage, the parallax between two 
differently coloured objects, seen through a small fixed stop, is 
independent of the position of the objects. 

Its value may be taken as— 
t=hx 0-00685 x 0-178 =h x 0-00122 radians=hx 4-2 minutes. 

With a total motion of the pupil of 5mm. to 6mm., a 
parallactic range of 20 to 25 minutes should be encountered. 
The full range which the author has observed in various optical 
instruments lies between 15 and 27 minutes, when corrected for 
magnification ; depending on the size of the pupil at the time. 
This indicates how closely the assumptions made as to refrac- 
tive properties fit the actual case. 


$6. Case of Crosslines in a Dichromatic Field. 


The results of the preceding paragraphs concerning coloured 
objects are clearly applicable to the case of dark objects seen 
against coloured backgrounds. An important case of this 
type is that of the crosslines of optical instruments. 

To study the properties of crosslines under various conditions 
oi illumination the arrangement of Fig. 5 is very convenient. 
A transparent grating, G, 1s mounted between two lenses 


* The mean focal length of the eye is here assumed to be 17 mm., the 
figure given in "Pscherning’s Optique Physiologique. In the schematic 
eye the focal lengthis 15-5 mm. ; while in the ‘“‘ reduced ”’ eye of Donders it is 
only 15mm. Hither value would give a greater figure for the chromatic 
parallax than the one adopted. 
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L, and L, to act as collimator and telescope objectives re- 
spectively. Two gas-filled half-watt tungsten lamps, with 
short straight lengths of spiral filament, are mounted on stands 
so that the first order spectra, on opposite sides of the normal, 
due to the two sources, are focussed at P, the observing pin- 
hole An eye placed behind P sees the back of the lens 
uniformly illuminated by a mixture o the two wave-lengths 
which are focused at P. By adjusting S, and S, any two 
wave-lengths can be combined. A rheostat in each lamp 
circuit cnables the relative intensity to be varied. 

The crosslines W of thin copper wire are mounted on a 
diaphragm, and placed in front of the lens L..* 

If we commence with a monochromatic blue field, and add a 
gradually increasing proportion of light of some longer wave- 
length, say green or red, we find when the proportion of this 
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colour reaches a certain value that two sets of wires are visible, 
which exhibit parallax on moving the eye behind the stop. As 
the second colour increases in intensity the two sets become 
equally well marked. Finally, when the longer wave-length 
predominates strongly, only the second mage can be seen, the 
original one being blotted out. If the added illumination is 
white light, obtained by placing one of the lamps, so that its 
direct image is formed at P, the result is similar to that de- 
scribed ; since white light, for focal purposes, and consequently 
for parallax effects, is equivalent to a monochromatic illu- 
mination of wave-length somewhere in the yellow green, 
depending on the nature of the source. In general, these 
effects will be produced if the blue field is diluted with any 
light, monochromatic or mixed, of different predominant 
wave-length. - 

By interposing vertical screens, shown dotted at # and ZL’, 


* The crosslines should be of the diagonal type; not vertical and horizontal. 
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each colour may be confined to half of the field ; and the 
behaviour of cross lines, set on the edge of a coloured band, 
when the rest of the field is Uluminated with light of different 
wave-length, may be observed. ‘This consists of a breach of 
continuity of the lines at the junction of the colours, the parts 
of the cross on each side of the boundary separating or over- 
lapping as the edge is moved. The relative motion of the 
fields themselves as well as the cross wires is very striking in the 
experiments with this apparatus. Further, when working 
with blue or violet fields, a third image of the aperture is seen 
due to the large proportion of undiffracted white light which is 
scattered by the rulings of the grating. This in nowise affects 
the relative movements of the coloured images, which behave 
quite independently. If both of the spectrum colours are 
blue, the scattered white light can be cut out by a cobalt glass 
filter if desired. With the arrangement employing the screens 
E and E’, the difference in wave-length required at any part of 
the spectrum, before appreciable parallax effects are intro- 
duced, was determined. One half of the field was illuminated 
with light of a certain wave-length, and, by moving the appro- 
priate lamp, the wave-length of the other half was adjusted 
until no discontinuity of the cross-lines could be produced by 
moving the eye. The results showed that at A=410uu the 
difference of wave-length, in the direction of increasing A, at 
which parallax could just be detected was only 5uw ; at ,=480 
this had increased to l0uu; at A=450, to Louw; at A=500, 
to 20uu. Itis difficult to detect parallax between two colours 
of wave-lengths greater than 560uu until one of them reaches 
the extreme red. The above results apply, of course, only to 
the author’s eyes, but they are probably typical of most normal 
cases. 


§ 7. Parallax in Optical Instruments. 


A large proportion of the work in practical optics involves 
the determination with the highest possible precision of the 
position of spectrum lines, or the edges of coloured bands, in 
the field of view of a telescope. In properly designed instru- 
ments, in order to make full use of the available resolving power, 
the magnification of the telescope employed is usually trom 20 
to 25 linear, for each inch of effective aperture of the dispersive 
system. A realimage of the face of the last prism, or whatever 
limits the effective aperture of the beam entering the object 
glass, is formed by the remainder of the optical system, and can 
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be seen just in front of the eyepiece, if the eye is held about 
Qin. away. All the light passing through the system must 
pass within the limits of this image, which is termed the “ exit 
pupil” of the instrument; and which acts as a fixed stop 
through which vision of the field of view takes place. For the 
whole of the field to be seen, the pupil of the eye must be coin- 
cident with, or at least somewhere near, the exit pupil of the 
telescope. The diameter of the exit pupil in any direction is 
equal to the diameter of the effective aperture in the same 
direction divided by the magnification of the telescope. Its 
horizontal diameter is never, therefore, much more than | mm. 
in instruments of precision It follows from this that ordinary 
parallax, due to want of simultaneous focus of the cross lines 
and objects in the field of view, can never be observed in such 
instruments. The following experiment illustrates this: set 
the cross lines of a spectroscope, such as a Hilger constant 
deviation instrument, on a bright yellow or green line, using a 
fairly wide slit, so that there is light enough from the line 
itself to see the cross lines by. It will then be found, however 
far out of focus the line may be, that there is no parallax ob- 
served on moving the eye, except for spasmodic jerks at the 
very extreme range of the motion, due to the fact that at these 
points the edge of the iris is eclipsing part of the exit pupil, and 
thereby altering the relative direction of the principal rays 
of the effective pencils ; which, we have seen, is the essential 
condition for positional parallax : but so long as the position 
of the eye permits all the light transmitted by the exit pupil to 
enter it, there is no parallax. 

If, however, the cross wires are illuminated with light of 
different refrangibility from the line or band under observation, 
chromatic parallax effects will be observed ; and these, as shown 
in § 5, cannot be eliminated by varying the focus either of 
cross wires or spectrum lines. Unfortunately, this is almost 
always the case, from a variety of causes, when measurements 
are being made in the blue and violet part of the spectrum. 
in the case of instruments such as the ordinary spectrometer, 
when spectrum lines are reduced to the fineness essential for 
accurate work, the cross hairs are usually quite invisible ; and 
it is necessary, before settings can be made, to supply some 
general illumination in the field of view. This, as far as the 
author’s experience goes, is almost invariably accomplished by 
arranging a table lamp so that it throws sufficient light into the 
telescope to render the cross hairs distinctly visible ; the result 
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being that large parallax efiects are produced with blue and 
violet lines. In some cases where there are many intense 
lines in the most luminous part of the spectrum, there may be 
sufficient illumination, due to the light scattered at the surface 
and within the material of the lenses and prisms, and also to 
light of other colours reflected from the sides of the tubes, to 
make the cross wires visible in the blue and violet regions, 
without the addition of extraneous light. The result, however, 
is the same, since the scattered light is undispersed and of 
quite different predominant wave-length from the lines under 
examination. 

_The serious hindrance which this puts in the way of accurate 
observations on lines of short wave-length is one with which 
most optical experimenters are familiar. The obvious result 
is that much greater variation of individual readings is en- 
countered than when working in the yellow or green; and 
correspondingly longer series of observations must be made. 
There is, however, a more serious source of uncertainty, which 
patience in taking a multiplicity of readings will not eliminate. 
An observer, when using only a limited portion of his pupil, 
has a tendency to place his eye in one position more than 
in others ; the favoured position being that in which the small 
pencil of light encounters fewest optical imperfections in its way 
to the retina, and produces, in consequence, the best image. 
The factors which determine the path of best definition will ke 
the existence of any of the imperfections grouped under ir- 
regular astigmatism ; and also the temporary arrangement of 
“muscee volatantes,’’ striz in the humours, &c. Such differences 
will be slight, and individual placings of the eye will vary con- 
siderably ; but the mean to which the observer’s settings will 
always approximate, if sufficient readings be taken, will be 
that corresponding to the favoured position of the eye. In 
general, this favoured setting will not be that in which the 
principal rays pass through the nodal points of the eye, and 
there will, therefore, be a difference in the ultimate result 
which the observer obtains under these conditions from that 
which he would obtain were chromatic parallax absent. More- 
over, this error varies from time to time, probably on account 
of variation in the distribution of the temporary irregularities 
mentioned above, and possibly others. It is therefore 
impossible to determine a reliable correction to be applied to 
readings made by a particular observer under specified condi- 
tions. 
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Before proceeding to deal with the simple methods which can 
be employed to obviate all difficulties due to chromatic paral- 
lax, reference may be made to the erroneous method which 
students of practical physics sometimes attempt to employ for 
the focussing of telescopes—viz., to adjust until there is no 
parallax between the line, or other object in the field, and the 
cross wires. With very low-power telescopes, such as are 
sometimes found on instruments intended for the use of stu- 
dents, the process may meet with a limited amount of success ; 
but the method is essentially wrong, and cannot be applied at 
all with telescopes of which the magnification bears the most 
suitable ratio to the aperture. In such cases the only criterion 
of exact focal adjustment is simultaneous sharpness of defini- 
tion of object and crosshairs, and a critical judgment of defini- 
tion is one of the most generally useful faculties that a student 
of optics can acquire. 


§ 8. Methods of Avoiding Chromatic Parallaz. 


The essence of such methods clearly lies in supplying illu- 
mination for the cross wires of the same wave-length as the 
line on which they are to be set; and in excluding from the 
field all stray light of other wave-lengths if it 1s present to an 
appreciable amount. The most suitable method of fulfilling 
these conditions depends on the circumstances. If the wave- 
length concerned is not very far in the blue it will sometimes 
be sufficient to throw some white light from a table lamp into 
the field and employ a filter of cobalt glass in front of the eye- 
piece. This may bring the predominant wave-length of the 
field illumination sufficiently near to that of the line to destroy 
most of the chromatic parallax between it and the cross wires. 
At the red end of the spectrum a piece of red glass or, prefer- 
ably, a Wratten gelatine filter, No. 25, mounted between glass, 
is all that is ever required, since the effects at this end are very 
much less marked than with short wave-lengths. For most 
of the blue and violet, however, the small difference in 
wave-length necessary to produce parallax, renders the cobalt 
glass practically useless. A method of general applicability 
for illuminating the cross hairs in instruments of the spectro- 
meter type, is to arrange an auxiliary source of white light, so 
as to produce a continuous spectrum as a background to the 
line spectrum. By this means the cross wires are always 
illuminated by light of the same wave-length as the line on 
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which they are set, and no parallax effects are present. The 
observations are then as satisfactory, other things being 
equal, as those made at other parts of the spectrum. A sult- 
able arrangement is shown in Fig. 6. The line source S, 1s 
focussed on the slit by the lens Z, in the usual way. The 
white light source S, 1s focussed on the slit via the 45 deg. 
reflector R, consisting ofa piece of unsilvered microscope 
cover glass. A very intense source at S, is necessary in order, 
when using a fine slit, to get a sufficiently bright background as. 
far in the violet as is sometimes required. If the lines are 
bright enough to stand some cutting down, the continuous 
spectrum can be greatly intensified by semi-silvering the 
reflector ; but it is better in this case to use for R a piece of 
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thin mirror glass, from which the silver has been scraped off, 
in parallel strips of 1mm. to 2mm. broad. If the width of 
the silvered and unsilvered strips are equal, the reflected and 
transmitted intensities are nearly equal. Reflectors can be 
made giving any desired proportion to the intensities. With 
this type of reflector a satisfactory background can be obtained, 
well beyond the H and Hg lines at 434 and 436 wu, from a 
“ Pointolite”’ tungsten lamp. To get much beyond this—to 
include, for instance, Hg 404—or, in cases where the lines are 
so faint that only the plain glass reflector can be employed, 
it 1s essential to use a strong carbon arc. If a strip reflector 
is used, it must be further from the slit than shown in the 
diagram, so that the strips are not visible in the field of view. 
The source S, must be shaded by a sheet iron or asbestos 
cover, which only lets light out in the required direction ; 
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otherwise, the general blaze which it creates is very annoy- 
ing. It is further desirable to insert.a cobalt glass screen 
at C in order to cut out the most luminous constituents 
of the light scattered within the instrument. The ilumina- 
tion of the field due to scattered light is, of course, much 
the same at whatever wave-leneth the instrument is set, 
but it is quite swamped in the luminous parts oi the spec- 
trum by the relative brilliance of the spectrum colours. In 
the blue and viotet, however, the luminosity of the spectrum 
colour is so low that the scattered light is relat vely intense ; 
and, in most instruments, illuminates the cross lines quite dis- 
tinctly, even beyond the limits of the visible spectrum. If 
this stray white light is not absorbed by the fiiter C, the effec- 
tiveness of the spectrum illuminatioa is impaired in the blue, 
and nullified entirely in the viotet. A modification of the 
above arrangement is to employ a separate collimator for the 
white light spectrum, placing it so that the parallel beam 
emerging from it can be directed into the prism system by the 
glass reflector. This has the advantage that a wide slit can ke 
employed for the continuous spectrum, and the necessary 
tensity obtained with a very much less powerful source of 
hight. Owing to the adjustments required, it is a troublesome 
method, except for a permanentiy set up apparatus. It has 
the further disadvantage that tie reflector must be optically 
flat on both sides, or the definition of the line spectrum, the 
light of which traverses it between the collimator and prism 
system, is spoilt. 

While the above methods a:e probably the most satisfac- 
tory that can be employed where circumstances make it essen- 
tial to employ fine lines, there is, nevertheless, a very much 
superior method of using a spectrometer, which is applicable 

o almost all purposes for which such instruments are now 
used. This consists in replacing the stereotyped fine slit by a 
wide slit, ‘5 mm. to 1 mm. in width, with a central spider line 
mounted parallel to the jaws. Each spectrum line is repre- 
sented in-the field of the instrument by a broad coloured band 
with a fine black line down the middie. The cross lines are 
set on this line. This method has many advantages over the 
use of fin» bright lines even under the most ideal conditions. 
In the first place it entirely prevents the occurrence of chro- 
matic parallax without the necessity of employing auxiliary 
illumination for the cross lines; since the latter are seen 
sharply dened on the bright band of spectrum co'our. Further, 
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the comfort experienced in setting black cross hairs* on a black 
line under these conditions of illumination, is of the very 
greatest importance in maintaining the observer’s efficiency 
during prolonged series of observations. Everyone is aware of 
how, in setting on bright lines even under the best conditions 
as to illumination of cross lines, there is always a feeling of 
uncertainty when the setting is actually accomplished. Just 
before hand, when the cross hairs and line are distinctly sepa- 
rate, oth appear ideally sharp, and the observer feels that 
superposition can be effected with the greatest accuracy ; 
but when the superposition has actually taken place, diffrac- 
tion effects make themselves evident in a wavering and loss 
of definition at the point of intersection, which produces an 
annoying lack of confidence in the accuracy of the setting, and 
is, in addition, very trying to the eyes. With the arrangement 
described there is no such effects at the moment of contact: 
everything appears as distinct and clear asif it were a diagram 
drawn on paper. Further, the tiresome fluctuations of accom- 
modation, to which the eye is subject when using faintly illu- 
minated cross lines, are practically absent. 

The method has also the advantage that the full br ghtness 
of any line is utilised. With a slit cut down so as to give a 
fine line spectrum the intrinsic brightness of the lines is very 
much reduced. Since it is essential to keep the illumination 
of the cross wires faint enough in comparison with the line to 
preserve a satisfactory contrast, it 1s clear that with lines of 
low visibility the wide slit method gives a much more satis- 
factory working illumination, since, in that case, the full 
brightness of the line is utilised in lighting the cross wires, 
instead of something which must be considerably less bright 
than the line, even with the latter at reduced intensity. 

This method can be employed with advantage for all such 
purposes as the measurement of refractive index and disper- 
sion on the spectrometer. The full separating power of the 
instrument is obtained, since the spider line is of negligible 
width. With sodium light, for instance, the broad yellow band 
of superposed D, and D, is traversed by the black lines due 
to the two viii gerne each as clearly defined as if the other 

* The author refers throughout to cross lines mounted diagonally. Un- 
fortunately, there are still many instruments made in which the cross lines 
are vertical and horizontal. It is impossible to make accurate settings with 
such lines unless a slit of appreciable width be used and its image bisected 


by the vertical cross line. See, however, reply to discussion in ‘connection 
with a setting of this type. 
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component were not there. Except with spectra of great com- 
plexity, such as that of the iron arc, the superposition of the 
bands of neighbouring lines does not give any trouble. 

The same type of setting 1s suitable for use in the measure- 
ments of the angles of prisms; and here, as in the case of 
refracted lines, it gives a marked gain in comfort and accuracy 
compared with the stock method >f using the image of a fine 
slit. 

The spider line may conveniently be mounted perma- 
nently between thin glass plates, or the fine cross lines ruled 
on glass which replace spider lines in some instruments may 
be used. The author has sometimes employed for this 
purpose the finely divided micrometer scale—l cm. divided 
to millimetres and tenths of millimetres—from a Zeiss micro- 
scope eyepiece. The scale is attached across the slit with 
the rulings parallel to the jaws. Each spectrum band is 
now crossed by an image of part of the scale, and a suitable 
graduation is chosen.on which to make settings. On account 
of the extreme fineness of the rulings this proves very satis- 
factory. 

Spider lines, while giving excellent results with instruments 
in which the definition is very good, must be replaced by some- 
thing coarser when the lenses or prisms are not of the best 
quality, and in low-precision instruments generally. The 
author has found that two or three quartz fibres, of thickness 
varying from 5 to 20 thousandths of a millimetre, are suitable 
for most purposes. Even for the finest work there does not 
appear to be any great advantage in using a line finer than 
7 or 8; this, in fact, being a very convenient thickness to 
employ in work demanding the greatest precision. The plates 
between which the fibre is mounted should be separated by 
at least a millimetre to avoid interference effects, and the one 
next the slit should either be of optical glass or of thin micro- 
scope cover glass ; otherwise the sharpest definition of the line 
will not be obtained. Two transverse fibres—or lines ruled 
on the nearest glass—should also be supplied. They should 
be about 0-5 to | mm. apart, and serve to indicate the middle 
of the slit. Adjustments should be made so that the cross. 
lines in the eyepiece bisect the vertical interval between these 
transverse lines. 

An instrument of great practical importance in which chro- 
matic parallax is often extremely troublesome is the Pulfrich 
refractometer, which is at present employed in the commercial 
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testing of optical glass. In the field of view of this instru- 
ment each spectrum colour gives rise to a more or less broad 
band, on one edge of which the cross lines have to be set. 
There is usually a very large proportion of stray light in the 
field, due to scattering of the incident beam by the matt sur- 
face surrounding the polished circle on which the specimen is 
placed. This illuminated surface can usually be seen sending 
light straight into the telescope if the eyepiece is removed. 
The defect is worst at the larger angles, owing to the diminu- 
tion of the effective aperture of the polished surface with in- 
creasing obliquity. Some of this scattered light can be cut 
out by a judicious use of the revolving cap; but it is usually 
impossible, except within a limited range of angle, to avoid 
the presence of sufficient, from this cause alone, to produce 
serious parallax troubles with blue and violet lines. 

With the hydrogen spectrum, as usually obtained from 
commercial tubes, the G’ line is so faint that it is rarely pos- 
sible to see more than one image of the cross lines, which 
moves about with respect to the edge of the band as the eye is 
moved. With a brighter band, obtained from a heavily run 
tube under proper conditions of pressure,* the various effects 
described in § 6 are usually obtained. 

Unfortunately the nature of the optical system of the Pul- 
frich refractometer precludes the possibility of using the im- 
proved type of setting, which has been described for instru- 
ments of the spectrometer type. The best that can be done in 
this case is to interpose a piece of cobalt glass in front of the 
specimen to cut out the most luminous constituents of the 
stray light. It is not usually necessary to supply continuous 
spectrum illumination when using hydrogen, as the over- 
lapping bands of the secondary spectrum supply sufficient 
continuous background to render the cross lines visible. The 
reduction in intensity of the G’ band itself, due to the absorp- 
tion of the cobalt glass, makes it essential to use very heavy 
discharges ; but when this is done settings practically free 
from the disturbing effects of parallax, and usually as accurate 
as those on any other line, can be made. If it is necessary, in 
any case, to supply spectrum illumination for the cross lines, 
this can be effected by replacing the right angle prism for use 
with flames by a thin glass plate, and arranging a half-watt 
tungsten lamp so as to produce a continuous spectrum in the 


* See Proc. Phys. Soc., Vol. XXVIII. p. 60; or Collected Researches 
National Physical Laboratory, Vol. XIII., p. 53. 
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pele 
field of the refractometer. The brightness of this can be con- 
trolled by means of a rheostat in the lamp circuit, to give a 
suitable background for the cross lines at any part of the 
spectrum. The lamp should be shaded in all but the one 
direction to prevent glare. | 


$9. Magnitude of Errors Involved. 


Many sets of observations have been made by the author, 
and by several of his colleagues, to determine the errors liable 
to arise in using instruments of different types, if chromatic 
parallax is not eliminated. A brief summary of the results 
will suffice to show the seriousness of these. In §5 it was 
shown that a total range of parallax of over 20 minutes in 
apparent angle might arise in certain circumstances from this 
cause. With an opticalinstrument this figure has to be divided 
by the magnification to obtain the equivalent range in the 
actual settings. For example, in a particular spectroscope, 
of the constant deviation type, furnished with a micrometer 
eyepiece, the extreme range of the settings that could be made 
on the G” line, with a reddish white background to the cross 
lines, was, with a dark adapted eye, 0-14 mm. on the micro- 
meter or 1-8 minutes In angle.’ The power of the telescope 
was 15, so that the apparent angular range was 27 minutes. 
With white illumination of the field from a table lamp, about 
three-quarters of this range was obtained. In fact, the effect 
does not diminish greatly until the predominant wave-length 
of the field illumination becomes fairly near that of the line. 
When chromatic parallax was absent settings could be repeated 
to 0:001mm. The maximum difference obtainable from the 
true readings with improper illumination was therefore, in this 
case, about 70 times the observational error under proper con- 
ditions. Of course, in actual determinations the eye would 
never be used near either extreme of the pupil. As an ex- 
ample of the discrepancies which may be encountered in prac- 
tice, the following observations were made on the mercury line 
at A, 436uu. No adjustments were altered during the whole 
set of observations; which are, therefore, comparable one with 
another. The readings are the arbitrary divisions on the 
micrometer head, 0-1 corresponding to about 1 second. In 
series A, the field was illuminated with white lhght from a 
table lamp ; in B the same lamp was used, but the light from 
it was passed through a Wratten No. 49 filter, which is better 
for this line than cobalt glass; and in Cspectrum illumination 
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was used. In each case the greatest care was taken to get as 
satisfactory settings as possible, and the cross wires were 
always moved aside, before applying the eye to the eyepiece, 
to prevent one setting from biassing the next. The table 
shows that in the first two series, in which chromatic parallax 


Series A. Series B. Scries C. 


White light in field. | Filtefed light in field. | Spectrum illum. of field. 
wt Numerical oe Numerical ‘eae Numerical 
pee difference ita sa difference Shaadi: difference 
from mean. aij rom mean. aA from mean. 
17-4 0-2 18-4 0-7 7:4 O-1 
16-2 1-2 17-7 0-0 17-4 0-1 
17° 0-1 16-8 0-9 17-2 0-1 
17-1 0°5 17-4 0-3 17:3 0-0 
15-9 1-7 17-5 0:2 17°3 0-0 
18-0 0-4 17:8 0-1] 17-2 0-1 
19-1 1°5 Ly 0-6 sea 
18-4 0-8 16-9 0-8 
18- 0-4 18-1 0-4 
16-9 0-7 Wee; 0-0 
17°5 0-1 18-0 0:3 
17-6 0-6 18-2 0-5 
15:8 1:8 18-6 0-9 
17°] 0:5 18-7 1-0 
19-4 1-8 17:3 0-4 
18-6 1:0 17°3 0-4 
16:8 0:8 1 ys 0-0 
18:5 0-9 18-1 0-4 
17:5 0-1 17°8 0-1 
18-0 0-4 17-0 0-7 
Means 17-6 O-7 "| 17-7 0-4 17-3 0-1 


was present, the probable errors of individual settings were 
respectively seven and four times that of series C, in which it 
was not present. Further, the difference between the mean 
values of series A and B from that of series C—which may be 
taken as the true reading—shows the danger of relying on the 
mean, even of an extended series of observations. 

The results show that the variations in individual settings. 
are much reduced by the use of the filter, but that they are 
still several times in excess of what they should be. 

Resu'ts of a similar character have been obtained for various 
types of instrument by the author’s colleagues. For example, 
readings for the G’ line, obtained on the Pulfrich refracto- 
meter by certain observers, sometimes showed fersistent. 
differences of eight or nine-tenths of a minute—a discrepancy 
at least five times as great as is tolerable in these determina- 
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tions. Usually the agreement was much better, but it is only 
when the proper conditions of illumination are secured that 
results can be obtained of an accuracy comparable with that 
for other lines. 


$10 Possibility of Correcting the Chromatic Aberration 
of the Eye. 


By employing an eyepiece of suitable design, or by the pro- 
vision of a suitable spectacle lens, the chromatic aberration of 
the eye could be corrected in the sense that differently coloured 
objects in the same object plane would have their images 
simultaneously focussed on the retina. It is not at present 
known, on account of insufficient data, to what extent vision 
would be improved by the employment of an achromatising 
lens in front of the eye ; or whether the definition of optical 
instruments, such as telescopes and microscopes, could be im- 
proved by introducing the chromatic propert’es of the eye into 
the computations; but it is highly probable, on general 
grounds, that an appreciable improvement would result in 
many cases. At any rate, it is desirable that accurate in- 
formation of the chromatic properties of the eye, and the range 
of variation met with in different persons, should be available. 
The author had commenced an investigation of methods suit- 
able for such determinations over a year ago; but the work is 
at present in abeyance for lack of time. 

But whatever advantages might or might not accrue from 
some method of compensating the chromatic aberration of the 
eye, it 1s, unfortunately, the case that no such method is likely 
to obviate the difficulties from this cause which have been dis- 
cussed in the preceding paragraphs. Let the eye-piece be so 
designed that coincident objects of different colours in the field 
of view are finally focussed on the retina. This is only accom- 
plished by altering the positions of the virtual objects with 
respect to the eye ; and this, as we have seen, has no effect on 
the parallax. If, on the other hand, we were to achromatise 
the eye by means of a spectacle lens, fixed to the head by the 
ordinary framework, and partaking of all the movements of 
the eye, the essential condition for absence of parallax—viz., 
that the moving system shall be achromatic in itseli—would be 
fulfilled ; but the achromatising lens would require to be 
exactly coaxial with the eye, otherwise parallax errors would 
result ; for it ‘s possible to arrive at the condition in which the 
lens and eye are not coaxial, by starting from the condition in 
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which they are coaxial and moving the eye while the lens re- 
mains fixed. During this motion the moving system being no 
longer achromatic in itself, a relative displacement of the two 
coloured images takes place. Thus, the apparent separation 
of the objects, when the lens is not coaxial with the eye, differs 
from its true value, and settings will be in error. As it is not 
practically possible to ensure exact centering, with respect 
to the axis of the eye, of anything in the nature of a spectacle 
lens, the cure of chromatic parallax cannot be effected optic- 
ally, and recourse must be had to devices such as have been 
described in § 8. 


The author wishes to record his indebtedness to his colleagues 
Mr. T. Smith, Dr. J. S. Anderson, and his late colleague Mr. 
R. W. Cheshire for their interest in the problems with which 
the Paper deals ; and to Dr. Anderson, Mr. R. J. Trump, Mr. 
D. W. H. Bell and Miss A. B. Dale for their patience in taking 
long series of test observations on which some of the conclusions 
have been based. 

ABSTRACT. 


The Paper describes various parallax efiects observable when 
objects illuminated by light of different colours are seen through a 
‘pinhole ”’ of smaller diameter than the pupil of the eye. The 
effects are due to the well-known chromatic aberration of the eye ; 
and it is shown that in most optical instruments of precision the 
necessary conditions for parallax of this nature are present when 
observations are made in the blue and violet; and that this results 
in a serious d’minution of the accuracy of such measurements. 
Several methods of obviating the difficulty are described. 


DISCUSSION. 


Prof. CHESHIRE said it was possible that the author had laid his finger 
on one of the main causes of the discrepancies which were found in many 
important determinations, those of refraction and dispersion of optical 
glass for example, between the results of different experimenters. He 
was struck by the expedient of using a fibre or wire at the slit, and was 
surprised that this method had not been employed before. Some inter- 
esting stereoscopic effects ought to be observed if two differently coloured 
objects were viewed through pinholes in front of each eye. If the pin- 
holes were further apart than the centres of the pupils, the distance 
between the blue image in one eye and that in the other would be less 
than the distance between the red ones, and the blue object would appear 
further off. If the pinholes were closer than the centres of the pupils, 
the reverse would be the case, and the blue object would appear to be 
closer. In many -cpticians’ windows the word FRIEND was ex- 
hibited, the letters F I and N being blue,while R, E and D were coloured 
red. On looking at this the red letters appeared to stand in front of the 
others. Prot. Von Rohr haa once told him this was a true stereuscopic 
effect, the images on the two retine of a blue letter being closer together 
than the images of a red letter on account of the aberrations of the eye. 
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He had not given much thought to it himself, and would be interested if 
the author couleé explain the effect. 

Mr. T. H. Buakestey said that if one formed a spectrum of a white 
light by a prism with refracting edge perpendicular to the slit, a drawn 
out image of the latter was obtained, which was white at the middle 
and coloured at the extremities. If this were now viewed through a 
pinhole which was moved to one side, he supposed the blue and red 
extremities would be deflected in opposite directions, while the central 
portion would be drawn out into a continuous spectrum. He did not 
think the refractive properties of the eye were sufficiently well known 
to justify actual numerical calculations of the Gaussian system. 

Mr. 8. D. CHALMERS believed there had been a number of accurate 
determinations of the chromatic aberration of the eye. He was in the 
habit of assuming an aberration of ? Diopter (from C to F) in designing 
eyepieces, and for other purposes. He was interested in the author’s 
wide slit method. He had himself found it better than using a fine slit 
to employ one of appreciable width and bisect it with the crosslines. Why 
not use a thick vertical wire in the eyepiece and a slit of three times the 
width. The setting obtained by bisecting the broad line with the wire 
was a very accurate one. 

Mr. T. SmirH pointed out that the result of §5—viz., fue the total 
parallax obtainable with a small fixed stop in front of the eye was indc- 
pendent of the positions of the objects—could be shown very simply. 
Owing to the stop the mean ray from any object was refracted at the 
same point of the refracting surface (approximately). The deviation of a 
blue ray incident at this point is independent of the angle of incidence, 
and=fh, where h is the distance from the axis, and B=(u,—1)/ur, 
r being the radius of the surface. Similarly, the deviation of a red 
ray incident at the same point is ph, where p=(u;—1)/u,r. The 
difference between the deviations of the two rays =(8—p)h, and is 
the parallax when the stop.is at a distance A from the axis. Since 6 and 
p are independent of the inclinations of the incident rays, the parallax is 
independent of the distances of the objects from the eye. Mr. Guild’s 
work in connection with these phenomena and their elimination in optical 
measurements had had important results. The precautions which he 
suggested had now been in operation at the laboratory for a considerable 
time, and the departmental records showed that the consistency of 
certain important determinations had been increased by at least five 
times. It was obviously essential to remove chromatic parallax if only 
because the errors due to it were so unsystematic. 

Lieut.-Col. J. W. GirrorRp (communicated remarks) asked if the 
author had worked with an ordinary Ramsden eyepiece and shadow 
pointer—that is, a knife-edge pointer reversed so that there is no re- 
flected light from the pointer. With shutters added so as to block out 
everything but the line under measurement he had found such an 
arrangement more accurate than any other he had used. Of course, the 
projected shadow of the point must be accurately focussed by the eye- 
piece for each line to be measured. 

The AurHor replied as follows: I was not aware that many accurate 
determinations of the chromatic aberration of the eye had been made as 
stated by Mr. Chalmers. P. G. Nutting states in his Paper that the matter 
had rested with the first rough determinations of Helmholtz until his own 
experiments. I have not seen any work on this subject since then. Mr. 
Chalmers’s statement that he makes an approximate allowance for this 
aberration in designing eye-pieces is of great interest. I have myself used 
a slit of appreciable width, bisecting it with the cross lines (inclined type), 
but do not like the arrangement nearly so well as the central fibre method 
described in the Paper ; since, if the slit is sufficiently wide to render the 
cross clearly visible and free from diffraction troubles, the setting is not 
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nearly so certain as that on a fine black line. With regard to the use of a 
thick vertical cross line and a slit of about three times its width, as suggested 
by Mr. Chalmers, this type of setting, in which the vertical wire is set so as 
to bisect the spectrum line, is hardly suitable for spectroscopic work for the 
following reasons: A symmetrical setting is certain to be estimated wrongly 
unless there is almost complete symmetry throughout the field of view. This 
is never the case in spectrum work unless there is only one line visible at a 
time. Further, the vertical wire is straight, whereas the spectrum lines are 
appreciably curved Thus the line can never be bisected for its whole 
length, and it is difficult tu make a satisfactory bisection in the middle of the 
line when the condition does not hold for other parts of it. Any personal errors 
arising from this cause will come fully into the final result ; for the zero 
reading to which the others are referred, being made on the unrefracted 
image of the slit, is not subject to this effect. A further objection, which 
applies to all wide slit methods, is the difficulty of close doublets. The 
sodium lines are involved in nearly all optical determinations, and it must 
be possible to deal with them under all degrees of dispersion from complete 
non-resolution to comparatively wide separation. The symmetrical setting 
of a vertical wire in a band of appreciable width is clearly bound to be in- 
fluenced by the proximity of the adjacent bright band, even if the dispersion 
is sufficient to prevent overlap. If they overlap the setting is probably even 
worse. I have not seen the type of shadow pointer mentioned by Mr. 
Gifford, and so cannot speak of it from personal experience. From the 
description of it I conclude that it also is a wide slit method, and is therefore 
liable to some of the objections mentioned above when dealing with close 
lines. Further, the necessity of blocking out the rest of the field appears 
to be somewhat objectionable, on the ground that every extra adjustment 
which has to be made, especially near the end of the telescope or collimator, 
is a possible cause of error. 

The spider line method advocated in section 8 is not, of course, a wide 
slit method in the sense of those mentioned above. Essentially, even the 
setting of the intersection of diagonal cross lines on a fine line, whether bright 
or black, is a symmetrical setting ; but the area on which attention is con- 
centrated is so much smaller than in the other types of setting considered 
that the disturbing effect of an adjacent line is practically inappreciable. 
in the foregoing it may seem as if the importance of small effects is over- 
estimated ; but it cannot be too strongly emphasised that the present state 
of optical science is such that any further researches on refraction and 
dispersion must, if they are to be valuable, attain an accuracy corresponding 
to about a second of arc in the angular measurements. This can never be 
attained if any possible source of error remains either in the design of the 
instrament or in the methods of using it. Prof. Cheshire’s* suggestions 
are of considerable interest. The stereoscopic effect due to pin holes dis- 
placed in opposite directions in front of the two eyes can readily be observed 
A convenient arrangement is to mount the pin holes on the trial spectacles 
used by optometrists, when the distance between them can easily be ad- 
justed to any desired value. If a number of rectangular slots cut in black 
paper and backed by alternate rcd and blue filters are used as objects, the 
effect is well marked, provided care is taken to see with both eyes, and not 
only with one. 

I have not seen the actual optician’s sign in which the word ‘‘ Friend ” 
in red and blue letters occurs. A hasty trial experiment, made before the 
meeting with the alternate red and blue slots mentioned above, convinced 
me that the red appeared to stand out from the blue quite as much when seen 
with only one eye as with both, and that the effect was monocular and not 
stereoscopic. This view appeared to be shared by Mr. Chalmers. After- 
wards various observers were asked to come separately into the room in 


* The reply to Mr. Cheshire is hased on experiments performed afterwards. 
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which the coloured slots were mounted, with one eye closed and with no 
knowledge of what they were to look for. In every case the red was said to 
appear appreciably nearer than the blue, and in no case was the effect in- 
creased by using both eyes. Thus there is undoubtedly a monocular effect, 
which is simply due to the fact that the images of the blue slots are formed 
in front of the red. The mind is accustomed to judge (from the necessary 
effort of accommodation) that if there are two images at different distances 
within the eye the anterior one is due to a more distant object, and so the 
blue slots are assumed to be further away than the red. Although no true 
stereoscopic effect was detected with these coloured slots, some further ex- 
periments appeared to show that there is a binocular effect in addition to 
the monocular one; and this arises from the fact that the line of sight is 
not coincident with the axis of the eye, but is inclined inwards with respect 
to it. The aperture of the incident beam, when the whole eye is used, is 
limited by the pupil, or rather by its virtual image in the refracting surface 
of the cornea; and the pupil is concentric with the axis.* The line of sight— 
which passes through the front nodal point—does not, therefore, pass through 
the centre of the pupil. The virtual pupil is roughly about 5 mm. anterior 
to the nodal point. The line of sight is inclined to the axis at about 6 deg., 
it therefore passes the virtual pupil at about 0-5 mm. from the centre, 
measured towards the nose. Thus the mean ray of the incident pencil, 
which passes through the centre of the pupil, is incident about 0-5 mm. to 
the outside of the line of sight ; and is in consequence deflected inwards, 
a blue ray being more bent than a red. The difference in deviation from 
C to G’ can be obtained by substituting 0-5 mm. for hk in the formula for 
parallax in section 5 ; it is about two minutes, but will vary considerably in 
different eyes, since errors in the relative centering of the various parts of the 
eye amounting in some cases to 0:25 mm. are frequent. But, in general, 
blue images are formed slightly more to the nazal side of the retina than red 
ones (the objects being equally distant). Less convergence is therefore 
required to fuse the blue images when both eyes are employed, and so the 
blue object appears further away. 

The difference in deviation of blue and red rays coming from an object 
on the line of sight was experimentally verified by stretching a thin wire 
vertically in front of a red and blue filter, mounted one above the other and 
backed by illuminated ground glass. This was placed about three-quarters 
of a metre away, so that both halves of the wire were seen equally sharp. 
When looked at With one eye a distinct discontinuity of the wire at the 
junction of the filters was observed. If the right eye was used, the part of 
the wire on the blue field appeared displaced to the right ; while with the left 
eye it appeared displaced to the left, each case corresponding to the greater 
nazal deviation of the blue rays. With both eyes open the stereoscopic 
effect was distinctly visible. These effects were also observed by persons 
with no foreknowledge of the possible results. It is clear that an error from 
this cause would result if one attempted to set red cross lines on a blue line, 
using the whole pupil of the eye, or to set black cross wires illuminated by 
red or white light on a blue line. No parallax would be observed, for move- 
ments of the eye would not alter the displacement of the mean ray from the 
line of sight ; but a constant error would result 

This source of error will affect observations made with low power instru- 
ments, in which the whole pupil is filled, if the cross lines are improperly 
illuminated. It is possible that this point has not been given sufficient 
attention in the design of low-power telescopes for use by night. Fre- 
quently the cross lines of such instruments are illuminated with a dull red 
light. The objects sighted are probably never so blue in colour as to intro- 
duce appreciable error from the cause discussed ; but it would seem to be 
a safer practice to illuminate the cross lines with light from an intermediate 
part of the spectrum. 


* Usually; but it is often found displaced outwards from the axis, 
which would increase the effect discussed. 
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XXIV. The Capacity of an Inverted Cone and the Distribution 
of its Charge. By Prof. G. W. O. Hows, D.Sc. 


RECEIVED May 25, 1917. 


THE author has recently shown that the consideration of the 
equivalent capacity and inductance of a radio-telegraph aerial, 
consisting of a plain vertical wire, is simplified by assuming it 
to be an inverted cone.* In this connection it was considered 
desirable to calculate the ordinary electrostatic capacity of 
such a conductor, taking into account the effect of the earth 
with which the apex is almost in contact. So far as the author 
is aware this problem has not been previously solved. 

The method employed is one which the author has already 
used on previous occasions for the calculation of the capacity 
of various types of aerials.t It consists essentially in con- 
sidering the conductor as divided into a number of sections— 
the number depending on the accuracy required—each of 
which is subdivided into a large number of small elements, 
insulated from each other, and assuming that the charge is 
distributed uniformly over each section. Formule are then 
established for the average potential of each section, and the 
values of the densities on each section are so determin-d that 
this average potential 1s the same for each section, and, there- 
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fore, for the whole conductor. The effect of the earth is allowed 
for by the method of images. The only assumption made 1s 
that, when the charge has its natural non-uniform distribution, 
the potential does not differ appreciably from the calculated 
ave age value with the assumed artificial distribution of the 
charge. The accuracy of the method is limited solely by the 
number of sections into which the conductor 1s divided, and the 
consequent number of simultaneous equations which have to 
be solved. 


* The Year-Book of Wireless Telegraphy, 1917, p. 694. 
+ Electrician, Vol. LX XIII, pp. 829, 859, 906; Vol. LXXV., p. 870; 
Vol. LXXVIL, pp. 761, 880. 
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In the case of a cone it is advantageous to make a further 
simplification by replacing the conical sections by cylindrical 
ones of the same surface area, which, if tLe cone is of small 
angle, are approximately of the same mean diameter as the 
conical sections. 

Since the average potential of any section is the sum of its 
average potentials due to its own charge and the charges on the 
other sections, it will be necessary to find the average potential 
of one conductor AB (Fig. 1) due to a uniformly distributed 
charge on anotler conductor CD in the same straight line. 

If the conductor CD has unit charge per centimetre of length, 
the potential at P due to the element 6x is éx/(1,+a+2), and 
that due to the whole conductor CD is 


Ip 
iF dx/(l,+a+a)=log (1, +-1,+a) —log (l,+a)=V, 
The average potential of AB due to the hates ae 


: it 
a] Veda=7} (+-1,+1,) log (4-14) — (L412) log (la +12) 
—(L4+-1,) log (+-1,)+1, 'og Us} 
If dA4B=CD=l, this becomes 
=| (214-1) log (21-+-1,)—2(-+1,) log (I-++1,)+1, log 1, 


In our case the gap /, is made equal to 9, I, 21, 31, &e , which 
leads to further simplification. 


If 1,=o0, the average potential =2 log 2 =1-3863 
OR meen ue * , =dlog 3—4 log 2=0-52323 
eae dr A . =4log4—6 log3 
+2 log 2=0-3398 
Late, , 5 =dlog5 —8 log 4 
+3 log 3=0-25271 
lg==41 3 os »  =6 log 6—10 logd 


+4 log 4=0-20132 


L=nl oe) +) 2 =(n+2) log (n-+2) 
—2(n+1) log (n+1)+n log n. 
The average potential of a straight wire due to its own uni- 
formly distributed charge has previously been shown to be 
equal to 2 log (I/r)—0-6137 for unit charge per centimetre.* 


* Electrician, Vol. LX XITI., p. 830, 1914. 
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These formule can now be applied to the case of the inverted 
cone. 

In order to illustrate the effect of t' e degree of subdivision, 
it will be assumed in the first place that the whole cone is re- 
placed by a cylinder of the same mean radius ; the cone wil! 
then be subdivided into Page sections, then into three and 
finally into four. 

1. The whole cone replaced by a single cylindrical section 
(Fig. 2). Let h=height of the cone, r=mean radius of the 
cone. Assume a uniform charge of 1 unit per centimetre of 


res. 2. 


length, then the average potential due to its own charge is 
2 log (h/r) —0-6137, whilst that due to the equal and opposite 
charge on the image is—1-3863. Hence, the resultant potential 
is 2 log (h/r) —2 and the capacity 
h 
~ 2 log (h/r)—2 Oe 

If h=100 ft and r=2 mm. the capacity is 176-6 cm. 

_ 2. The cone divided into two sections, each being replaced 
by a cylinder of the same mean radius (Fig. 3)— 

For the upper section, /=h/2, radius=3r/2, charge=q units 
per centimetre of length. 

For the lower section, J=h/2, radius=r/2, charge=1 unit per 
centimetre of length. 

VOL. XXIX. 2D 
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The average potential of the upper part due to— 


its own charge =q(2 log (h/3r) —0-6137), 
the lower part =1-3863, 

the image of the lower part = —0-52323, 

the image of the upper part = —0-3598 q, 


giving a resultant average potential of— 
(2 log (h/3)r —0-9535 )q+-0-8631. 


The average potential of the lower part due to— 


its own charge =2 log (h/r) —0-6137, 
the upper part =1-3863 q, 
the image of the lower part =—1-3863, 

3 5 upper part =—0-52323 q, 


giving a resultant average potential of 
0-862079+-2 log (h/r) —2. 
On equating the average potentials of the two sections it is 


found that 
EE aes 
19 log (h/r)—4-01379' 
Hence, the upper section has the greater charge per unit 


length. 
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If, as before, h=100 ft. and r=2 mm., 
G= LO to : 
the average potential is 18-193, the total charge 3,163 units, 
and the capacity 174 cm. 

3. The cone divided into three sections, each replaced by a 
cylinder of the same mean radius. The length of each section 
is A/3, their radii are 7/3, r and 5r/3, and the charges per 
centimetre are 1, g, and q, respectively. 

The average potential of the upper section due to— 

its own charge and image =q,(2 log (h/5r) —0-6137 
—0-20132), 
the mid-section and its image =q(1-3863 —0-25271) 
the apex section and its image=0-52323 —0-3398, 
giving a resultant average potential of 
gq; (2 log (h/5 r)—0.81502)+1.13359 ¢g+0.18343. 
Similarly, it is found that the average potential of the middle 
section 1s 
q(2 log (h/3r) —0-9535)-+- 1-13359¢,-+-0-86307, 
whilst that of the apex section is 
2 log (h/r) —2-+-0-863079¢-+0-183439,. 

On equating these three values of the average potential and 
substituting the values of 2 and 7 already assumed, it is found 
that 
- g=1-0055, gy=1-1171, the average potentia!=18-3376, the 
total charge 3,174 units and the capacity 173-2 em. 

4. The cone divided into foursections each replaced by a 
cylinder of the same mean radius. Except that they are more 
laborious, the calculations in this case are similar to those for 
the case just considered. Ii h=100 ft. and r=2mm. the 
results obtained are as follows :— 


Charge per centimetre of length on the apex section=1. 


” ” ” », next ” =0-9936. 
< 5, % . next Hae I OoLes 
a - A! = top Wea 11458; 
Total charge =3,180 units. 
Average potential ==10-41; 
_ Capacity =172-75 cm. 


The results are plotted in Fig. 4, from which it is seen that 
the capacity of the cone is about 171-5cm. In the upper 
part of Fig. 4 the charge per centimetre of length in the case 
of the subdivision into four sections is plotted, and a curve 

2D2 
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drawn through the mid-point of each section. This shows 

the approximate distribution of the charge over the actual cone. 

It will beseen that over the lower half ot the cone the charge has 

practically a constant value per un't length, whilst above the 

mid-point the charge per unit length increases rapidly, and at 

the upper extremity is almost proportional to the radius ; in 
Charge per cm. 


of length, 
1:3 


rct--- 
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other words, the density over the lower half is inversely pro- 
portional to the distance frcm the ground, but above the mid- 
point it falls off much less rapidly, and is almost uniform near 
the upper extremity. 

The capacity of a very acute inverted cone with its apex 
a’ most in contact with the ground is seen to be about 2°9 per 
cent. smaller than that of a cylinder of the same height, with 
a radius equa! to the mean radius of the cone. This. can be 
calculated by the formula 

h 


C= 2 los (h/r)— 2” 
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XXV. On the Measurement of Small Inductances and on Power 
Losses in Condensers. By ALBERT CAMPBELL, B.A, 
(From the National Physical Laboratory.) 


RECEIVED JUNE 7, 1917. 


Contents. 
Introductory. 
Methods using M, R Element. 
Small Inductances : Methods 1 and 2. 
Current Transformer compensated for frequency 
Capacity in terms of Mutual Inductance and 
Frequency (Sifter Method). 
Sifter Method with damped Oscillations. 


Introductory. 


THE measurement of very small self-inductances of circuits 
having only two terminals is a matter of no great difficulty, if 
the resistances are not high. 

One of the simplest ways of coing this is by Heaviside’s 
method,* in which comparison is made with a known mutual 
inductance. 

It is easy to build a mutual inductometer of almost any 
desired lowness of range by using the device of stranding the 
windings of the coils as I have described in an earlier Paper. 
The lowest range of the instrument used in the measurements 
here described was from 0 to 1 microhenry, the scale being 
readable to 0-001 microhenry at the upper part. An instru- 
ment of this kind combined with a constant inductance rheo- 
stat (and ratio arm coils) is sufficient for dealing with two- 
terminal resistances. This bridge system unfortunately is not 
directly applicable to four-terminal resistances, in which 
the potential terminals are distinct from the other two. 
Venner + has shown, however, that the inductances of such 
resistances can be determined by the addition of the Kelvin 
double bridge device to the Heaviside bridge. 

Other methods not of bridge type have been used. Orlich ¢ 


* Phil, Mag., p. 173, Vol. 23, Feb., 1887. When I described and ela- 
borated this method (Proc. Phys. Soc., p. 69, Vol. 21, 1908) I was not 
aware that it was one of Heaviside’s very extensive series. 

+ Bulletin of the Bureau of Standards, p. 559, Vol. 8, 1912. 

t Zeitschrift fiir Instrumentkunde, p. 114, Vol. 25, 1905. 
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employed an electrostatic wattmeter, and his method was used 
later by E. and W. H. Wilson.* 

More recently several ingenious methods, chiefly using two- 
phase currents, have been described. In Silsbee’s Papert 
there is an interesting discussion of “ impure ” mutual induc- 
tances, namely, those in which there is internal power loss 
(by eddy currents or dielectric hysteresis, &c.), and by a useful 
convention the time constant of such circuits is defined. 


Methods Using M, R Element. 


The methods which I proceed to describe are simple 1n their 
working, requiring only a single-phase source of current; on 
the other hand, they have certain limitations in practice, 
which will be discussed below. They are developments of the 
method of testing transformers which I described some years 
ago.t The fundamental principle in that method was the 
introduction of the elementary pair (M, R) shown in Fig. 1. 


C D 
M M M vues 
| R RI KK 
| 
A pee 3 
Exe.) 1: Fig. 2. Fie. 3: 


where A B are current terminals and C D potential points (or 
vice versa). 

Other methods of utilizing this element have been developed 
by other observers,§ and it has formed the basis of the simplest 
alternating-current potentiometer, that of Prof. A. Larsen,|| of 
Copenhagen. 


* Electrician, p. 464, Vol. 56, June, 1906, 

t Silsbee, Bulletin of the Bureau of Standards, p. 375, Vol. 13, 1916. 

t Report of National Physical Laboratory, March, 1909, and Proc. Phys. 
Soc., p. 497, Vol. 22, 1910. 

§ C. H. Sharp (in Discussion, June 30, 1909), Trans. American Inst. of 
Elec. Engs., p. 1040, Vol. 28 (2), 1910; Sharp and Crawford, Trans. 
A.LE.E., p. 1517, Vol. 29 (2), 1911; Agnew & Silsbee, Trans. A.LE.E, 
p. 1635, Vol. 31, 1912. 

| (“Der Komplexe Kompensator”’) Electrotechnische Zeits-hrift, p. 1039, 
Vol. 41, Oct., 1910; and Electrician, p. 738, Vol. 66, Feb. 17, 1911 A 
mistranslation (‘‘ Compensation apparatus ”’ for “‘ potentiometer ’’) in the 
title obscured the meaning for most English readers. 
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The elementary pair (M, R) may be further developed by 
associating with R either self-inductance or capacity as in 
Figs. 2 and 3. These two cases require the same mathe- 
matical treatment, but they have different applications in 
practice. 

I shall first discuss the case of self-inductance. 


Method 1.—In Fig. 4 let r be a resistance with potential 
terminals, having self-inductance / to be found. It is con- 
nected, as shown, with a low-reading inductometer giving 
mutual inductance m, and a pair of inductive coils whose 
mutual inductance M can be varied. The second of these 


Fic. 4. 


coils (of resistance R and self-inductance L) is connected to a 
resistance S having small self-inductance 2. (S may be 
adjustable by a slide-wire, in which case R and L must include 
the part above the slider.) A is a source of alternating current 
and G a vibration galvanometer or telephone. 
lf w=2an, where n is the frequency of the source, it is easy 
to show that 
MS=r(L+l+(R+8)\U+m),  . . . . . (1) 
Pann one (L+-A)(l-+ m) wo? -AM w?=r(R+8). 2. 2. . (2) 
Now, let L/R be (relatively) large, and A/S small and AM 
negligible compared with £ (l-+m); then equation (2) becomes 


ail ot CS) eee eee ee ee eS 
which gives / conveniently without requiring an exact know- 
ledge of M and A. 


In practice a disadvantage of this method is that usually 
the proper conditions are not easily obtained unless the ire- 
quency is tolerably high (say, 800 ~ per second). It should 
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be noted, however, that, as Béthenod * and Orlich ¢ have 
shown, the resistance and self-inductance of a properly designed 
shunt remain practically constant up to such frequencies. 


Example.—The shunt to be tested had a resistance r=0-01 
ohm. With R+S=5-99 ohms, S=0-274 ohm, L=0-0100 
henry, A less than 1 « henry, JJ=370 uw henries, a balance was 
obtained when m was 0-177 « henry, the frequency n being 
800 ~ per second. Hence, from equation (3), /=0-063 w henry. 
The current used was of the order of 0-1 ampere, and was ob- 
tained from a small buzzer. 


Method 2.—A method more generally applicable is shown in 
Fig. 5, r being the resistance whose self-inductance / is to be 


Fia. 5. 


determined, and m a low-reading inductometer. The primary 
circuit is also linked to the galvanometer circuit by an inter- 
mediary closed circuit having resistance F and self-inductance 
L. The linking mutual inductances should be variable, but in 
general need not be known. ‘There should be no direct mutual 
inductance between the primary circuit and the galvanometer 
circuit other than m. This condition can always be checked 
by opening the intermediary (L, #) circuit ; then, when r is cut 
out m should read zero. The best plan 1s to put the four coils 
forming M, and M, at a good distance from the m inducto- 
meter, and to turn cn so as to be conjugate to each other 
pair and to the inductometer col's. 

Let the instantaneous values of the currents in the three 
circuits be 7, 7, and 73 as shown; and let a=wV—l. 


* Jahrbuch der drahtlosen Tel., p. 397, Vol 2. 
+ Zeitschrift fiir Instrumentenkunde, p. 241, Vol. 29, 1909. 
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Then, when 7,;=0, we have 
(R+La)i.+ M ,a1,=0, 


and [r+ (/4+-m)a]?,+ Ma ,=0, 
and hence | 

Rite 7 OF ah ee ee ee (4) 
and Rr=(-+m)io*>=MMow* . . . . (5) 


As mutual inductances are reversible we may take their 
values positive or negative’in general. Changing the signs of 
M, and m (and with m>1), we have 


m—-l L 

uae Pee 6 

= 8) 
and Rr=([_M,M,—(m—l)L|o@, . . . . (7; 


Equation (6) gives / without a knowledge of the values of M, 
and M,. 
From (6) and (7) we have 
MM, wo, MM,’ 
Ree wel 
when Lw/R 1s small, 


Lett 20" pe: IN ,M,0° 
NP Bed BP aoe ge 


and m—l= 


where L.w/R is small. 

The following two examples will give an idea of the relative 
magnitudes of the quantities involved for two different fre- 
quencies :— 

micro-henries. 


f l n R ———— ——_—— 
ohm. henry. per sec. m/l. chms. L M, M 
0-01 0-05 100 2 10 50 250 1000 
0-01 0-05 800 2 50 250 209 100 


From equation (6) we see that (m—/) must always be posi- 
tive. From (6) and (7) we have 
Rr=[M,M,—L’r/R] a. ee enero) 
Hence, M, M, must always be greater than L?r/R. 


Current Transformer Compensated for Frequency. 

The elementary pair (M, R) of Fig. 1 is of interest in con- 
nection with current transformers. In an ironless trans- 
former let JZ be the mutual inductance, and let Y and L be the 
resistance and self-inductance of the secondary circuit. Then, 
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i’ IJ, and J, are the effective va ues of the primary and second- 
ary currents, it is well known that 
AM AVL ky pee 
Lees (9) 
thes aL oe 
and accordingly the current transformation ratio 1s not con- 
stant for different frequencies. 


FW a] 
BS re 
Fia. 6. 


Now !et a resistance R be inserted as shown in Fig. 6. 


f f (R-+- Q)?+ L " ( 10)" 
Le Re+ M?2q@? : : : ; ; 


The ratio is independent of w and equal to L/M, if 
(R--O)/R= LIM. = > 


When this condition is satisfied the ratio of current trans- 
formation will be constant for all frequencies, and hence also 
for all wave forms. 


Determination of Capacity in Terms of Mutual Inductance and 
Frequency. 


In a former communication * I described a very simple 
method of measuring capacity in terms of mutual inductance 
and frequency. The method has proved very useful for quick 
and accurate determinations of frequency by the help of a 
known condenser and a variable mutual] inductance. 

With the method in its simplest form, as shown in Fig. 7, 
the mutual inductance m is adjusted until G, the vibrat:on 
galvanometer (or telephone) shows no current. Then, 
mk w?=1. 


* Proc. Pliys. Se, p 69, Vol. 21; and Phil. Mag., p. 155, Jan., 1908. 
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But unless the condenser is free from leakage (or other 
power loss), a perfect balance cannot be obtained, but only a 
minimum current in the detecting instrument. With an im- 
perfect condenser, however, this trouble can be entirely 
eliminated by adding an auxiliary closed circuit sim lar to that 


in Fig. 5. By this device the condenser losses can always be 
compensated for and a perfect balance obtained. The com- 
plete method is shown in Fig. 8, in which the imperfection of the 
condenser is represented by the series resistance 1. 

Let the current in G be reduced to zero by adjusting m and 
M,orM,. 

By writing —1/kq@? for / in equations (6) and (7) and chang- 


MM, 


ing the sign of m the conditions for balance are obtained, 
_ namely | 
L/herem-C rly Rime: 2 ee Doge SSID) 
and Rr=_M,Mo+(m—l1fkw)Liw. . . . (18) 

Hence Tigo Vis ber ih ca es ee ee io} 
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Here a'so M,M, must be greater than L’r/R, except in the 
limiting case of a perfect condenser, where r=o and then 
M,M, also =o. 

From the above equations we have 

1'—KhV Mooi fel), ee 
and L/kow?=m+LlM M,w?/(R?+L*w*) . . (16) 
When w is known, these equations give k and 7 and hence 
rk w, the power factor of the condenser. 

When the method is used for measuring frequency, it is best 
to arrange the auxiliary closed circuit so that L/R is very 
small, and hence r£/R negligible compared with m. 

Then wr =l/km, ~ 2. = ee 


and the frequency is determined as though the condenser were 
perfect, and without a knowledge of the values of r, L, R, M, 
and M,, the auxiliary circuit merely introducing a small 
vector which balances the 77, without perceptible effect in 
equation (17). 

In general the auxiliary closed circuit can be a few turns of 
wire mounted so as to be movable close to the coils of the 
inductometer giving m. Sometimes even a coin shifted about 
above the coils is sufficient to make the balance exact. Witha 
given condenser the scale of the inductometer can be graduated 
to read the frequency directiy, and with a suitable series of 
condensers the same scale may be used with even multipliers. 

When the wave form of the source of current contains 
strong harmonics these may somewhat obscure the point ot 
balance when a te’ephone is used as the detecting instrument. 
For frequencies from 200 up to 5,000 ~ per second, the har- 
monics cause very little trouble if the primary self-inductance 
in the inductometer is kept relatively high. [The system of 
Fig. 4 can also be used with a condenser in place of 1. 

In a former communication * I have described the use of 
the condenser and mutual ‘inductance combination as a wave 
silter by which a component of any desired frequency can be 
suppressed in a given circuit. The addition of the auxiliary 
closed circuit here described makes the sifting perfect even 
when quite common paraffin paper condensers are used. 

When the power loss in the condenser (and hence its power 
factor) is to be determined, usually it is best to keep L/R very 
small. 

Then y= Mo Moat/R. 3 8. 

* Proc. Phys. Soc., p. 107, Vol. 24, 1912. 
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In this case Z need not be known accurately, but 17,M, must 
be determined. The same care must be taken with regard to 
the position of the coils forming MW, and JZ, as in Method 2. 

Or W,M, may be directly determined by adding a known 
resistance s to the condenser circuit and altering R to R’ to 
obtain a rebalance. 

Then EL 8 Cee iy ee ae eee eee 2h) 

In this case the loop (L, R) may be placed over the inducto- 
meter coils if desired. 

The following example gives an idea of the relative values 
of the various inductances and resistances in the determination 
of the power factor of a good quality mica condenser of 
capacitance 0-1 wk and power factor 0-0005 using a frequency 
of 800 a per second. 

Here w=5000, m=0-4 henry, and r=1 ohm. 

If R=10 ohms, then M,M,=4x10-°, and M, and M, 
can be 2 millihenries each. 

It should be remarked, however, that, altho’ this method 
of determining the power factor of a condenser may be a good 
one for certain cases, for general use the Carey Foster method 
appears to hold the highest place for simplicity and accuracy. 


Sifter Method with Damped Oscillations. 


If the source gives damped oscillations of the form ¢~" cos at, 
where b=n x log. decrement, then (Fig. 7) it is easy to show 
that, for a balance, 


lees a) Mos: mie me 1 0 ) 
and Dil ee tat ne Meee oo L) 


where 7 is the series resistance including that which repre- 
sents the loss in the condenser. Here no auxiliary circuit is 
required to balance the loss, if by external addition r can be 
made to satisfy equation (21). 


In conclusion, I would express my thanks to Sir Richard 
Glazebrook, F.R.S., for kind interest in the work. 
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XXVI.-—The Mechanism of Colour Vision. By J. Guitp, 
A.R.CLS:, DICTA RAGS: 


RECEIVED JuLy 2, 1917. 


In a recent Paper* to the Royal Society, Dr. R. A. Houstoun 
has outlined a new theory of the mechanism of colour vision, 
in which the three sets of resonators of the Young-Helmholtz 
theory are replaced by a single set, of which the resonance point 
corresponds to 4=0-55u. | | 

The present Paper is primarily a criticism of the suggested 
theory and of the premises from which many of its main 
features are deduced. ; 

The theory supposes the existence in the eye of a great 
number of vibrators with a free period in the green, and it is 
assumed that the motion of one of these may be represented 
by the equation 


i eae oe YF 
ap tha tnie=E cos at, :° ¢ Ly 


x being the displacement from the position of rest at time t, and 
Fi cos wt the force per unit mass exerted on it by the incident 
hght wave. Starting from this, it is deduced that the ratio 
of the absorbed to the incident energy of any wave-length, 4, 
is proportional to the quantity, 


49 
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A 
—_———_— e} 
241 h2 72” ° . . . . . . (2) 
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where a is the resonance wave-length and 6 is another constant. 
It is then further assumed that the luminosity of the light is 
simply proportional to the energy absorbed by the resonators, 
and that the above expression, therefore, represents also the 
ratio of the luminosity to the incident energy, 7.e., the visi- 
bility of the radiation of wave-length, 2. 

Suitable values of a and 6b being chosen, the expression is 
plotted in comparison with the experimental visibility curve. 

There are several assumptions underlying this treatment 
which do not appear to the present writer to be justified. In 
the first place, without more knowledge than we at present 
possess concerning the nature and properties of the resonators 
in question, the most general significance must be given to the 


* “ A Theory of Colour Vision,’”’ Proc. Royal Soc., Vol. 92, p. 424. 
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quantities occurring in the oscillation equations ; and to adopt 
values torth > constants a and 6 which give the closest agreement 
with an experimental curve seems a som what arbitrary pro- 
ceeding. Moreover, it is quite possible—if it is not, indeed, 
probable—that the behaviour of the oscillators cannot be 
represented by such a simple expression; / or ”, or both, may 
not remain constant over the range of displacements and rates 
of change of displacement occurring in vision ; in which case 
neither a nor } in the above expression for the ratio of absorbed 
to incident energy can be regarded as constant. It might 
easily be that the oscillations depart so iar from these con- 
ditions that the form of the expression obtained for the 
absorbed energy is quite misleading. 

The second assumption, that the luminosity is proportional 
to the amount of energy absorbed by the resonating system, 
whatever the wave-length, appears not only to be devoid ot 
justification, but to be very improbable. It has to be borne 
in mind that we are not here comparing physical effects with 
their appropriate phys cal causes : lum nosity is a measure 
ot the sensation produced—z.e., it is a mental, not a physical, 
phenomenon ; and in passing irom the physical processes 
occurring at the retina to the sensations to which they give 
rise in the brain we have at some stage to cross the unknown 
bridge between matter and thought. Knowing, as we do, 
nothing whatever of the process whereby energy, functioning 
on the physical plane as vibrations of a sense organ, is made to 
function on the mental plane as the corresponding sensation, 
it is obviously impossible to take for granted, as Dr. Houstovn 
does, that the conversion factor, if we may employ the term, 
irom stimulus to sensation is independent of the irequency of 
the former. Even before this stage is reached, the energy 
absorbed by the resonators has to pass to the brain through 
a complex system of tissue layers and nerve fibrils. To assume 
without evidence that impulses of all frequencies are trans- 
mitted with equal efficiency by such a system can hardly be 
justified. 

Thus, from the considerations outlined above, it would 
appear that :— 

(a) There is some reason for doubting that the expression 
obtained by Dr. Houstoun from the properties of a simple 
type of resonator really represents the ratio of absorbed to 
incident energy for wave-length / in the case of the eye. 

(b) Even were this ratio known with certainty, there is no 
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justification for regarding it as a measure of the relative 
visibility of radiation o different wave-lengths. 

Theagreement of Dr. Houstoun’s curve withthe experimental 
curve strikes the writer as very superficial, and seems to prove 
nothing beyond the fact that any mathematical curve which 
has a peak in it will, if plotted to a suitable scale, with its con- 
stants suitably chosen, bear a considerab‘e resemb‘ance to any 
other peaked curve. 


Fechner’s Law. 


This law, which is sometimes referred to as Webe, s, states 
that the smallest mcrement of intensity which the eye can 
detect bears a constant ratio to the total intensity. 

In order to make his expression for visibility fit in with this 
law, Dr. Houstoi n evolves a scheme whereby an ever-increasing 
number of resonators is thrown out of action as the intensity 
of the incident light increases. 

This appears to be wholly arbitrary and unnecessary. The 
established fact is that d//J=constant, where d/ is the mini- 
mum difference in intensity which the eye can detect when the 
total intensityisZ. Dr. Houstoun then assumes that dS«dJ/J, 
where dS is the increment of sensation produced by an incre- 
ment, dZ, in the incident intensity. But the increment oi 
energy absorbed by each resonator is proportional to d/, since 
expression (2) is constant for any given wave-length, and this 
necessitates a progressive diminution in the number of active 
resonators, as the intensity increases, in order to account for 
the lower rate of increase of the sensation. Reverting to the 
relation dSxdI/I, it follows from the fact that the smallest 
detectable value cf d//I is constant that the smallest detect- 
able value of dS is also constant—.e., the relation dSxdI/T/, 
with all the consequences which it involves, is based on the 
assumption that the smallest increment in the sensation ot 
light which the mind will notice is constant, whatever the 
magnitude of the sensation to which it is added. As well 
might we expect that because the addition of an extra inch 
to a foot rule would be detected readily, the addition of an 
inch to a mile would also be noticeable. 

This is only another example of the danger already men- 
tioned of leaving out of account the unknown process by which 
physical causes produce mental effects, and of assuming that 
all peculiarities in sensation must necessarily be due to pecu- 
liar'ties of the sense-organ concerned, 


COLOUR VISION. 357 


In the view of the writer, Fechner’s law is psychological, and 
not phystological, in origin ; it is merely a particular case of a 
general law which applies to all five senses, and which may be 
expressed by saying that the mind takes cognisance of relative 
magnitudes only. The application of this law to some of the 
other senses is amatter of everyday observation ; and is so very 
well known that nobody troubles to notice it, still less to repre- 
sent it in terms of differentials or logarithms. For example, 
we have no difficulty in telling which of two weights is the 
heavier where one weighs half an ounce and the other a quarter, 
but it is a very different matter if one is fifty pounds and the 
other fifty pounds and a quarter of an ounce. As a matter 
of fact, the minimum difference which we can detect between 
two weights from their feeling of heaviness is very roughly 
proportional to their magnitude, yet no one would suggest 
that, with increasing load, there is a progressive diminution 
in the number of active nerve centres in the muscles of the 
hand or arm to account for our inability to detect the additional 
weight when a quarter of an ounce is added to fifty pounds. 

Many similar examples could be quoted in connection with 
other senses. For instance, a few grains of common salt dis- 
solved in a glass of water is obvious to the sense of taste, but 
the same few grains added to water already moderately saline 
would pass unnoticed. 

In a quiet room the ticking of a clock or the slightest whisper 
is distinctly audible, but in a busy street or workshop we may 
have to shout in order to be heard. Yet we do not find that 
part of the mechanism of the ear goes out of action as the 
volume of sound increases. In fact, we know that, very 
approximately, the disturbances of the tympannm (and other 
parts of the auditory apparatus), due to different sounds, are 
superposed, and that the amount of energy absorbed by the 
ear from a particular sound is approximately mdependent of 
whether it is the only sound heard or one of many. Never- 
theless, whether we are conscious of hearing it or not depends 
on its relative importance to the total amount of sound- 
sensation which the mind is perceiving at the moment. 

Examples of this kind could be multiplied almost indefinitely, 
showing that whenever the mind deals with magnitude it is 
‘relative magnitude only with which it concerns itself; and a 
given increment in any magnitude will be perceived only if it 
produces a sufficiently important alteration in the total 
magnitude. 

VOL. XXIX, on 


358 MR. J. GUILD ON 


Enough has probably been said, however, to make it clear 
that Fechner’s law has not to be explained by retinal pecu- 
harities, as attempted by Dr. Houstoun; and that it does not,, 
as he supposes, involve (for a given wave-length) the non- 
proportionality of sensation to intensity of incident light. On 
the contrary, the writer believes that there is at least pre- 
sumptive evidence for regarding dS/S=constant as a funda- 
mental psychological law connecting the magnitude of a. 
sensation with the smallest change in that sensateon which the 
mind wil] detect ; and that, therefore, where we find a similar 
law—such as Fechner’s—holding between the minimum 
detectable change in the external impulse, and the total mag- 
nitude of that impulse, such external law proves, within the 
limits in which and to the order of accuracy with which it. 
holds, that the sensation is proportional to the physical 
impulse producing it. Thus Fechner’s law simply shows that. 
dI /I=constant=dS/S; and that, consequently, S is pro- 
portional to Z. There is, therefore, no necessity for assuming 
a diminution in the number of active resonators at high 
intensities. 

According to this view, it is not Fechner’s law that requires 
a physiological explanation, but rather the fact that it only 
holds approximately ; but when one considers the nature and 
complexity of the mechanism by which we rob the light wave 
of its energy and convey it to the brain it is surprising that. 
Fechner’s law holds even as well as it does. 

After disposing of Fechner’s law by ascribing to his resona- 
tors the very arbitrary properties already mentioned, Dr. 
Houstoun discusses the Purkinje effect. Rejecting the 
hypothesis that this is due to the progressive change from rod 
to cone vision as the intensity increases, he advances two 
possible explanations to explain the effect with one system of 
vibrators only. 

The first of these assumes the vibrators to be embedded 
in a yellow medium, and would, therefore, confine the phe- 
nomenon to the region ot the macula lutea ; since, outside this. 
small patch, no such yellow colouring matter exists. This 
is contrary to experience, since it is outside the yellow spot. 
that the effect is most marked. In fact, in the centre of the 
fovea, where there is plenty of yellow colouring (but no rods, 
and therefore no possible change from rod to cone vision), the 
Purkinje effect is said to be absent altogether. 

The second explanation—to which the author of the theory 
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himself inclines—assumes that the resonators are not all of one 
frequency, but have frequencies grouped about amean. There 
is nothing inherently improbable in this assumption ; but the 
explanation also assumes the diminution, at higher intensities, 
of the effective number of resonators, an assumption which has 
already been criticised as being, based on an erroneous con- 
ception of the origin of Fechner’s law. 

In rejecting the usual explanation of the Purkinje effect, Dr. 
Houstoun seems to leave out of account many undisputed facts 
connected withit. He does not think it necessary to “ assume” 
two different mechanisms ; but the existence otf the rods and 
cones, and the differences between them, are not matters of 
assumption, but well-known physiological facts. Further, 
the fact that the sensation of light persists in those portions of 
the retina where there are plenty of rods, down to far lower 
intensities than within the fovea, where there are no rods, if 
it does not absolutely prove the ordinary view that the rods 
are chiefly responsible for vision at low and the cones at high 
intensities, at least makes it a much more likely and legitimate 
assumption than any of those with which Dr. Houstoun 
attempts to replace it. 

There is still another point at which the theory joins issue 
with experimental fact. We may profitably quote from the 
original : “ But, it will be asked, how does this theory explain 
the apparent trichromatism of our ordinary sensations? We 
must here fall back on the reason give by Dr. Edridge-Green— 
namely, that the colour-perceiving centre in the brain is not 
sufficiently developed to discriminate between the character 
of adjacent curves. ‘Two curves must be widely different in 
shape and position before the colour-perceiving centre can 
detect the difference. A curve has an infinite number of points 
onit ; the colour-perceiving centre 1s so badly developed that, 
as far as it is concerned, the curve 1s sufficiently specified by 
three points on it, provided that these points are distributed 
over the spectrum. We can, therefore, represent our energy 
curve by three points.” 

If this view were correct, a given colour could be matched 
sufficiently well to satisfy our “ badly-developed ” colour 
perception with suitable proportions of any three colours so 
long as these were “ distributed over the spectrum.” Cer- 
tainly it should be possible to select the red, green or violet 
constituents from within a fairly wide range. 

Experiment has abundantly shown, however, that unless 
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the three constituent colours are chosen of wave-lengths 
lying within very narrow limits our colour perception is so 
well developed that it is impossible to reproduce other colours 
to our satisfaction. The three primary wave-lengths of the 
trichromatic theory cannot, therefore, be regarded as three 
points on a single curve with no further significance than that 
they are reasonably spaced over the spectrum. Experiment 
has fixed them for us within much narrower limits than is 
consistent with this view. 

Dr. Houstoun claims the fact that the colour of mono- 
chromatic light becomes whiter at high intensities as support- 
ing his theory; but this phenomenon is also accounted for with 
perfect ease on the trichromatic theory, and cannot, therefore, 
be cited as a discriminant. 

In conclusion, it may be pointed out that the proposed 
theory, even if the validity of all the assumptions which the 
writer has criticised be allowed, does not do more than explain 
in an approximate manner the general characteristics of 
normal colour vision. The author makes no attempt to 
account for the multitude of phenomena of complete and 
partial colour blindness which have served to establish the 
trichromatic theory both qualitatively and quantitatively. 
The only reference to colour blindness is contained in a more 
popular résumé of the theory given in Science Progress,* 
in which the author says: “ Instead of accounting for colour 
blindness by a want of discriminating power in the colour- 
perceiving centre of the brain, we may ascribe it to excessive 
disturbance of the vibrators in the retina. This would make 
the energy curves widen out and lose their distinctive form.”’ 
It is scarcely necessary to point out that colour blindness is 
not accounted for on the tri-chromatic theory by want of 
discriminating power in the brain ; but is supposed to be due to 
one of the three sets of resonators being wholly or partially 
out of action. The difficulty of a red-blind man with a deep 
red light is not that he cannot tell its colour, but that he cannot 
see it. How excessive disturbance of the vibrators should 
result in absence of sensation in such cases is difficult to follow. 
On this theory the brightness of a white light should be greater 
in the case of a man who is wholly or partially colour blind on 
account of this excessive disturbance of the vibrators ; whereas, 
as 1s definitely established, it is less. 


* No. 43, January, 1917, p. 387. 
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After all, the objection which Dr. Houstoun has to the tri- 
chromatic theory appears to be summed up in this: There 
is no physiological evidence of the existence of three sets 0: 
vibrators. Whyshouldthere be? Itis very improbable that 
the rods and cones are themselves the resonators in question. 
It is much more likely that the resonators consist of specialised 
cells of ultra-microscopic—possibly molecular—dimensions 
within the substance of the rods and cones ; in which case there 
is no physiological evidence of the existence of any of them. 
As a matter of fact, no one would associate anything in the 
microscopic structure of the retina with resonating systems 
at all. The evidence for the existence ot any such system is 
wholly indirect : they have to be assumed to explain the known 
physical properties of the eye. If these properties include, as 
they must, the accumulated facts of colour blindness, it is 
difficult to see how the assumption of three sets of resonators 
is to be avoided. There may be no direct evidence of their 
existence ; but there is plenty of evidence of the necessity for 
their existence. 
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XXVII.—The Use of Monochromatic Interference Rings for 
the Measurement of Curvature. By S. D. CHALMERS, 
M.A., Technical Optics Department, Northampton Poly- 
technic Institute. 


RECEIVED JuLy 3, 1917. 


SHALLOW convex surfaces can be compared directly with a plane 
surface. A measuring microscope is provided with a vertical 
illuminator arranged to direct monochromatic light on the 
stage ; the convex surface is placed on the plane and the whole 
carefully centred. If necessary, the edges of the lens are 
supported to prevent rocking. The rings are focussed and 
carefully centred, and the diameters of convenient rings 
measured, say, the 3rd and 20th rings. Let the measured 
diameters be 2C, and 2C, ; then the radius of curvature of the 
plate is given by 
C.-C? 
n= 
(20—3)A 


The difference 20 —3=17 is chosen because 17 x 0-0005894 is 
approximately 0-01 mm., and the value of the radius is readily _ 
calculated as accurately as the measurements permit. 

It has been assumed that the upper surface has no effect, but 
this can be readily calculated and allowed for. The difficulty, 
can, however, be avoided by placing the flat plate on the lens 
to be tested, supporting it on the edge by a thin layer of soft 
wax and pressing it down to give a central contact. If care 
be taken to keep the upper surface approximately level no 
difficulties arise. 


Comparison of Two Curved Surfaces. 


The same method can be employed to find the difference of 
curvature for the case of a convex and a concave curve giving 
central contact. 

The procedure is as before, except that the difference of 
curvature, 

(M2—4)4 

R,—R,= = is : G2 
where n, and n, are the numbers of the rings chosen. The 
number of rings chosen depends on the conditions of visibility, 
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but, as before, it is often convenient to make a measurement 
for a difference of 17 rings to facilitate the calculation. 

The apparatus used consists of a 1” 0.g. on a fairly good 
measuring microscope, and with sodium light the method is 
applicable to a difference of curvature of about 75 mm., and 
gives an accuracy of about 1 in 1,000 in this case.* 

As the actual curvature increases the relative accuracy in 
measuring the difference becomes less important, and greater 
differences can be measured. 

When the difference of curvature is small, so that the rings 
become very wide, it is preferable to remove the lenses and 
substitute a pin hole and a cross line. 

The method involves the use of standard surfaces, but in the 
case of steep concave curves the comparison can be made with 
steel balls, which are commercially procurable, and are fairly 
accurately spherical. Such concave surfaces can be used to 
check other convex surfaces. The method described above 
applies only to the case of central contacts. In the case of 
edge contacts the following method may be used :— 

The standard plates are smaller than the test surface, and 
are accurate up to the edge (in practice they are reduced after 
being worked), and the method used is to determine the central 
Separation of the two surfaces, 

The difference of the optical path nd for the two interfering 
beams at the centre will depend on the angle of incidence, and 
as the angle is increased the path difference will change, and 
rings will appear to run into the centre. Wecount the number 
of rings (p) which disappear into the centre while the angle 
of incidence changes from 7, to 25. 


Then 


te p 
p=(N COS 2,—N COS 14)—1.€., NA= : A 
COS 1,—COS 2, 


and the curvature difference= 


pa [c2, 


COS 27, —COS 25 


where C is the semi-diameter of the standard plate. 

The apparatus used for the preliminary measurements 
consists of an open sight directed towards the axis of a circle 
and arranged so that its angular movement can be read on a 
circle (or a fixed angular movement given), and a table which 


* In this case it is necessary to use the exact value of 4. 
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is adjustable to allow the rings to come to the centre of a 
circle. 

The standard plate is placed on the surface to be tested, and 
the monochromatic rings produced by a sodium flame or 
mercury lamp. The sight is adjusted approximately to normal 
incidence, and a small glass plate used to illuminate the ring 
system. The central ring is brought on to the sighting line ; 
the sight is then set at a fixed angle, say 30 deg., and the rings. 
observed ; if they are not on the sighting line the table is raised 
or lowered. The angle of observation is then slowly increased 
till the angle is, say, 60 deg., the number of rings which dis- 
appear being counted. It is easy to estimate to a quarter of 
one ring, so that the central path difference can be found to. 
within one wave-length. 

When the number of rings becomes excessive, intermediate. 
values of 7 may be used to shorten the counting. 

In order to keep the illumination uniform, a finely-ground 
glass plate is inserted between the flame and the surfaces. 

The aperture of the open sight is preferably about 1 mm. in 
diameter, though a slot of less width is frequently more useful, 
especially when the path difference is large. 


Limits and Precautions. 


With sodium light the double line furnishes a limit at about. 
500 rings on the surface—that is, the separation must not 
exceed about 1mm. If necessary, smaller test surfaces may 
be used, but with more monochromatic sources of light this. 
limitation is not so necessary. 

When the path difference is large a small aperture must be 
used in the sighting device, as otherwise the angles of incidence 
for the various rays reaching the pupil of the eye are different, 
and the interference pattern becomes indistinct. 

If the separation of the surfaces at the centre be h, the path 
difference at the centre exceeds that at the edge by 2h cos 1, 
where 2 is the angle of incidence of the light used for the 
observation. 

In making an observation the light used will have slightly 
varying angles of incidence, and the path difference will vary 
with the angle of incidence, so that the change d? in the angle. 
of incidence will give a change 2h sin zd? in the path difference, 
or nd sin tdi when nd is the path difference for normal 
incidence. 
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The pattern will become indistinct when nA sin tdi exceeds 


4/2, so that dz should not exceed ae : If n=400 and 

2sinz n 
1=45 deg. di should not exceed 5}5—.e., a slit mm. wide 
at 280 mm. distance from the pattern would suffice. 

For. determination of absolute curvatures it is desirable to 
keep the value of 7, sufficiently large, so that the actual 
number of rings can be found. It is easy to estimate the 
number of rings which disappear to } of a ring, so that where 
possible $ of the total rings should be counted, and cos 7, 
—cos 2, should equal #. 
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